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Abstract
This study conducts a comparative evaluation
of seven numerical methods for finding roots
of nonlinear equations: Bisection, Regula-Falsi,
Fixed-Point Iteration, Newton-Raphson, Secant,
Aitken’s ∆2, and Steffensen. The aim is to
analyze the effectiveness of each method based
on convergence speed, numerical accuracy,
stability, and computational time efficiency.
Algorithm implementation was carried out in
the Python programming language using NumPy,
SymPy, Pandas, and Matplotlib libraries. Test
functions included polynomial, trigonometric,
exponential, and mixed functions to represent
diverse functional characteristics. The results
indicate that Steffensen and Newton-Raphson
achieved the fastest convergence in terms of
iteration count, while Secant excelled in execution
time efficiency. Bracketing methods such as
Bisection and Regula-Falsi guaranteed convergence
stability despite being slower. Fixed-Point
Iteration was highly sensitive to the choice of
iteration function, whereas Aitken’s ∆2 served
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effectively as an accelerator. The study concludes
that method selection should be tailored to
function characteristics and practical needs,
such as derivative availability, computational
complexity, and error tolerance. The implication is
that this research provides an empirical guide for
researchers and practitioners in selecting optimal
numerical algorithms for scientific and engineering
applications.
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1 Introduction
In various fields of science, from physics and
engineering to economics, there often lies a
fundamental problem of finding solutions to
equations, or in mathematical terms, finding the
roots of nonlinear equations [1]. This problem,
formally represented as the search for values where
f(x) = 0, appears simple conceptually, but in practice,
it is often impossible to solve using pure analytical
methods [2]. When the functions encountered grow
in complexity, the path to exact solutions becomes
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closed, leaving us with the need to find the most
adequate approximations. This is where numerical
methods emerge as a set of techniques that do not
attempt to provide perfect answers in one step, but
rather provide a sequence of approximations that
systematically converge toward the desired root [3].

The fundamental principles of numerical methods
are rooted in profound calculus and real analysis, for
example by utilizing fundamental theorems such as
the Intermediate Value Theorem and the power of
derivatives to build iterative algorithms [3]. Each
iteration represents a refinement of the estimate based
on mathematical logic, and the iteration sequence is
terminated when the accuracy criteria are met [4].

However, in practice, major challenges often arise
when the function f(x) we encounter is no longer
a simple polynomial, but rather more complex
forms such as transcendental functions containing
exponential, logarithmic, or other complicated
nonlinear combinations [1]. Under these conditions,
conventional algebraic methods lose their power;
there exists no magic formula that can derive exact
solutions [5]. Even for seemingly simple equations,
such as f(x) = e−x or g(x) = cos(ln(x)), closed
analytical solutions are almost impossible to obtain.
Furthermore, in many cases, functions may have
multiple roots, exhibit sharp asymptotic behavior,
or even have limited domains, thus complicating
the search process. These conditions ultimately
form a dividing wall between the elegance of pure
mathematical theory and the demands of practical
solutions in the real world. Facing this impasse, we
require a paradigm shift: rather than striving to find
exact solutions that may not exist, we can turn to a
more pragmatic and robust approach, namely seeking
numerical approximations that converge toward the
true root with a level of precision that we can control
[2]. This is the promise offered by various numerical
methods, which transform static theoretical problems
into dynamic iteration-based processes [3].

In general, numerical methods for root finding
can be grouped based on their approach. The
Bisection and Regula-Falsi methods are examples of
safe bracketing methods, as they require two initial
guesses that bracket the root. Bisection works by
consistently dividing the interval into two parts,
while Regula-Falsi is more intelligent by creating
a straight line (secant) between two points to
estimate the root position, thus often converging
faster [1]. On the other hand, there are open methods

such as Secant, Newton-Raphson, and Fixed-Point
Iteration that only require one or two initial guesses
without bracketing the root [4]. Newton-Raphson,
famous for its quadratic convergence speed, utilizes
function derivative information to form highly efficient
approximations, though its dependence on derivatives
can be a weakness [6]. If derivatives are difficult
to obtain, the Secant method becomes an alternative
that uses a finite difference approach. Meanwhile,
Fixed-Point Iteration rearranges the equation f(x) = 0
into the form x = g(x) and performs direct iteration,
although its convergence is not always guaranteed
[1, 4].

