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Abstract

This paper presents an event-triggered attitude
control method for an underactuated spacecraft with
only two bounded body-axis torques. Gyroscopic
coupling supplies the missing control action:
two periodic angular-rate references generate the
average gyroscopic rate product required to regulate
the unactuated axis. A relative-plus-absolute
event condition updates the bounded torque
command, while a zero-order hold and a timeout
provide implementable inter-event intervals. An
elementary energy argument establishes asymptotic
stability of the explicitly defined nominal averaged
local error model, while a nonlinear simulation
assesses the complete implementation. Under a 2
N-m torque limit, an initial attitude error of 32.6° is
reduced to 0.108° at 200 s. The event implementation
performs 295 full control-law evaluations, and its
completed inter-update intervals range from 0.2
to 1.0 s. This corresponds to 70.5% fewer full
control-law evaluations and torque-command
updates than a 5 Hz periodic implementation.
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event-triggered control.

1 Introduction

Spacecraft attitude control is required whenever a
vehicle slews toward a commanded orientation, points
an antenna, or maintains an instrument line of sight; an
overview of the underlying determination and control
foundations is given in [1]. Most attitude controllers
assume three independent body-axis torques. This
assumption can fail after the loss of a reaction
wheel, control-moment gyro, or thruster channel. If
no redundant actuator is available, the spacecraft
becomes underactuated: two commands must control
three rotational degrees of freedom. A conventional
three-axis proportional-derivative controller can no
longer be applied directly.

The absence of one torque does not mean that
all motion about that axis is impossible. Euler’s
rigid-body equations contain gyroscopic coupling.
When the principal moments of inertia are different,
simultaneous angular motion about two axes
creates acceleration about the third axis. Krishnan,
Reyhanoglu, and McClamroch established an early
nonlinear two-torque attitude control result [2]; more
recent work has considered velocity-free two-torque
feedback [3]. Standard rigid-spacecraft dynamics
and the physical origin of this coupling are detailed
in [4]. These studies show why the nonlinear model
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matters: the linearized model at rest hides precisely
the coupling needed to recover the missing control
direction. The present paper uses the same physical
mechanism but packages it as a simple pair of periodic
rate references that can be explained using the average
of sin?(vt).

Constant-command attitude tracking also requires a
representation of orientation error. Unit quaternions
are convenient because they avoid the singularities of
Euler angles and are inexpensive to propagate onboard.
Their double-cover property must still be handled by
selecting the shorter quaternion representative.

More sophisticated rotation-matrix and hybrid
quaternion methods can provide strong almost-global
or global stability properties, respectively [5, 6];
here we intentionally restrict attention to the local
command-tracking region so that the controller and
its stability explanation remain accessible.

Actuator limits are equally important. Fault-tolerant
spacecraft control and actuator-loss accommodation
have been surveyed in [7]. A controller that works
only by asking for tens of newton-meters may be
mathematically interesting but unusable on a small
or medium spacecraft. Practical studies therefore
consider saturation, uncertainty, actuator failures, and
quantized torque [8-11]. Finite-time convergence
designs provide an alternative route that achieves
fast attitude response under disturbances and inertia
uncertainty at the cost of greater analytical complexity
[12]. Attitude tracking of underactuated spacecraft
using internal torques has also been studied via
gyroscopic coupling on SO(3) [13].

Event-triggered control addresses a different onboard
limitation. Instead of recomputing and transmitting
a command at every clock tick, it updates the
command only when a measurable error has changed
enough. The basic idea and the distinction between
event-triggered and self-triggered control are well
established [14, 15]. Spacecraft applications have
used event conditions and learning observers to
reduce communication or controller updates while
preserving a small error set [16, 17]. Related work has
also addressed two-torque spacecraft attitude control
under various constraints [18], and event-triggered
adaptive attitude tracking under unknown actuator
faults [19].  For the underactuated controller
considered here, however, a purely state-based event is
insufficient: the virtual missing-axis input is generated
by a time-dependent carrier. If its torque sample is held
indefinitely, the phase information becomes stale. We

therefore combine a state-dependent condition with a
maximum holding time.

