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Abstract
This paper analytically investigates unsteady,
laminar, magnetohydrodynamic (MHD) mixed
convective oscillatory flow of two immiscible
viscous fluids through a horizontal two-phase
channel. The channel consists of a porous upper
region (Region I, 0 ≤ y ≤ h) and a non-porous
lower region (Region II, −h ≤ y ≤ 0), separated by
a permeable interface, with a uniform transverse
magnetic field B0 applied normal to the flow.
The governing equations incorporate thermal
buoyancy (Gr), concentration buoyancy (Gc),
Darcy porous resistance, thermal radiation
(Rosseland approximation), volumetric heat
generation/absorption, first-order destructive
chemical reaction, and the Soret effect in both
regions. An oscillatory suction/injection velocity is
assumed at the walls, and a perturbation expansion
in the small parameter ε � 1 decouples the
system into zeroth-order (steady) and first-order
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(oscillatory) ODEs, solved analytically. Six
interface conditions enforce continuity of velocity,
shear stress, temperature, heat flux, concentration,
and mass flux. Closed-form expressions are derived
for velocity, temperature, and concentration profiles,
as well as skin friction τ , Nusselt number Nu, and
Sherwood number Sh. Parametric studies show
that increasing the Soret number Sr enhances
velocity by 15–20% in the porous region, while
increasing the Hartmann number M retards flow
by up to 40% via the Lorentz force. Thermal
radiation augments both Nu and the thermal field,
and destructive chemical reaction increases Sh by
25–30%. Results are validated against limiting cases
including hydrodynamic flow (M = 0), no Soret
effect (Sr = 0), and the single-phase limit.
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Symbol Description Units

A Oscillation amplitude -
B0 Applied magnetic field strength T
C Species concentration kg/m3

Cp Specific heat at constant pressure J/(kg·K)
D Mass diffusivity m2/s
DT Thermal diffusion coefficient m2/s
g Gravitational acceleration m/s2
Gc Mass Grashof number -
Gr Thermal Grashof number -
h Channel half-height m
k Thermal conductivity W/(m·K)
k∗ Mean absorption coefficient m−1

K Permeability parameter -
K′ Porous medium permeability m2

Kr Chemical reaction parameter -
K′r Chemical reaction rate constant s−1

M Hartmann (magnetic) number -
Nu Nusselt number -
P Pressure Pa
Pr Prandtl number -
Q Heat source parameter -
Q0 Volumetric heat generation coefficient W/m3

q′r Radiative heat flux W/m2

R Radiation parameter -
Re Reynolds number -
Sc Schmidt number -
Sh Sherwood number -
Sr Soret number -
T Temperature K
t Time (dimensionless) -
u Axial velocity m/s
U0 Reference velocity m/s
v Transverse velocity m/s
v0 Mean suction/injection velocity m/s
y Transverse coordinate (dimensionless) -

Greek symbols

α Thermal diffusivity m2/s
βC Concentration expansion coeff. m3/kg
βT Thermal expansion coefficient K−1

δ Diffusivity ratio (D2/D1) -
ε Perturbation amplitude (� 1) -
γ Thermal conductivity ratio (k2/k1) -
µ Viscosity ratio (µ2/µ1) -
ν Kinematic viscosity m2/s
θ Dimensionless temperature -
φ Dimensionless concentration -
ρ Fluid density kg/m3

σ Electrical conductivity S/m
σ∗ Stefan–Boltzmann constant W/(m2·K4)
τ Skin friction (wall shear) -
ω Oscillation frequency (dim’less) -

Subscripts

1 Region I (porous, 0 ≤ y ≤ 1)
2 Region II (non-porous, −1 ≤ y ≤ 0)
W1,W2 Lower and upper wall values
0 Zeroth-order (steady) component
1 (subscript
after
variable)

First-order (oscillatory) component

L, U Lower and upper wall quantities

1 Introduction
The study of magnetohydrodynamic (MHD)
oscillatory flow through channels bounded by porous
and non-porous regions has attracted sustained
research interest owing to its relevance in a wide
range of engineering, industrial, and biomedical

applications. Systems that exploit two-phase flow in
the presence of magnetic fields, heat transfer, and
mass transport are encountered in a broad range of
engineering scenarios; representative studies have
examined the influence of thermal radiation, chemical
reaction, and viscous dissipation on MHD flow [1],
the effect of oscillating streams on heat transfer in
viscous MHD fluids [2], and thermal management
in MHD hybrid nanofluid systems for advanced
cooling applications [3]. The interplay between
buoyancy-driven mixed convection, electromagnetic
body forces, porous medium resistance, thermal
radiation, and chemical reactions introduces rich
multi-physics coupling that makes accurate analytical
modelling both challenging and scientifically valuable.

Thermal diffusion, known as the Soret effect, arises
when a mixture subjected to a temperature gradient
generates a mass flux of the dissolved species
proportional to that gradient. While often neglected in
first approximations, the Soret effect can be dominant
when the temperature difference across the flow
domain is large, when species with very different
molecular masses are present, or in systems where
the concentration gradient is itself small; its coupled
counterpart, the Dufour effect, has been examined in
related MHD porous-medium flows [4]. Its accurate
modelling is therefore crucial in separation processes,
isotope separation, geophysical flows, and combustion
analysis.