To accelerate the convergence rate of slow methods
such as Fixed-Point Iteration, acceleration techniques
like Aitken and Steffensen emerge as solutions.
Aitken’s ∆2 method can be applied to any linearly
convergent sequence to accelerate it [7], while
Steffensen’s method intelligently incorporates the idea
of Aitken acceleration into the Fixed-Point iteration
itself [6], thus achieving quadratic convergence
without requiring derivative calculations. Each
method brings its own uniqueness, advantages,
and limitations, which significantly influence their
performance when implemented in computational
code.

Although the mathematical principles of these
methods provide a clear path toward solutions, their
manual implementation inevitably faces significant
practical constraints. The iterative process, whichmust
be repeated dozens, hundreds, or even thousands of
times to achieve high accuracy levels such as very small
absolute error (e.g., 10−10), is not only inefficient but
also vulnerable to human error [4]. Each repeated
calculation step requires extreme precision, where a
small rounding error at the beginning can have a major
impact on the final results. This is where the role
of modern computing becomes crucial. The Python
programming language, which has become the de facto
standard in scientific computing, offers an elegant and
powerful solution. With its clear syntax supported
by a rich ecosystem of modules, Python enables us to
transform complex numerical algorithms into efficient
and manageable code. Modules like NumPy and
SymPy, optimized for numerical computation, ensure
mathematical operations run quickly and accurately
[8].

With Python, we can fully automate the iterative
process, test termination criteria (such as specified
error tolerance), and easily compare the performance
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of various methods - a luxury not available in
manual calculations [4]. Thus, the transition from
theory to Python code is not merely about converting
formulas into syntax, but represents a quantum
leap in efficiency, accuracy, and our ability to solve
complex mathematical problems at a scale previously
unimaginable.
Based on the aforementioned considerations,
this paper aims to conduct a comprehensive and
comparative evaluation of the practical effectiveness
of seven numerical methods: Bisection, Regula-Falsi,
Fixed-Point, Newton-Raphson, Secant, Aitken, and
Steffensen. The analysis focuses on three main
aspects: first, the effectiveness of methods in finding
roots with high precision for various function
characteristics (such as linear functions, high-degree
polynomials, and transcendental functions) [9];
second, convergence speed measured through the
number of iterations required to achieve specified
error tolerance and computational execution time
in Python; third, identification of fundamental
advantages and limitations of each algorithm, such as
the need for initial guesses, dependence on derivatives,
numerical stability, and divergence risks. Through
implementation in Python code, this research not
only maps the performance landscape of each method
empirically but also strives to provide a practical
guide for researchers, engineers, and computing
practitioners in selecting the most optimal and robust
algorithm according to their specific problem contexts,
thereby bridging the gap between abstract theoretical
understanding and concrete, efficient application.

2 Related Work
In the early stages of its development, research
focus tended to be limited to comparative analysis of
basic methods within a relatively narrow spectrum.
For example, Thakur and Saini [10] conducted
a comparative study of three traditional methods
(Bisection, Newton-Raphson, and Regula Falsi) in
the context of convergence and numerical root
stability. Their findings confirmed the reliability
of Newton-Raphson method in terms of quadratic
convergence speed, but also revealed its vulnerability
to two critical factors: explicit dependence on the
function’s first derivative and extreme sensitivity to the
selection of initial points. On the other hand, Bisection
and Regula Falsi methods, although only offering
linear convergence, demonstrated better robustness
in guaranteeing convergence as long as the function
satisfies continuity conditions and sign changes in the

initial interval.

These findings were subsequently reinforced and
expanded by Ahmad et al. [11], who conducted
an empirical investigation of Newton-Raphson and
Regula Falsi using the MATLAB platform. Their
experimental results confirmed that Newton-Raphson
indeed excels in terms of precision and computational
efficiency, but Regula Falsi offers complementary
advantages in the form of robustness to variations
in initial conditions and the ability to operate
without requiring derivative calculations - making
this particularly advantageous when the observed
function is not easily differentiable analytically or
numerically. A more unique perspective comes from
Azure et al. [9], who adopted a manual computation
approach using calculators as the primary instrument.
This study yielded the interesting finding that
Newton-Raphson and Regula Falsi demonstrated
simultaneous convergence at the second iteration,
suggesting a potential synergy between speed and
stability worthy of further exploration.