1.1 Contributions and positioning

This paper combines underactuated attitude control,
two bounded spacecraft torques, and event-triggered
updates. The desired quaternion is constant after
the initial command step. Thus, we consider
constant-command tracking, which is equivalently
local practical stabilization of the attitude-error
dynamics, rather than tracking of a general
time-varying trajectory. The main contributions
are as follows:

1. We present a transparent carrier construction
that converts the desired unactuated-axis
acceleration into two periodic rate references
whose frozen-parameter product has the required
average value.

2. We develop a practical event-triggered
implementation that combines a 2 N-m torque
limit, a zero-order hold, and a digital event
rule that enforces engineering-scale intervals of
0.2-1.0 s while excluding infinitely fast updates
by construction.

3. We provide a nominal averaged-system analysis,
a reproducible nonlinear simulation, and a
threshold sweep to explain the local mechanism,
assess the complete implementation, and quantify
how the event threshold changes the update
frequency.

The remainder of this paper is organized as follows.
Section 2 introduces the model and constant-command
objective; Sections 3 and 4 present the gyroscopic
controller and event implementation; Section 5 gives
the numerical study; and Section 6 concludes the paper.
Appendix A derives the carrier references in (9)-(12).

Notation

For z € R?, 2 is the skew-symmetric matrix satisfying
x*y = x xy. The Euclidean norm s || - ||. For a periodic
signal f, f denotes its average over one carrier period.
Likewise, a bar over a state, e.g., gve,1 Or W1, denotes
the corresponding slow state of the nominal averaged
model in Section 3.3.
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2 Model and Constant-Command Tracking
Objective

2.1 Rigid-body model

Let w = col(wi, w2, w3) be the body angular velocity.
Body axes are selected along the principal axes, so that
J = diag(J1, J2, J3) > 0. The rigid-body dynamics are

0
Jow=—w*Jw+T, T=|T (1)
T3
Equivalently,
Jiw = (Jo — J3)waws, (2)
Jowo = (J3 — J1)wswi + T2, (3)
J3wsg = (Jl — Jg)wl(,UQ + 73. (4)

The structural coupling condition required by the
virtual-input construction used below is

Jo # J3. (5)
If Jo = J3, (2) gives wy = 0 and the proposed
mechanism cannot regulate a nonzero first-axis rate.
This is a condition on the proposed coupling channel,

not a claim of global controllability for the full
nonlinear spacecraft.

2.2 Quaternion kinematics

Let the commanded attitude after the initial step be
the constant quaternion ¢; and let ¢. = q;1 ®q =
col(qoe, que) € S? be the scalar-first error quaternion.
In general the angular-rate error is we = w — R] wy,
where R, is the error rotation matrix. For the constant
command used here, w; = 0 and hence w, = w. The
error kinematics are

—% Qe

. 1

Que = 5 (QOeI + Q1>;<e>w-

(6)
(7)

QOe =

[\

The quaternion sign is selected so that go. > 0; the
degenerate case qp. = 0 corresponds to a 180° rotation
and is excluded by restricting attention to the local
chart go. > 0. The objective is to drive (g, w) to a small
neighborhood of zero using only 7 and 73, subject to

’7-2| < Tmax, |7—3‘ < Tmax, Tmax = 2 N-m. (8)
Figure 1 summarizes the physical control situation and
the event-triggered signal path.
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3 Gyroscopic Virtual-Input Controller

3.1 Carrier construction

Near the desired attitude, (7) gives Gye,1 =~ w1 /2. Select
a desired unactuated-axis acceleration

U1 = _kTQUe,l — dyw1, kr,d, >0, (9)
and define the product required by (2) as
J1U1
= ) 10
P= g (10)

The step-by-step derivation of (9)—(12) is given in the
Appendix. For a frozen p, two zero-mean angular-rate
references are constructed as

ro(t) = A(p)sin(vt),  r3(t) = B(p)sin(vt), (11)
2p
A(p) = [2(p? + €2 1/47 B(p) = -2,
(p) = [2(p” +¢,)] () A
where v > 0 is the carrier frequency. The

regularization parameter ¢, > 0 has the same units
as p and keeps A(p) strictly positive, which avoids a
singular derivative and division by zero at p = 0. For
a frozen p over one carrier period,

s = AWBO) _

2
Thus, although both references have zero mean,
their product creates a nonzero average input in
(2). This is the key step: replacing either reference
by zero would remove control authority about axis
1. The factorization A(p)B(p) = 2p is not unique;
the selected smooth factorization is one convenient
implementation. It also implies A(0) > 0and B(0) =0,
so a small residual carrier remains at the target (see
Section 3.3).