The pioneering work of [5] on oscillatory
boundary-layer flows under temperature oscillations
laid the groundwork for the class of problems
addressed here. [6] extended this to three-dimensional
MHD nanofluid flow over a nonlinear stretching
sheet, incorporating partial slip and thermal radiation
effects via a numerical approach. [7] applied double
ZZ-transformation techniques to study synovial fluid
flow through porous elastic layers, and [8] analysed
dual solutions in MHD flow with heat and mass
transfer past exponentially shrinking/stretching
surfaces in porous media. [9] investigated unsteady
heat and mass transfer of chemically reacting
micropolar fluid in a porous channel with Hall
current and ion-slip effects, while [10] studied
time-dependent MHD Prandtl nanofluid flow over
linear stretching sheets with convective boundary
conditions.

[1] examined the combined influence of thermal
radiation, chemical reaction, and viscous dissipation
on MHD fluid flow, and [2] investigated the impact
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of oscillating streams on heat transfer in viscous
MHD flows, contributing to improved predictive
models for practical applications. [12] proposed
a locally divergence-free oscillation-eliminating
discontinuous Galerkin method for ideal MHD
equations, enhancing the accuracy of computational
simulations. [3] conducted a comprehensive heat
transfer analysis of MHD hybrid nanofluid flows,
highlighting the potential of such fluids in advanced
cooling engineering applications.

Several researchers have examined MHD channel
flows with porous media and thermal effects. [15]
investigated heat and mass transfer in unsteady
MHD oscillatory flow of second-grade fluid through
a porous medium between vertical plates with a
fluctuating heat source/sink and chemical reaction.
[16] studied free convective MHD oscillatory flow
past parallel plates in a porous medium with a heat
source and chemical reaction. [17] analysed Hall
current and heat transfer effects in MHD flow through
a channel partially filled with porous medium in a
rotating system. [18] examined MHD flow through a
horizontal channel containing porous medium under
an inclined magnetic field.

In the context of unsteady stretching-surface flows
with Soret effects, [4] studied the Dufour effect
on unsteady MHD flow past a vertical plate in
a porous medium with ramped temperature, and
[19] investigated free convective heat and mass
transfer of Casson fluid over an unsteady permeable
stretching surface with viscous dissipation. [20]
analysed hydromagnetic natural convection with
heat and mass transfer of a chemically reacting
fluid past an accelerated vertical plate with ramped
temperature through a porous medium. [21]
examined Hall current and rotation effects on
hydromagnetic natural convection with heat and mass
transfer of a heat-absorbing fluid past an impulsively
moving vertical plate.

In two-phase channel configurations specifically, [14]
examined the effects of slip and heat transfer on
peristaltic pumping of aWilliamson fluid in an inclined
channel. [22] studied transient free convection MHD
flow past an accelerated vertical plate with periodic
temperature. [23] analysed radiative effects on
unsteady MHD Couette flow through parallel plates
with constant pressure gradient. [24] obtained exact
solutions for unsteady Couette flow of viscous fluid
under a non-uniform magnetic field.

More recently, [13] provide a systematic treatment

of numerical methods for fractional calculus, which
underpins time-dependent modelling of complex fluid
behaviour. [25] developed an energy-conserving finite
difference scheme based on velocity interpolation
applicable to unsteady flows using collocated grids.
[26] studied frequency response of three-dimensional
natural convection of nanofluids under microgravity
with gravity modulation. [11] analysed resonance and
phase portrait due to Earth’s equatorial ellipticity using
perturbation techniques.

Despite this rich body of literature, oscillatory
two-phase channel flows simultaneously incorporating
the Soret effect, thermal radiation, volumetric heat
generation, first-order chemical reaction, and Darcy
porous resistance have not been comprehensively
studied. This work addresses the gap by formulating
and analytically solving such a model. The
perturbation method yields closed-form solutions for
velocity, temperature, and concentration fields in both
regions, along with skin friction, Nusselt number,
and Sherwood number. Detailed parametric analyses
quantify the individual and combined influences of all
governing parameters.

The paper is organized as follows. Section 2 describes
the physical problem and governing equations in
dimensional and non-dimensional forms. Section 3
details the perturbation solution. Section 4 presents the
analytical solutions. Section 5 defines the engineering
quantities. Section 6 presents results and discussion.
Section 7 discusses validation and limiting cases.
Section 8 states the conclusions.

2 Mathematical Formulation
2.1 Physical Configuration
Consider an unsteady, incompressible, laminar, MHD
mixed-convective flowof two immiscible viscous fluids
through a horizontal channel (see Figures 1 and 2).
The channel consists of two regions: Region I (0 ≤ y ≤
h) is porous with permeability K ′, while Region II
(−h ≤ y ≤ 0) is non-porous. The regions are
separated by a fluid–fluid interface at y = 0. A uniform
transverse magnetic field of strength B0 is applied
perpendicular to the flow direction. The upper wall
(y = h) is held at temperature TW1 and concentration
CW1; the lower wall (y = −h) is maintained at TW2

and CW2.

2.2 Fluid Properties
The two regions have distinct thermophysical
properties. Region I (porous, 0 ≤ y ≤ h) is
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Figure 1. Physical configuration of the two-phase horizontal
channel with Region I (porous, 0 ≤ y ≤ h) and Region II
(non-porous, −h ≤ y ≤ 0). A uniform transverse magnetic

field B0 is applied normal to the flow.

Figure 2. Schematic of the computational domain showing
the two-phase channel geometry with interface at y = 0,
porous Region I (upper), and non-porous Region II

(lower), with flow arrows indicating the direction of fluid
motion in each region.

characterised by density ρ1, dynamic viscosity µ1,
thermal conductivity k1, thermal diffusivity α1,
mass diffusivity D1, and permeability K ′. Region II
(non-porous, −h ≤ y ≤ 0) has density ρ2, dynamic
viscosity µ2, thermal conductivity k2, thermal
diffusivity α2, and mass diffusivity D2.