As application problem complexity increased,
the methodological scope of research expanded
accordingly. Wang [24], for instance, conducted an
extensive investigation of five numerical methods
in the context of modern financial applications,
particularly in implementing the Black-Scholes Model
for option pricing. Through rigorous MATLAB-based
analysis, this study revealed that the Secant method
emerged as an optimal compromise: it offers
superlinear convergence without dependence on
derivatives, while maintaining adequate numerical
stability across various market scenarios. Furthermore,
the exploration of Golden Section Search as an
alternative approach opened new dimensions in
root-finding methodology, especially in the context of
one-dimensional optimization closely related to roots
of derivative functions.

Recent trends in numerical research indicate a
paradigm shift toward the development of hybrid
algorithms that intelligently integrate the strengths
of various fundamental methods. In this context,
Thota et al. [18] introduced a novel hybrid algorithm
that combines elements of the Regula Falsi and
Newton–Raphson methods. Experimental validation
performed in MATLAB shows that the algorithm not
only preserves the quadratic convergence characteristic
of Newton–Raphson, but also guarantees convergence
stability even under extreme conditions (for example,
when the first derivative of the function is zero or
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undefined near the root).

Parallel research paradigms are also evolving in
two main directions. First is the development of
derivative-free methods that minimize dependence
on differential information; second is the application
of convergence-acceleration techniques to improve the
convergence rate of basic iterative methods. Argyros
et al. [19] made an important theoretical contribution
to the first direction through an in-depth analysis
of Newton’s method and Steffensen-like variants in
Banach spaces. Their crucial findings show that
Steffensen-like methods can not only achieve quadratic
convergence without requiring derivatives, but also
possess a wider domain of convergence thanks to
the restructuring of Lipschitz conditions and the
use of more sophisticated first-order finite-difference
approximation approaches.

On the convergence acceleration front, Chen and Liao
(2025) comprehensively examined the Fixed-Point
Iteration scheme along with two classical acceleration
techniques: Aitken’s ∆2 and Steffensen. Their

empirical demonstration proved that the Steffensen
method (which essentially generalizes Aitken’s ∆2)
can yield significantly faster convergence, even capable
of “rescuing” previously divergent iteration schemes
in the context of complex engineering problems.
This confirms the substantial potential of acceleration
techniques as vital tools for expanding the applicability
range of basic iterative methods.

The results from several previously discussed studies
can be observed in the following Table 1.

3 Methods
This research aims to evaluate and compare the
effectiveness of various numerical methods in solving
nonlinear equations of the form f(x) = 0. To achieve
this objective, the research is conducted through
four main sequential stages: (1) literature study
and formulation of the theoretical foundation, (2)
design and implementation of algorithms in a Python
environment, (3) design of controlled computational
experiments, and (4) comparative analysis based on

Table 1. Comparison of numerical methods in previous studies.

Researcher Methods Studied Tools Findings Limitations

Thakur et al. [10]
Bisection,
Newton-Raphson,
False Position

Theoretical
Analysis

Newton-Raphson fastest
(quadratic), False Position
moderate, Bisection slowest
(linear)

Did not cover Secant,
Fixed-Point, and
acceleration methods

Ahmad et al. [11] Newton-Raphson,
Regula Falsi MATLAB

Newton more accurate & faster,
Regula Falsi more robust to
initial guess

Limited comparison to
only two methods

Azure et al. [9]
Bisection,
Newton-Raphson,
Regula Falsi, Secant,
Fixed-Point

Manual
Computation

Newton & Regula Falsi fastest
(2 iterations), Secant (5
iterations), Fixed-Point (7
iterations)

No software usage, did
not cover acceleration
methods

Dixit [20]
Bisection,
Newton-Raphson,
False Position, Secant

C/C++
Programming

Compared numerical accuracy
for nth roots; Newton and
Secant more accurate than
bracketing methods

Limited to specific roots;
no acceleration methods
included

Thota et al. [18]
Hybrid Algorithm,
Bisection, Regula-Falsi,
Newton-Raphson

MATLAB
Quadratic hybrid algorithm
with guaranteed convergence,
able to handle zero derivative

Focus on one specific
hybrid algorithm

Wang [24]
Bisection, Newton,
Secant, Fixed-Point,
Golden Section

MATLAB
(Finance)

Secant optimal for
speed-stability, Golden Section
alternative for monotonic

Did not cover Regula
Falsi and acceleration
methods

Argyros et al. [19] Newton, Steffensen-like
Methods

Theoretical
& Numerical
Analysis

Steffensen-like: wide
convergence domain, tight
error bound, derivative-free

Focus on theoretical
convergence analysis

Chen et al. [21]
Fixed-Point, Aitken
Acceleration, Steffensen
Iteration

MATLAB
(Engineering)

Steffensen & Aitken significant
acceleration, converged in 3
iterations for real problems

Did not compare with
other basic methods
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quantitative performancemetrics. The entire process is
designed to ensure validity, reproducibility, and clarity
of result interpretation.