(12)

3.2 Two-axis torque law

Let quea = c0l(Gue,2;Que3), wa = col(wz,ws), and
r = col(ra, r3). Choose the commanded actuated-axis
acceleration

a=17—ky(ws — 1) — kgQue,a; ko kg >0. (13)
The available torques are

Ty = Joag — (J3 — Ji)wswi, (14)

Tg = J3a3 — (Jl — JQ)WlWQ. (15)

The actuator command applies componentwise
saturation,

i=2,3.
(16)

7} = sabr,,, (77) = sgn(7}") min(|77], Tmax),
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Attitude command and measured
state

qd: 4. W
J

Event monitor
liz{t)-zyll = oliz(t)ll + &

L

Zero-order hold
1(t)=7(ty)

=== gvailable pitch torque T 2
=== gyvailable yaw torque 1 3

=== failed roll torquet 1 =0

Figure 1. Underactuated spacecraft attitude-command tracking architecture. The first body-axis actuator is unavailable,
and the event monitor updates a zero-order-held command for the remaining two axes.

When saturation is inactive, substitution into (3)—(4)
yields w, = a. Consequently, the actuated rates track
the carrier while the —k;qyc . term removes lateral
attitude offsets. Saturation preserves the specified
torque ceiling but can slow this inner tracking loop.
The derivatives in (13) are analytical. For example,
A= Ap/[2(p* + €2)] and B' = 2/A — 2pA’/A?, where
the primes denote differentiation with respect to p.
Because p = p(¢e,w), the reference derivatives contain
both amplitude and phase terms:

7o = A'(p)psin(vt) + vA(p) cos(vt),
73 = B'(p)psin(vt) + vB(p) cos(vt),

) J1 . )
- _kr ve,1 — dr

p Jz—J3( Gue,1 — drin)
= —7Jlkr j — d,ywow
- J2 — ngve’l rwW2W3.

The exact quantities ¢,.,1 and w; are evaluated from
(7) and (2) at each control evaluation; no numerical
differentiation or angular-acceleration measurement
is required.

3.3 Nominal averaged local behavior

The stability idea can be understood without advanced
nonlinear theory, but the model to which it applies

must be stated explicitly. First consider the nominal
averaged slow subsystem in the local quaternion chart.
Assume that p changes slowly during one carrier
period, the actuated rates track 2 and 3, the torque is
continuously recomputed, and saturation is inactive.
The following calculation concerns only this explicitly
defined reduced model; it is not an averaging-theorem
result for the complete closed loop. Equation (12)
then makes the average of (2) equal to the requested
virtual acceleration v;. Near the commanded attitude,
dve,1 = w1/2, so the slow first-axis tracking errors obey

éve,l = %a}la (bl = _kr@)e,l - drajl' (17)
This is simply a damped second-order system: k, pulls
the attitude error toward zero and d, removes angular
motion.

For completeness, define the nonnegative error energy

V.= quge,l + %(D% (18)

Using (17) gives

V, = —d,@? <0. (19)

Thus the average energy cannot increase. Within the
set V. = 0, a nonzero attitude error immediately
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creates a nonzero rate through the second equation
in (17). Hence the largest invariant subset of V, = 0
is the origin, which is asymptotically stable for this
nominal averaged first-axis subsystem.

The directly actuated axes admit the same simple
interpretation. Let e, = w, — r. Under the same
frozen-p assumption, the carriers have zero mean and
the local nominal average equations are

=0,

(jve,a = %(éa + f) = %éay

€q = _kwéa - kq@ue,a'

For V,, = kyl|@ueall® + ||€a]|?/2, direct differentiation
gives V, = —k,||é.]|> < 0. Within V, = 0, &, = 0,
and the second average equation then requires Gye,, =
0 for invariance. This completes the spring—damper
explanation for the nominal averaged three-axis error
model.