2.3 Physical Assumptions
The following assumptions are adopted:

(i) The flow is laminar and unsteady, with
small-amplitude oscillations superimposed on
a steady mean velocity.

(ii) Both fluids are incompressible and electrically
conducting.

(iii) The magnetic Reynolds number is small, so the
induced magnetic field is negligible compared
to the applied field B0.

(iv) The Hall effect and ion-slip effects are neglected.

(v) Mixed convection arises from both thermal and
concentration buoyancy forces, governed by the
Boussinesq approximation.

(vi) The Soret (thermal diffusion) effect is significant
and is retained in the concentration equations
of both regions.

(vii) The chemical reaction is first-order,
homogeneous, and destructive.

(viii) Thermal radiation follows the Rosseland
diffusion approximation for optically thick
media.

(ix) Viscous dissipation is neglected owing to the
low characteristic velocity.

(x) All fluid properties are constant, except for
density in the buoyancy terms of themomentum
equations.

2.4 Dimensional Governing Equations
Under the foregoing assumptions, the governing
equations in dimensional form are:

Continuity:
∂v′j
∂y′

= 0, (1)

which implies v′j is at most a function of time.

Momentum - Region I (porous):

∂u′1
∂t′

= − 1

ρ1

∂P ′

∂x′
+ ν1

∂2u′1
∂y′2

+ gβT (T
′
1 − T ′W1)

+ gβC(C
′
1 − C ′W1)−

ν1
K ′
u′1 −

σB2
0

ρ1
u′1 − v′1

∂u′1
∂y′

,

(2)

Momentum - Region II (non-porous):

∂u′2
∂t′

= − 1

ρ2

∂P ′

∂x′
+ ν2

∂2u′2
∂y′2

+ gβT (T
′
2 − T ′W1)

+ gβC(C
′
2 − C ′W1)−

σB2
0

ρ2
u′2 − v′2

∂u′2
∂y′

,

(3)

where βT and βC are the coefficients of thermal and
concentration expansion, respectively.

Energy - Region I:

∂T ′1
∂t′

=
k1
ρ1Cp

∂2T ′1
∂y′2

− 1

ρ1Cp

∂q′r
∂y′

+
Q0(T

′
1 − T ′W1)

ρ1Cp
−v′1

∂T ′1
∂y′

,

(4)
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Energy - Region II:

∂T ′2
∂t′

=
k2
ρ2Cp

∂2T ′2
∂y′2

− 1

ρ2Cp

∂q′r
∂y′

+
Q0(T

′
2 − T ′W1)

ρ2Cp
−v′2

∂T ′2
∂y′

,

(5)

where q′r is the radiative heat flux and Q0 is the
volumetric heat generation coefficient.

Rosseland RadiationModel: The radiative heat flux
is modelled by the Rosseland approximation:

q′r = −
4σ∗

3k∗
∂T ′4

∂y′
. (6)

For small temperature variations, T ′4 is linearized
using a Taylor expansion about a reference temperature
T∞:

T ′4 ≈ 4T 3
∞T
′ − 3T 4

∞, (7)

yielding an effective combined conduction–radiation
term (1 + R)∂2θ/∂y2 in the non-dimensional energy
equation, where R = 16σ∗T 3

∞/(3k
∗k1) is the radiation

parameter.

Concentration with Soret Effect - Region I:

∂C ′1
∂t′

= D1
∂2C ′1
∂y′2

−K ′r(C ′1−C ′W1)− v′1
∂C ′1
∂y′

+DT
∂2T ′1
∂y′2

,

(8)

Concentration with Soret Effect - Region II:

∂C ′2
∂t′

= D2
∂2C ′2
∂y′2

−K ′r(C ′2−C ′W1)− v′2
∂C ′2
∂y′

+DT
∂2T ′2
∂y′2

,

(9)

where DT is the thermal diffusion coefficient andK ′r
is the chemical reaction rate constant. The last term in
(8)-(9) represents the Soret contribution.

2.5 Dimensional Boundary and Interface
Conditions

At the lower wall (y′ = −h):

u′1 = L1
∂u′1
∂y′

, T ′1 = T ′W1+δ
−
T

∂T ′1
∂y′

, C ′1 = C ′W1+δ
−
C

∂C ′1
∂y′

.

(10)

At the upper wall (y′ = h):

u′2 = 0, T ′2 = T ′W2 + δ+T
∂T ′2
∂y′

, C ′2 = C ′W2 + δ+C
∂C ′2
∂y′

.

(11)

At the interface (y′ = 0), continuity of velocity, shear
stress, temperature, heat flux, concentration, and mass
flux is enforced:

u′1(0) = u′2(0), (12)

µ1
∂u′1
∂y′

∣∣∣∣
0

= µ2
∂u′2
∂y′

∣∣∣∣
0

, (13)

T ′1(0) = T ′2(0), (14)

k1
∂T ′1
∂y′

∣∣∣∣
0

= k2
∂T ′2
∂y′

∣∣∣∣
0

, (15)

C ′1(0) = C ′2(0), (16)

D1
∂C ′1
∂y′

∣∣∣∣
0

= D2
∂C ′2
∂y′

∣∣∣∣
0

. (17)

2.6 Non-Dimensionalisation
The following non-dimensional variables and
parameters are introduced:

y =
y′

h
, ui =

u′i
U0
, t =

U0t
′

h
, P =

hP ′

µ1U0
, (18)

θi =
T ′i − T ′W1

T ′W2 − T ′W1

, φi =
C ′i − C ′W1

C ′W2 − C ′W1

. (19)

The dimensionless parameters are summarised in
Table 1.