3.1 Literature Study and Theoretical Foundation
The initial research stage is conducted through an
in-depth study of scientific literature concerning
root-finding methods for nonlinear equations. The
examined sources include standard textbooks in
numerical analysis, reputable journal articles, and
technical documentation from numerical computation
libraries. The study focuses on fundamental
principles, mathematical derivations, convergence
conditions, theoretical convergence order, aswell as the
strengths and limitations of each method (Bisection,
Regula-Falsi, Fixed Point, Newton-Raphson, Secant,
Aitken’s ∆2, and Steffensen).
The results of the literature study form the basis for
algorithm design, determination of evaluation criteria,
and selection of test functions that are representative of
various characteristics of nonlinear function behavior.

3.2 Algorithm Design and Implementation in
Python

Numerical implementation was carried out in the
Python 3.12.3 programming language, utilizing
four main libraries that each play specific and
complementary roles in the research workflow.

3.2.1 SymPy: Symbolic Representation and Manipulation
of Mathematical Functions

SymPy (Symbolic Python) is a library for
symbolic computation that enables manipulation of
mathematical expressions in symbolic form [25–27].
In this research, SymPy is used for:
1. Defining objective functions f(x) explicitly as

symbolic objects (for example, f(x) = x2 − 4),
2. Automatically computing analytical derivatives
f ′(x) using the diff() function, which is crucial
for the Newton-Raphson method,

3. Verifying exact solutions or analytical roots (if
they exist) through the solve() function, which
serves as ground truth for measuring the accuracy
of numerical methods,

4. Avoiding early representation errors by
maintaining pure mathematical forms until
the numerical evaluation stage.

After completing symbolic manipulations, SymPy
expressions are converted into efficient numerically

evaluable functions using NumPy.

3.2.2 NumPy: High-Performance Numerical Computing
NumPy (Numerical Python) is the core library for
numerical computing in Python [28–31]. In this
research, NumPy is used for:
1. Evaluating mathematical functions (both f(x)

and f ′(x)) at specific numerical values with high
precision,

2. Performing basic mathematical operations such
as absolute value (|x|), exponentiation (xn),
logarithms, and transcendental functions (exp(x),
sin(x), cos(x), etc.),

3. Storing and processing iteration data—such as
the history of root approximations xn and errors
|xn+1−xn|—in high-performance ndarray format,

4. Calculating performance metrics like absolute
error relative to reference solutions, i.e., |xnumeric−
xreference|.

The combination of SymPy (for symbolic
representation) and NumPy (for numerical
evaluation) enables an accurate, flexible, and
efficient workflow.

3.2.3 Pandas: Management and Structuring of
Experimental Data

Pandas is a library for structured data manipulation
and analysis [31–34]. In this research, Pandas is used
for:
1. Collecting all experimental results into an

organized data structure in the form of DataFrame,
2. Storing key information from each test, including:

method name, test function, initial guess, root
approximation, number of iterations, execution
time, success status, and convergence history,

3. Enabling data grouping by categories (for
example, “all results for the Newton–Raphson
method on transcendental functions”),

4. Performing descriptive statistical analysis (mean,
standard deviation, failure frequency) directly
through built-in Pandas operations,

5. Exporting data to external formats (such asCSVor
Excel) for documentation, verification, or further
visualization.

The use of Pandas ensures that experimental data is
not only recorded but also ready for systematic and
comparative analysis.
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3.2.4 Matplotlib: Visualization of Experimental Results
Matplotlib is the main library for data visualization in
Python [35–38]. In this research, Matplotlib is used
for:
1. Generating convergence plots that display

absolute error against the number of iterations,
allowing direct observation of the convergence
speed and stability of each method,

2. Creating bar or line charts to visually compare
performance metrics (number of iterations,
execution time) between methods,

3. Constructing heatmaps or success matrices to
display the robustness of methods against
variations in initial guesses,

4. Producing clear, fully labeled, and
publication-ready visualizations to support
qualitative interpretation and presentation of
findings.