This calculation does not establish asymptotic stability
of the full time-periodic, saturated, event-triggered
system. In particular, A(0) = (2¢2)'/* > 0, so
the regularized carrier does not vanish exactly and
the error origin is generally not an equilibrium of
the complete closed loop. Finite carrier frequency,
inner-loop tracking error, saturation, and zero-order
holding add further differences from the ideal average
model. The implementable controller is therefore
evaluated in terms of local practical tracking to a
carrier- and implementation-dependent neighborhood.
The nonlinear simulation checks this behavior for the
selected initial condition; it is not a proof of global
convergence.

The parameters also have a clear physical
interpretation. A faster carrier better reproduces
the desired average product but requires more
feedforward torque. A slower carrier respects the
actuator ceiling more easily but slows the maneuver.
Decreasing ¢, reduces the residual carrier near
the target but sharpens the amplitude derivatives;
increasing it has the opposite effect.

4 Event-Triggered Implementation

Define the dimensionless weighted local state

z = col(2qye, w/ws), ws = 1rad/s, (20)
and let z;; = z(t;). At an event time, (9)-(16) are
evaluated and the bounded torque is held:

7(t) = col(0, 73 (tk), 73 (k)

t € [tr,tiy1).  (21)
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Starting at ¢, + hmin, a digital monitor checks every
hmin seconds whether

12(2) — 2]l = o|lz()] + 0, (22)
where o > 0 and § > 0. The first grid point satisfying
(22) becomes tj.41. If no such point occurs, a forced
update is made at tj, + hmax; here hpay is selected as
an integer multiple of hpyin. Hence

hmin < 75!€—‘,—1 — 1 < hmax- (23)
The lower bound excludes Zeno behavior by
construction. The upper bound is important here
because the nominal law is explicitly time-varying:
even a nearly constant state must not hold one carrier
sample indefinitely.

The meaning of (22) is straightforward. The left-hand
side is how much the measured tracking state has
changed since the last update. The first term on the
right allows a larger mismatch when the tracking error
is large; the absolute term ¢ prevents unnecessary
updates near zero. Increasing ¢ usually lengthens
the event interval, but it can also increase the final
tracking neighborhood. At a monitoring instant, the
event test either resets the sampled-state mismatch
or verifies that it is below the trigger threshold. The
timeout separately limits the holding time to hmax and
the carrier-phase age to vhnax. No continuous-time
mismatch or analytical ultimate bound is claimed
between monitoring instants; the resulting practical
tracking neighborhood is assessed numerically in
Section 5.

4.1 Practical tuning sequence

The parameters can be selected without an
optimization routine.  First, choose k, and d.
from the desired slow first-axis poles in (17). Next,
set k., above the resulting slow bandwidth and choose
k4 for a well-damped lateral response. Increase v until
the carrier average is accurate, while checking torque
and rate peaks. For event implementation, select Amin
from the sensing and processor limit, take hax as a
small fraction of the carrier period, and then increase
o and § toward the target update frequency while
checking the allowed tracking error. This sequence
separates control design from scheduling.

At each event, implementation requires only the
following operations: select the quaternion sign;
evaluate vy, p, A, B and their derivatives; compute r, 7;
evaluate (13)-(16); and store the two bounded torque
commands and z;. Between events, the measured state
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is mapped to z at each scheduled monitoring instant,
and the trigger norm and timeout are evaluated.
The full control law and torque command are not
recomputed unless an event or timeout occurs. No
online optimization is involved.

5 Numerical Example

The complete nonlinear equations (1)—(7) were
integrated by fixed-step fourth-order Runge-Kutta
with a 0.01 s step for 200 s. No random quantities
are used. The commanded attitude is the identity
quaternion after a step command at ¢ = 0. The
initial 3-2-1 roll-pitch—yaw angles are (25, —12,15)°,
corresponding to an initial attitude-command error
of 32.6°, and the initial angular rate is (3, —2,2.5)°/s.
Quaternions are normalized after every integration
step. Table 1 lists every controller and event parameter.

Table 1. Simulation parameters.