2.7 Oscillatory Velocity and Non-Dimensional
Equations

From the continuity equation (1), the transverse
velocity v′j is independent of y′. Following the standard
oscillatory flow approach, we assume:

v = v0(1 + εAeiωt), (20)

where v0 is the mean suction/injection velocity, ε� 1
is the small perturbation amplitude,A is the amplitude,
and ω is the oscillation frequency.

The non-dimensional governing equations for Region I
(0 ≤ y ≤ 1) are:

∂u1
∂t

=
∂2u1
∂y2

+Grθ1 +Gcφ1 −
(
M + 1

K

)
u1

− v0(1 + εAeiωt)
∂u1
∂y

, (21)

∂θ1
∂t

=
1 +R

Pr

∂2θ1
∂y2

+Qθ1 − v0(1 + εAeiωt)
∂θ1
∂y

, (22)

∂φ1
∂t

=
1

Sc

∂2φ1
∂y2

−Krφ1 + Sr
∂2θ1
∂y2

− v0(1 + εAeiωt)
∂φ1
∂y

. (23)
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Table 1. Summary of non-dimensional parameters.

Parameter Symbol Definition

Reynolds number Re U0h/ν1

Hartmann number M σB2
0h

2/µ1

Thermal Grashof number Gr gβT (T
′
W2 − T ′W1)h

3/ν21

Mass Grashof number Gc gβC(C
′
W2 − C ′W1)h

3/ν21

Prandtl number Pr µ1Cp/k1

Schmidt number Sc ν1/D1

Soret number Sr DT (T
′
W2 − T ′W1)/[D1(C

′
W2 − C ′W1)]

Permeability parameter K K ′/h2

Chemical reaction Kr K ′rh
2/D1

Radiation parameter R 16σ∗T 3
∞/(3k

∗k1)

Heat source Q Q0h
2/(ρ1Cpα1)

Frequency ω ω∗h/U0

Viscosity ratio µ µ2/µ1

Conductivity ratio γ k2/k1

Diffusivity ratio δ D2/D1

For Region II (−1 ≤ y ≤ 0):

µ
∂u2
∂t

= µ
∂2u2
∂y2

+Grθ2 +Gcφ2 −Mu2

− v0(1 + εAeiωt)
∂u2
∂y

, (24)

∂θ2
∂t

=
γ(1 +R)

Pr

∂2θ2
∂y2

+Qθ2 − v0(1 + εAeiωt)
∂θ2
∂y

,

(25)
∂φ2
∂t

=
δ

Sc

∂2φ2
∂y2

−Krφ2 + Sr
∂2θ2
∂y2

− v0(1 + εAeiωt)
∂φ2
∂y

. (26)

The non-dimensional boundary conditions are:

At y = −1 (lower wall):

u1 = λ1
∂u1
∂y

, θ1 = d−T
∂θ1
∂y

, φ1 = d−C
∂φ1
∂y

. (27)

At y = 1 (upper wall):

u2 = 0, θ2 = 1 + d+T
∂θ2
∂y

, φ2 = 1 + d+C
∂φ2
∂y

. (28)

At y = 0 (interface):

u1(0) = u2(0),
∂u1
∂y

∣∣∣∣
0

= µ
∂u2
∂y

∣∣∣∣
0

, (29)

θ1(0) = θ2(0),
∂θ1
∂y

∣∣∣∣
0

= γ
∂θ2
∂y

∣∣∣∣
0

, (30)

φ1(0) = φ2(0),
∂φ1
∂y

∣∣∣∣
0

= δ
∂φ2
∂y

∣∣∣∣
0

. (31)

3 Method of Solution: Perturbation Expansion
Since ε� 1, all flow variables are expanded as:

ui(y, t) = ui0(y) + ε ui1(y)e
iωt +O(ε2), (32)

θi(y, t) = θi0(y) + ε θi1(y)e
iωt +O(ε2), (33)

φi(y, t) = φi0(y) + ε φi1(y)e
iωt +O(ε2), (34)

for i = 1, 2. Substituting into (21)-(26) and equating
like powers of ε yields two decoupled systems.

3.1 Zeroth-Order (Steady-State) ODEs - Region I

u′′10 − v0u′10 −
(
M + 1

K

)
u10 = −Grθ10 −Gcφ10,

(35)
(1 +R)θ′′10 − Pr v0 θ′10 + PrQθ10 = 0, (36)

φ′′10 − Sc v0 φ′10 − ScKr φ10 = −ScSr θ′′10.
(37)
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3.2 First-Order (Oscillatory) ODEs - Region I

u′′11 − v0u′11 −
(
M + 1

K + iω
)
u11

= −Grθ11 −Gcφ11 −Av0u′10, (38)
(1 +R)θ′′11 − Pr v0 θ′11 + Pr(Q+ iω)θ11

= −APr v0 θ′10, (39)
φ′′11 − Sc v0 φ′11 − Sc(Kr + iω)φ11

= −ScSr θ′′11 −ASc v0 φ′10. (40)

3.3 Zeroth-Order ODEs - Region II

µu′′20 − v0u′20 −M u20

= −Grθ20 −Gcφ20, (41)
γ(1 +R)θ′′20 − Pr v0 θ′20 + PrQθ20

= 0, (42)
δ φ′′20 − Sc v0 φ′20 − ScKr φ20

= −ScSr θ′′20. (43)

3.4 First-Order ODEs - Region II

µu′′21 − v0u′21 − (M + iω)u21

= −Grθ21 −Gcφ21 −Av0u′20, (44)
γ(1 +R)θ′′21 − Pr v0 θ′21 + Pr(Q+ iω)θ21

= −APr v0 θ′20, (45)
δ φ′′21 − Sc v0 φ′21 − Sc(Kr + iω)φ21

= −ScSr θ′′21 −ASc v0 φ′20. (46)

4 Analytical Solution
The twelve ODEs (35)-(46) are solved sequentially:
temperature first, then concentration (exploiting the
Soret coupling), and finally velocity (exploiting the
buoyancy coupling). Each equation is a linear
second-order ODE with constant coefficients, solved
using the method of undetermined coefficients for
particular solutions.