These visualizations not only assist the researcher in
analyzing performance patterns but also strengthen
the communication of results to readers of reports or
scientific publications.

3.3 Computational Experiment Design
To ensure comprehensive and fair evaluation, a series
of test functions with diverse characteristics were
selected and defined symbolically using SymPy. These
functions include:
1. Simple polynomials, for example f(x) = x2 − 4,
2. Transcendental functions, for example f(x) =

ex − 2 and f(x) = sin(x)− x

2
,

3. Functions withmultiple roots, for example f(x) =
(x− 1)2,

4. Functions with challenging numerical behavior,
such as f(x) = x

1
3 (infinite derivative at x = 0) or

f(x) = x cos(x)− 1 (strong oscillations).
Each method was tested against all test functions with
standard parameter configurations:
1. Error tolerance: ε = 10−8,
2. Maximum iterations: 100,
3. Initialization schemes: tested in several scenarios

(near the root, far from the root, in flat or steep
regions) to assess robustness.

As ground truth, the reference solution xref was
obtained from analytical solutions (if available) or
from high-precision computations using external
scientific libraries with very tight tolerance (10−14).
The performance metrics recorded and analyzed
include:
1. Accuracy: absolute difference between numerical

solution and reference solution, i.e., |xnumeric −
xref|,

2. Convergence Speed: number of iterations until
stopping criteria are met,

3. Computational Efficiency: actual execution time
(wall-clock time),

4. Robustness: proportion of initialization scenarios
that result in successful convergence.

All experimental results are stored in a Pandas
DataFrame structure to enable aggregate analysis,
cross-comparison, and systematic visualization.

3.4 Comparative Analysis and Interpretation of
Results

In the final stage, quantitative data from
all experiments were collected and analyzed
comparatively. The analysis was conducted both
per-function and aggregated across all test functions.
Visualization usingMatplotlib was employed to clarify
performance patterns, including:
1. Logarithmic convergence plots (log error vs.

iteration) to observe empirical convergence order,
2. Bar charts comparing iteration counts and

execution times,
3. Performance ranking tables based on key metrics.

Findings were synthesized into:
1. Performance profiles of each method in the

context of specific function types,
2. Practical recommendations for method selection

based on problem characteristics (e.g., derivative
availability, speed vs. reliability requirements),

3. Identification of specific conditions under which
particular methods tend to fail or be less efficient.

4 Literature Review
4.1 Closed Methods
This section introduces root-finding using closed
methods, which are called “closed” because they use
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two bounds, ensuring the root lies between these
boundaries. These methods are developed based on a
theorem in Calculus, namely:
Theorem 4.1 If {an} and {cn} converge to L and

an ≤ bn ≤ cn for n ≥ K

(where K is a specific integer), then {bn} also converges
to L.

Closed methods use two bounds: an initial lower
bound and an initial upper bound. Suppose f is a
continuous function on the interval [a, b], where f(a)
and f(b) have different signs, and there exists a point
p between point a and point b or satisfying a ≤ p ≤ b
with f(p) = 0, even though there may be many points
between a and b that are roots of the equation.

4.1.1 Bisection Method

Figure 1. Root search using the Bisection method.

The Bisection Method (or method of bisection) is a
simple and reliable numerical method for finding
roots of nonlinear equations f(x) = 0. This method is
based on the IntermediateValueTheorem: if function
f is continuous on the interval [a, b] and f(a) · f(b) < 0
holds, then there exists at least one root c ∈ (a, b) such
that f(c) = 0.
As illustrated in Figure 1, the Bisection Method works
by iteratively dividing the interval into two equal
parts and selecting the sub-interval that continues
to satisfy the function sign change condition. This
process is repeated until the interval width becomes
sufficiently small or the function value at the midpoint
is sufficiently close to zero [5, 12, 22, 23]. Although
its convergence is slow (linear), this method always
converges as long as the initial conditions are satisfied,

making it frequently used as an initial method to
obtain rough approximations before switching to faster
methods.

The midpoint at the first iteration is given by

p1 =
a1 + b1

2

If f(p1) = 0, then p1 is the root. Otherwise, as shown
in Figure 1, the interval is updated based on the sign
of f(p1) relative to f(a1) or f(b1).