Quantity ~ Value

J dlag(8’ 5’ 3) kgm2
Tmax 2N-m

kr, d, 0.05572,0.45 s~
kg ke 0.25572,1.257!

vV, €p 0.8 rad/s, 1076572
Ws 1rad/s

0,0 0.08, 0.010

hmin; hmax 020, 1.00s

Figure 2 compares the attitude-angle error 6. =
2cos ! |goe| with a baseline recomputed at every
0.01 s integration step (100 Hz), and shows the
event-triggered angular rates and torques. The first
torque remains identically zero, while the dashed
horizontal lines show the £2 N-m limits. The limit
is reached during the initial transient but is never
exceeded. The carrier temporarily increases the total
attitude-angle error because it must create motion
on the available axes before gyroscopic coupling can
correct the missing axis. This behavior is an expected
cost of the simple two-torque strategy rather than
hidden overshoot. The peak attitude error is 56.8°,
and the peak angular-rate norm is 34.6°/s.

The event-triggered response and the 100 Hz baseline
remain close. At 200 s, their attitude errors are 0.108°
and 0.0897°, respectively. For the event-triggered
case, the maximum attitude error over the last 20
s is 0.110° and the maximum angular-rate norm is
0.0937°/s. The response enters and thereafter remains
in the band 0. < 1° and |jw|| < 0.2°/s at 131.7 s.

-=-= 100 Hz baseline —— event-triggered
—~ 40 +
(@]
(]
z
< 20 4
0 T T T T T T T T
—~ 204
wn
3 —_— W1 (75) — W3
3
s 0 U I\ A l\vl\vl\v WA
E LA
s
2 —20
®
T T T T T T T
L e T
T 1-
=
o 0- “‘_ AAAAAA~— —
>
=)
s 17
=2 s — T — T
0 25 50 75 100 125 150 175 200
time (s)

Figure 2. Nonlinear closed-loop response. Dashed: baseline
recomputed at every 0.01 s integration step (100 Hz). Solid:
event-triggered zero-order-hold control.

At least one available-axis torque equals the 2 N-m
limit in only 0.100% of the recorded samples; after
the initial slew, the required torque is much smaller.
The small nonzero terminal neighborhood is consistent
with the combined effects of the residual regularized
carrier, finite-frequency averaging, and event holding;
it should not be interpreted as exact convergence of
the full time-periodic loop.

Figure 3 shows the completed inter-update intervals.
The reported 295 full control-law evaluations include
the initial evaluation at ¢, = 0 and 294 subsequent
event- or timeout-induced evaluations; no terminal
evaluation at ¢t = 200 is counted. The 294 differences
between successive update times have minimum,
mean, and maximum values of 0.20, 0.679, and 1.00
s. The last update occurs at 199.6 s, and the final
truncated 0.4 s hold is not included in these interval
statistics. With the same endpoint convention, a
5 Hz periodic implementation uses 1000 applied
updates over [0,200) s. The event rule therefore
removes 70.5% of the full control-law evaluations and
torque-command updates. The event monitor still
samples the state every 0.20 s, and the comparison
does not by itself measure processor energy.
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Figure 3. Completed inter-update intervals; the dashed line
marks the imposed minimum dwell time.

To examine sensitivity to the absolute event threshold,
Table 2 repeats the deterministic simulation for three
absolute thresholds, with every other parameter
unchanged. Every row uses the same initial/terminal
counting convention and averages only completed
inter-update intervals; the final column is the
maximum attitude error over the last 20 s. Increasing
0 from 0.005 to 0.020 reduces the update count from
360 to 256 and increases the mean interval from 0.555
to 0.780 s. The last-20-s attitude bound remains
close to 0.11° because the 1 s timeout dominates
near the command. Thus, this sweep demonstrates
update-frequency sensitivity to §, while the tested
range does not show a pronounced accuracy tradeoff.
It is not presented as a robustness campaign.

Table 2. Absolute-threshold sensitivity.