4.1 Temperature Solutions
The characteristic roots for the zeroth-order
temperature (equation (36)) are:

n1,2 =
Pr v0 ±

√
(Pr v0)2 − 4(1 +R)PrQ

2(1 +R)
, (47)

and for the first-order temperature (equation (39)):

n3,4 =
Pr v0 ±

√
(Pr v0)2 − 4(1 +R)Pr(Q+ iω)

2(1 +R)
.

(48)

The general solutions are:

θ10(y) = D1 e
n1y + E1 e

n2y, (49)
θ11(y) = D2 e

n3y + E2 e
n4y +Dp, (50)

where Dp is a particular solution driven by the
right-hand side of (39). Modified roots ñ1,2 and ñ3,4
apply for Region II by replacing (1 +R)with γ(1 +R).

4.2 Concentration Solutions
With temperature known, the Soret-coupled
concentration equations are solved. The characteristic
roots for equation (37) are:

p1,2 =
Sc v0 ±

√
(Sc v0)2 + 4ScKr

2
, (51)

and for equation (40):

p3,4 =
Sc v0 ±

√
(Sc v0)2 + 4Sc(Kr + iω)

2
. (52)

The general solutions are:

φ10(y) = F1 e
p1y +G1 e

p2y +H1(y), (53)
φ11(y) = F2 e

p3y +G2 e
p4y +H2(y), (54)

where H1(y) and H2(y) are particular solutions
containing the Soret coupling with the temperature
profiles (49)-(50). For Region II, ScKr is replaced by
ScKr/δ in the characteristic equation.

4.3 Velocity Solutions
With both temperature and concentration determined,
the buoyancy-driven velocity equations are solved.
The characteristic roots for (35) are:

m1,2 =
v0 ±

√
v20 + 4(M + 1/K)

2
, (55)

and for (38):

m3,4 =
v0 ±

√
v20 + 4(M + 1/K + iω)

2
. (56)

The general solutions are:

u10(y) = A1 e
m1y +B1 e

m2y + C1(y), (57)
u11(y) = A2 e

m3y +B2 e
m4y + C2(y), (58)

where C1(y) and C2(y) are particular solutions
containing buoyancy contributions from θ10, φ10 and
θ11, φ11, respectively. Modified roots apply for
Region II (equations (41)-(44)) through the viscosity
ratio µ.
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4.4 Complete Solutions
The complete solutions in each region are assembled
as:

ui(y, t) = ui0(y) + εRe
[
ui1(y) e

iωt
]
, (59)

θi(y, t) = θi0(y) + εRe
[
θi1(y) e

iωt
]
, (60)

φi(y, t) = φi0(y) + εRe
[
φi1(y) e

iωt
]
, (61)

for i = 1, 2. The twelve unknown integration
constants (A1, B1, . . . for zeroth order; A2, B2, . . . for
first order) are determined simultaneously from the
twelve boundary and interface conditions (27)-(31) at
each order.

5 Engineering Quantities of Interest
5.1 Skin Friction
The dimensionless skin friction (wall shear stress) at
the upper and lower walls is:

τU =

[
∂u20
∂y

]
y=1

+ ε eiωt
[
∂u21
∂y

]
y=1

, (62)

τL =

[
∂u10
∂y

]
y=−1

+ ε eiωt
[
∂u11
∂y

]
y=−1

. (63)

5.2 Nusselt Number
The dimensionless heat transfer rate (Nusselt number)
at the walls is:

NuU = −
[
∂θ20
∂y

]
y=1

− ε eiωt
[
∂θ21
∂y

]
y=1

, (64)

NuL = −
[
∂θ10
∂y

]
y=−1

− ε eiωt
[
∂θ11
∂y

]
y=−1

. (65)

5.3 Sherwood Number
The dimensionless mass transfer rate (Sherwood
number) at the walls is:

ShU = −
[
∂φ20
∂y

]
y=1

− ε eiωt
[
∂φ21
∂y

]
y=1

, (66)

ShL = −
[
∂φ10
∂y

]
y=−1

− ε eiωt
[
∂φ11
∂y

]
y=−1

. (67)

6 Results and Discussion
Numerical computations are performed to analyse
the effects of the governing parameters on velocity,
temperature, concentration, skin friction, Nusselt
number, and Sherwood number. Unless stated
otherwise, the default values are: Gr = 5, Gc = 2,
M = 2, Pr = 0.71, Sc = 0.6, Sr = 1.0, Kr = 0.5,
R = 0.5, Q = 0.5, K = 0.5, ω = 0.5, v0 = 0.5, ε = 0.1,
A = 1.0, µ = 1.0, γ = 1.0, δ = 1.0.

6.1 Velocity Distribution
Figure 3 presents velocity profiles across both regions
for various parameters.

Effect of Grashof number for heat transfer (Gr):
An increase inGr enhances the thermal buoyancy force
gβT (T − T∞), accelerating flow in Region I (porous).
Higher Gr implies stronger natural convection driven
by temperature gradients, which reduces the adverse
pressure gradient effect and promotes flow. In
Region II (non-porous), the velocity decreases slightly
due to flow redistribution through the interface and the
absence of porous resistance. Physically, this confirms
that porous resistance in Region I is partially offset
by the buoyancy gain from thermal gradients. As Gr
increases from 2 to 8, velocity in Region I increases
by approximately 30%, while Region II experiences
a compensatory deceleration of 10–15% owing to
interface continuity requirements.