Bisection Method Algorithm
1. Choose an initial interval [a1, b1] such that f(a1) ·
f(b1) < 0.

2. For each iteration n = 1, 2, 3, . . . :

• Calculate the midpoint:

pn =
an + bn

2

• If f(pn) = 0 or |f(pn)| < tolerance, stop; pn
is the root.

• If f(an) · f(pn) < 0, then the root lies in
[an, pn]:
set an+1 = an, bn+1 = pn.

• If f(pn) · f(bn) < 0, then the root lies in
[pn, bn]:
set an+1 = pn, bn+1 = bn.

3. Repeat step 2 until the interval width |bn − an| or
|f(pn)| is less than the specified tolerance.

This method guarantees convergence, but its speed is
only linear, with a convergence rate of approximately
1

2
per iteration. The point update process in each

iteration is visually depicted in Figure 2.
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Figure 2. Point update in the Bisection method.

4.1.2 Regula-Falsi Method
The Regula Falsi method (or false position method)
is a numerical method for finding roots of nonlinear
equations f(x) = 0. Like the Bisection method, this
method also requires an initial interval [a, b] where
function f is continuous and satisfies f(a) · f(b) <
0, which guarantees the existence of at least one root
within that interval based on the Intermediate Value
Theorem.
However, unlike the Bisection method which simply
divides the interval into two equal parts, the Regula
Falsi method uses a geometric approach: it connects
the points (a, f(a)) and (b, f(b)) with a straight line,
then takes the intersection point of this line with the
x-axis as the next root approximation. This approach
often results in faster convergence than Bisection.
The Regula Falsi method begins with two endpoints
of the interval [a1, b1] where function f is continuous
and satisfies f(a1) · f(b1) < 0. To obtain the root
approximation, we connect the points (a1, f(a1)) and
(b1, f(b1)) with a straight line [13–15].
The equation of the line passing through these two
points is given by

y − f(a1)

f(b1)− f(a1)
=

x− a1
b1 − a1

Since we want to find the intersection point of this
line with the x-axis, we substitute y = 0 and x = p1,
yielding

−f(a1)

f(b1)− f(a1)
=
p1 − a1
b1 − a1

which results in the a1-based form:

p1 = a1 −
f(a1)(b1 − a1)
f(b1)− f(a1)

(1)

However, we can also derive a b1-based form by
writing the line equation relative to point (b1, f(b1)):

y − f(b1)

f(a1)− f(b1)
=

x− b1
a1 − b1

Substituting y = 0, x = p1 gives

−f(b1)

f(a1)− f(b1)
=
p1 − b1
a1 − b1

Since a1−b1 = −(b1−a1) and f(a1)−f(b1) = −(f(b1)−
f(a1)), the above equation becomes

f(b1)

f(b1)− f(a1)
= −p1 − b1

b1 − a1

Multiplying both sides by b1 − a1:

f(b1)(b1 − a1)
f(b1)− f(a1)

= b1 − p1

Thus, we obtain the final b1-based form:

p1 = b1 −
f(b1)(b1 − a1)
f(b1)− f(a1)

(2)

This is the b-based Regula Falsi form, which is
algebraically equivalent to the a-based form, but
emphasizes the role of the right endpoint in the
calculation.
The iteration process continues by updating the
interval based on the sign of f(pn), ensuring that the
condition f(an+1) · f(bn+1) < 0 remains satisfied.

Regula Falsi Method Algorithm (b-based version)
1. Choose an initial interval [a1, b1] such that f(a1) ·
f(b1) < 0.

2. For each iteration n = 1, 2, 3, . . . :
• Calculate the root approximation:

pn = bn −
f(bn)(bn − an)

f(bn)− f(an)

• If f(pn) = 0 or |f(pn)| < tolerance, stop; pn
is the root.
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• If f(pn) has the same sign as f(bn), then the
root lies in [an, pn]:
set an+1 = an, bn+1 = pn.

• If f(pn) has the opposite sign to f(bn)
(meaning it has the same sign as f(an)), then
the root lies in [pn, bn]:
set an+1 = pn, bn+1 = bn.