0 Updates Reduction Mean (s) max#6,
0.005 360 64.0% 0.555 0.1100°
0.010 295 70.5% 0.679 0.1098°
0.020 256 74.4% 0.780 0.1102°

6 Conclusion

This paper presented an event-triggered attitude
control method for an underactuated spacecraft with
one failed actuator. Two periodic rate references
use ordinary gyroscopic coupling to create the
missing average control action. A simple error-energy
calculation explains the asymptotic behavior of the
explicitly defined nominal averaged subsystem. In
the reported nonlinear case, the residual carrier,
finite-frequency averaging, saturation, and event
holding produce a small tracking neighborhood rather
than exact convergence. The actual commands are
limited to +2 N-m and held between events separated
by 0.2-1.0 s. For the selected initial condition, the
nonlinear quaternion simulation gives a final attitude
error of 0.108°, while the event rule uses 70.5% fewer
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full control-law evaluations and torque-command
updates than a 5 Hz periodic implementation.
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Appendix

A Derivation and Scope of the Carrier
Construction

The carrier in (9)-(12) is obtained by treating the

gyroscopic rate product as a virtual input. The
derivation is given below in three steps.
A.1 Desired motion of the unactuated axis
From (2),
Jy — J.
W] = CJwows, cy= 2] 3750. (A1)
1

Thus, the product wows, rather than either available
torque alone, determines the acceleration about the
unactuated axis. The exact first component of (7) is

QUe,l = %(Q()ewl + Que,2wW3 — QU@SWQ)- (Az)
Near the constant command, ¢g. ~ 1 and the lateral
cross terms are small, giving ¢,e1 ~ wi/2. We
therefore select the desired first-axis acceleration as
(9). If &y = vy could be imposed directly, the local
error would satisfy

Que,1 + erve,l + ?TQUe,l ~ 0, (A3)

which is a damped second-order equation for .., d, >
0.

A.2 Required average rate product

Because axis 1 has no actuator, (A1) shows that the
required average product is

VL Jivg —p
W3 = — = =
Cj J2—J3 ’

(A4)
which gives (10). Let T, = 27 /v, temporarily freeze p
over one carrier period, and define

1 to+Te

<f>t0 = T. J,

f(t)dt.
For the references in (11),

<T2>t0 - 0’
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Consequently,
prescribed:

only the amplitude product is

A(p)B(p) = 2p.
For p > 0 the two carriers are in phase; for p < 0, the

signed amplitude B(p) makes them opposite in phase.

This produces either sign of the required virtual input
without a nonzero mean in either frozen-parameter
reference.

A.3 Regularization and approximation scope

The amplitude condition does not determine a unique
pair. The choice in (11) keeps A(p) > 0, gives B(p)
the sign of p, and satisfies A(p)B(p) = 2p exactly
for every p. It is one convenient smooth allocation
between axes 2 and 3; no optimality of this allocation
is claimed. Treating radians as dimensionless, vy, p,
and ¢, have units s~2, while A, B, 5, and r3 have units
s~1. Accordingly, k, and k, have units s=2, and d,- and
k., have units s~

In the implemented controller, p = p(t) is not exactly
frozen. The identity A(p)B(p) = 2p still holds
pointwise, but the one-period product average is

2 to+Te

.2
p(t) sin“(vt) dt,
| s

(rars)y, = (A6)
which need not equal p(ty). If [p| < L, during that
period, then

|(rars)y, — p(to)| < LpTe. (A7)

Thus, the frozen-p relation becomes accurate when
p changes slowly relative to the carrier. Moreover, if
e; = w; — r;, then
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Wows — Tar3 = To€3 + rzeg + eses, (A8)

so inner-loop error, saturation, and event-held torque
further perturb the requested average virtual input.

Finally, ¢, > 0 makes the amplitude derivatives
finite, but A(0) = 2Y4 /g, > 0 and B(0) = 0.
A small axis-2 carrier therefore remains at p = 0,
so the full time-periodic closed loop generally does
not have the error origin as an equilibrium. This
explains why the implemented result is local practical
tracking, whereas asymptotic stability applies only
to the nominal averaged subsystem. This tradeoff
cannot be removed by making both factors smooth
and zero at the origin while preserving the exact
identity A(p)B(p) = 2p: if differentiable A and B both
vanished at zero, then (AB)'(0) = 0, in contradiction
with (2p) = 2.
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