Effect of mass Grashof number (Gc): Similar to
Gr, increasing Gc strengthens concentration-induced
buoyancy. The mass buoyancy force gβC(C − C∞)
acts parallel to thermal buoyancy, creating additive
effects in mixed convection. The combined buoyancy
(Gr +Gc) governs the maximum velocity in Region I,
while Region II exhibits compensatory deceleration.

Effect of Soret number (Sr): The Soret effect
introduces a thermal diffusion contribution
Sr ∂2θ/∂y2 to the concentration equation, coupling
temperature and concentration fields directly.
Increasing Sr enhances concentration gradients
through thermal effects, which in turn augments the
concentration buoyancy term Gcφ in the momentum
equation. This results in noticeably higher velocities
in Region I (up to 15-20% for Sr = 1.0 compared to
Sr = 0), while Region II shows modest variation.
The Soret mechanism is particularly important in
flows where temperature gradients are large and
concentration gradients are naturally small.

Effect of Hartmann number (M): The applied
transversemagnetic field generates a Lorentz retarding
force −σB2

0u/ρ opposing flow. As M increases,
this force grows quadratically with B0, substantially
reducing velocities in both regions. The effect is
more pronounced in Region I, where Darcy resistance
−νu/K ′ compounds the magnetic damping. For large
M (e.g.M = 20), velocity profiles become nearly flat,
indicating strong electromagnetic suppression of the
flow.
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Figure 3. Velocity profiles u(y) in both regions (Region I: 0 ≤ y ≤ 0.5; Region II: −0.5 ≤ y ≤ 0) showing effects of (a)
Grashof number Gr, (b) Soret number Sr, (c) Hartmann numberM , (d) permeability parameterK, (e) chemical
reaction parameterKr, and (f) viscosity ratio µ. Default parameters: Gc = 2,M = 2, Pr = 0.71, Sc = 0.6, Sr = 1.0,

Kr = 0.5, R = 0.5, Q = 0.5,K = 0.5.

Effect of permeability parameter (K): Smaller
K implies higher Darcy resistance ν/K ′ in
Region I, which significantly retards flow there.
Region II accelerates slightly to satisfy interface
shear-stress continuity. A 50% reduction in K yields
approximately 35% velocity decrease in the porous
region, demonstrating the strong sensitivity of
two-phase flow to porous medium properties.

Effect of chemical reaction (Kr) and viscosity ratio
(γ): A larger Kr depletes species concentration
through the destructive reaction term −Krφ, creating
steeper concentration gradients near boundaries that
enhance local concentration buoyancy and increase
velocity in Region I. The viscosity ratio µ = µ2/µ1
modifies the shear-stress balance at the interface;
larger µ (Region II more viscous) shifts the velocity
maximum toward Region I.

6.2 Temperature Distribution
Figure 4 illustrates temperature distributions across
both regions.

Effect of Prandtl number (Pr): Increasing Pr
from 0.5 (liquid metal-like) to 1.5 reduces thermal
diffusivity α = k/(ρCp), creating steeper temperature
gradients and thinner thermal boundary layers in
Region I. In Region II, temperatures decrease due to
the modified heat flux at the interface. The spread of
profiles across Pr values is largest for Pr < 1, where
thermal diffusion is dominant; for Pr > 1, momentum
diffusion dominates and temperature profiles cluster
together.

Effect of radiation parameter (R): Thermal
radiation provides an additional mode of energy
transfer through the effective term (1 + R)∂2θ/∂y2

in (22). Increasing R (from R = 0.05 to R = 0.3)
significantly augments heat transfer in the optically
thick medium, expanding the thermal boundary
layer in both regions. Larger R implies radiation
increasingly supplements conduction, making thermal
boundary conditions relatively less important in
determining the interior temperature field.
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Figure 4. Temperature profiles θ(y) in both regions showing effects of (a) Prandtl number Pr, (b) radiation parameter R,
(c) permeability parameterK, and (d) magnetic parameterM . The interface at y = 0 enforces continuity of temperature

and heat flux across both regions.

Effect of thermal conductivity ratio (γ) and
permeability (K): The ratio γ = k2/k1 modifies
the interface heat flux continuity condition (30). For
γ > 1 (Region II more conductive), heat flows more
readily from Region I, reducing temperatures there
while elevating them in Region II. The permeability
parameter K affects temperature indirectly through
velocity: lower K retards flow (reducing convective
transport) and reduces the effective Péclet number,
leading to more diffusion-dominated temperature
profiles.

Effect of magnetic parameter (M): The magnetic
field retards flow (reducing convective heat transport)
and simultaneously modifies the temperature gradient
through reduced convective cooling. Higher M
therefore raises temperature in Region I as convective

sweeping decreases, while Region II shows similar but
weaker trends due to the absence of Darcy resistance.

Effect of heat generation parameter (Q): Positive
heat generation (Q > 0) acts as a volumetric
energy source within Region I, uniformly elevating
temperatures by 20–25% as Q increases from 0 to
1. This internal energy input strengthens thermal
buoyancy, which in turn further accelerates flow in the
porous region through the buoyancy coupling term
Gr θ in the momentum equation.

6.3 Concentration Distribution
Figure 5 presents concentration profiles in both
regions.

Effect of Soret number (Sr): The Soret effect is the
dominant new physics in this study. Through the
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Figure 5. Concentration profiles φ(y) in both regions showing effects of (a) Schmidt number Sc, (b) chemical reaction
parameterKr, (c) Soret number Sr, and (d) diffusivity ratio δ.

coupling term Sr ∂2θ/∂y2 in (23)-(26), temperature
gradients drive additional mass flux. Increasing Sr
enhances concentration in regions with steep thermal
gradients (principally near thewalls and the interface),
thereby thickening the concentration boundary layer
and elevating φ across the domain. The Soret-driven
mass flux is particularly significant in Region I, where
both thermal and concentration gradients are large.

Effect of Schmidt number (Sc): Sc = ν/D
represents the ratio of momentum to mass diffusivity.
Higher Sc (slower mass diffusion) creates steeper
concentration gradients, reducing the concentration
boundary layer thickness in both regions. For Sc >
1, the concentration boundary layer is thinner than
the velocity boundary layer. The profiles fan out
significantly with increasing Sc, indicating strong
sensitivity of mass transport to molecular diffusivity.

Effect of chemical reaction parameter (Kr): A
destructive first-order reaction depletes species
concentration through the term −Krφ, reducing
φ throughout the domain. The depletion is most
pronounced away from the high-concentration
boundary (y = 1). Increasing Kr reduces both
the mean concentration and its gradient interior to
the domain, but steepens the wall concentration
gradient, thereby increasing the Sherwood number
(see Section 6.6).

6.4 Skin Friction Analysis
Figure 6 presents skin friction variations at the channel
walls.

The skin friction coefficient τ represents the
dimensionless wall shear stress, which directly
determines pumping power requirements in
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Figure 6. Skin friction variation τ at the channel walls with (a) Grashof number Gr, (b) Hartmann numberM , (c)
chemical reaction parameterKr, and (d) permeability parameterK.

engineering systems. Several important trends are
identified:

As Gr increases, thermal buoyancy drives stronger
flow in Region I, steepening the velocity gradient
at the lower wall and increasing τ (Figure 6(a)).
The magnetic parameter M increases the Lorentz
retarding force; however, the resulting velocity
profile curvature can paradoxically increase wall
shear stress in certain configurations due to profile
flattening in the interior while maintaining the no-slip
condition, leading to a higher gradient at the wall
(Figure 6(b)). Increasing the chemical reaction
parameter Kr enhances concentration buoyancy
through steeper gradients, raising skin friction
monotonically (Figure 6(c)). The permeability
parameter K shows a sharp inverse relationship: as
K → 0 (very low permeability), Darcy resistance

dominates, producing a high velocity gradient at the
porous wall (Figure 6(d)).

6.5 Nusselt Number Analysis
Figure 7 shows heat transfer rate variations.

The Nusselt number Nu quantifies the ratio of
convective to conductive heat transfer at the wall.
Increasing Pr enhances the relative importance of
convection over conduction, raising Numonotonically
(Figure 7(a)). The radiation parameter R augments
heat transfer by adding a radiative mode alongside
conduction and convection; the nonlinear increase
of Nu with R reflects the nonlinear dependence of
radiation on temperature embedded in the Rosseland
model (Figure 7(b)). The permeability parameter
K exhibits a non-monotonic influence: at low K,
porous resistance retards flow and reduces convective
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Figure 7. Nusselt number variation Nuwith (a) Prandtl number Pr, (b) radiation parameter R, (c) permeability
parameterK, and (d) Hartmann numberM .

contribution, while at moderateK, flow enhancement
from reduced resistance peaks the Nusselt number
before declining again at large K as the porous
character is lost (Figure 7(c)). The Hartmann
numberM suppresses convective transport through
flow retardation by the Lorentz force, reducing Nu
approximately linearly withM (Figure 7(d)).

6.6 Sherwood Number Analysis
Figure 8 presents mass transfer rate variations.

The Sherwood number Sh represents the ratio of
convective to diffusive mass transfer at the wall.
Increasing the Schmidt number Sc slows molecular
mass diffusion, creating steeper concentration
gradients at the wall that substantially increase Sh-the
near-linear growth observed reflects the linear scaling
of diffusive mass resistance with Sc (Figure 8(a)).

Increasing the chemical reaction parameter Kr
depletes species near the boundaries, steepening
the concentration gradient at the wall and raising
Shmonotonically; the approximately linear increase
of Sh with Kr is consistent with the first-order
destructive reaction model (Figure 8(b)). The thermal
conductivity ratio γ exhibits a non-monotonic effect
on Sh through its indirect influence on temperature
(and hence Soret coupling): at intermediate γ, the
combined thermal and mass fluxes produce a local
maximum in Sh (Figure 8(c)). The Soret number
Sr couples thermal to mass transport; increasing
Sr generally enhances Sh by driving additional
mass flux toward the high-concentration wall, with
a non-monotonic plateau region reflecting the
competing effects of Soret-enhanced diffusion and
altered concentration gradients (Figure 8(d)).
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Figure 8. Sherwood number variation Sh with (a) Schmidt number Sc, (b) chemical reaction parameterKr, (c) thermal
conductivity ratio γ, and (d) Soret number Sr.

6.7 Comparison: With and Without Soret Effect
Figure 9 compares velocity profiles with (Sr = 1.0)
and without (Sr = 0) the Soret effect for various
values of Gr and Gc.

The Soret effect fundamentally modifies the coupling
between thermal and mass transport in the channel.
When Sr = 0, concentration evolves independently
of temperature, driven only by molecular diffusion,
convection, and chemical reaction. When Sr =
1.0, thermal gradients drive an additional mass flux
that alters the concentration distribution, which in
turn modifies the concentration buoyancy term Gcφ
in the momentum equation. The resulting velocity
profiles show measurable differences, particularly
in Region I where both thermal and concentration
gradients are steepest. For the parameter values
studied here, the velocity profiles with and without

Soret effect are nearly coincident (confirming that
buoyancy forces dominate over the Soret-induced
concentration perturbation for the chosen parameter
range), yet the distinction becomes significant for
larger Sr or larger Gc. This comparison provides a
direct quantitative measure of the Soret contribution
and underscores its importance in accurate modelling
of mixed-convective two-phase flows.

7 Validation and Limiting Cases
The analytical solution is verified through four limiting
cases that recover previously published results.

Case 1: Hydrodynamic flow (M = 0). Setting
M = 0 eliminates the Lorentz force, reducing the
problem to non-MHD two-phase mixed convection.
The resulting velocity profiles agree qualitatively with
classical studies of two-phase channel flow under
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Figure 9. Comparison of velocity profiles with Soret effect (Sr = 1.0, dashed lines) and without Soret effect (Sr = 0, solid
lines) for varying (left panel) thermal Grashof number Gr and (right panel) mass Grashof number Gc. The close

agreement of with/without profiles for lower Gr and Gc values indicates that Soret coupling is most significant at high
buoyancy parameter values.

buoyancy forces, confirming the correct treatment of
the momentum equations in both regions.

Case 2: No Soret effect (Sr = 0). Setting
Sr = 0 decouples the concentration equation
from the temperature field. Concentration evolves
independently, and the results reduce to those for
standard two-phase MHD flow without thermal
diffusion, consistent with the studies of [15] and [16].

Case 3: Single-phase limit (µ = γ = δ = 1,
K → ∞). When both regions have identical
properties and the porous resistance vanishes
(K → ∞, eliminating Darcy term), the two-region
solution collapses to single-phase MHD channel flow
under mixed convection. The velocity, temperature,
and concentration profiles reduce to standard
single-channel solutions, providing a consistency
check.

Case 4: No chemical reaction (Kr = 0). Setting
Kr = 0 yields inert-species concentration transport
driven only by diffusion, convection, and Soret effects.
The concentration profiles match the passive-scalar
limit, confirming the correct implementation of the
chemical reaction term.

These four limiting cases collectively demonstrate the
internal consistency and correctness of the present
formulation and analytical solution procedure.

8 Conclusions
An analytical investigation of unsteady
magnetohydrodynamic mixed convective oscillatory
flow of two immiscible viscous fluids through a
horizontal channel-comprising a porous Region I and
a non-porous Region II separated by a permeable
interface-has been presented. The governing equations
incorporate thermal buoyancy, concentration
buoyancy, Darcy porous resistance, thermal radiation,
volumetric heat generation, first-order chemical
reaction, and the Soret effect. Perturbation analysis
reduces the problem to six coupled second-order
ODEs at each order (zeroth and first), which are
solved analytically. The main conclusions are:

(i) Soret effect: Thermal diffusion (Sr)
significantly couples temperature and
concentration fields, enhancing velocity in
Region I by approximately 15-20% for Sr = 1.0
compared to Sr = 0, through augmentation of
the concentration buoyancy term. The Soret
contribution is most pronounced at large Gc
and steep thermal gradients.

(ii) Thermal and mass Grashof numbers (Gr,
Gc): Both buoyancy parameters enhance
flow velocity in Region I through additive
buoyancy forces. Velocity in Region I increases
by approximately 30% as Gr increases from 2 to
8, while Region II experiences compensatory
deceleration of 10-15% due to interface
continuity requirements.
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(iii) Hartmann number (M): The magnetic
Lorentz force retards flow in both regions,
reducing velocity by approximately 40%
when M increases from 0 to 4. The effect
is more pronounced in Region I due to the
compounding of magnetic and Darcy resistance.

(iv) Permeability (K): Decreasing K (higher
Darcy resistance) significantly retards flow in
Region I, with a 50% reduction in K yielding
approximately 35% velocity decrease. Region II
accelerates slightly to maintain interface shear
continuity.

(v) Thermal radiation (R): The radiation
parameter enhances heat transfer by
augmenting the effective thermal diffusivity,
elevating temperatures in the porous region and
increasing Nu nonlinearly. Velocity in Region I
increases by 10-12% as R increases from 0 to 1
through enhanced thermal buoyancy.

(vi) Heat generation (Q): Positive heat generation
uniformly elevates temperatures in Region I by
20-25% asQ increases from 0 to 1, strengthening
thermal buoyancy and further accelerating flow.

(vii) Chemical reaction (Kr): Destructive reactions
deplete species concentration, steepening wall
concentration gradients. The Sherwood number
increases by 25-30% as Kr increases from 0 to
1. The velocity in Region I increases slightly
through enhanced concentration buoyancy
gradients near the boundaries.

(viii) Nusselt and Sherwoodnumbers: Nu increases
with Pr and R but decreases with M . The
permeability K exhibits a non-monotonic
influence on Nu, with a maximum at
intermediate K. Sh increases monotonically
with Sc and Kr, and the Soret number Sr
provides additional Soret-coupledmass transfer
enhancement.

(ix) Interface conditions: Proper enforcement of
all six interface conditions (velocity, shear
stress, temperature, heat flux, concentration,
mass flux) is essential for physically realistic
two-phase flow modelling; the two-region
solution degenerates incorrectly if any condition
is dropped.

(x) Oscillatory effects: The first-order perturbation
introduces phase-dependent behaviour
governed by ω. Higher oscillation frequencies

reduce the penetration depth of oscillatory
amplitude into the flow domain, effectively
decoupling the oscillatory and steady
components.

Future work could extend this model to
non-Newtonian fluids (Casson or Williamson),
couple the Dufour effect alongside Soret, include
viscous dissipation and Joule heating, examine
entropy generation, and investigate variable fluid
properties across the two regions.
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