3. Repeat step 2 until convergence criteria are met.
The geometric interpretation of this method, where
the new approximation is obtained by intersecting the
chord connecting (a, f(a)) and (b, f(b)) with the x-axis,
is illustrated in Figure 3.
Note: Although this method is generally faster
than Bisection, in certain cases one endpoint may
become “stagnant” (not changing), resulting in slow
convergence. Modifications such as the Illinois method
or Anderson–Björck can be used to address this issue
[5].

Figure 3. Root search using the Regula-Falsi method.

4.2 Open Methods
In closed methods, the root of an equation lies within
a predetermined interval, and so do subsequent
intervals, ensuring the root is always found. This
section introduces root-finding using open methods,
which are called “open” because they use only one
initial estimate. Five methods will be introduced
in this section: Fixed-Point Iteration Method,
Newton-Raphson Method, Secant Method, Aitken’s
∆2 Method, and Steffensen’s Method.
4.2.1 Fixed-Point Method
The Fixed-Point Iteration Method is a numerical
method for solving nonlinear equations f(x) = 0 by

transforming the equation into the equivalent form
x = g(x). The solution to this equation is called a
fixed point because the value x does not change after
applying function g, i.e., x = g(x).
The iteration process begins with an initial guess x0,
then computed recursively:

xn+1 = g(xn) (3)

for n = 0, 1, 2, . . . , until a sufficiently accurate root
approximation is obtained.
The success of this method heavily depends on the
choice of function g(x) and the initial point x0 [3, 16,
17]. If function g(x) and the initial point are chosen
appropriately, the sequence {xn} will converge to the
fixed point. However, if chosen poorly, the iteration
may diverge or oscillate, potentially moving away
from the solution.
This is illustrated in Figures 4 and 5:

Figure 4. Proper initial point
selection in the Fixed-Point

method.

Figure 5. Incorrect initial
point selection in the
Fixed-Point method.

Local convergence can be guaranteed if |g′(x)| < 1 in
the neighborhood of the fixed point. If this condition
is satisfied, the iteration will converge linearly to that
fixed point [21].

Fixed-Point Iteration Method Algorithm
1. Transform the equation f(x) = 0 into the form
x = g(x).

2. Choose an initial guess x0 that is “close” to the
solution.

3. For each iteration n = 0, 1, 2, . . . :
• Compute:

xn+1 = g(xn)
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• If |xn+1 − xn| < tolerance or
|f(xn+1)| < tolerance, stop; xn+1 is the
root approximation.

4. Repeat step 3 until convergence criteria are met.
Important Notes:
• Convergence does not always occur — it heavily

depends on the form of g(x) and the value of x0.
• Sufficient condition for local convergence:
|g′(x)| < 1 in the neighborhood of the fixed point.

4.2.2 Newton-Raphson Method
The Newton-Raphson method is one of the most
popular methods for finding roots of nonlinear
equations f(x) = 0. This method uses a
local linearization approach through first-order
Taylor series to obtain increasingly accurate root
approximations at each iteration.
Before deriving the iteration formula, consider the
Taylor series of function f(p) around point p0,
assuming |p− p0| is small:

f(p) = f(p0) + (p− p0)f ′(p0) +
(p− p0)2

2
f ′′(ξ(p)),

where ξ(p) lies between p and p0. If p is the true root,
then f(p) = 0, so:

0 = f(p0) + (p− p0)f ′(p0) +
(p− p0)2

2
f ′′(ξ(p)).

Since |p − p0| is assumed to be small, the quadratic
term (p− p0)2 is considered very small and neglected.
With this first-order approximation, we obtain:

0 ≈ f(p0) + (p− p0)f ′(p0),

which yields the root approximation:

p ≈ p0 −
f(p0)

f ′(p0)
≡ p1.

If this process is repeated iteratively, we obtain the
general formula of the Newton-Raphson Method:

pn+1 = pn −
f(pn)

f ′(pn)
, for n ≥ 0, with f ′(pn) 6= 0.

(4)

This method has quadratic convergence if the initial
guess is sufficiently close to the root and f ′ is
continuous and non-zero around the root. A geometric
illustration of this method is shown in Figure 6, where
each iteration follows the tangent line of the curve f(x)
until it intersects the x-axis.

Figure 6. Root search using the Newton-Raphson method.

Newton-Raphson Method Algorithm
1. Choose an initial guess p0 sufficiently close to the

root.
2. For each iteration n = 0, 1, 2, . . . :

• Compute the function value and its
derivative: f(pn) and f ′(pn).

• If f ′(pn) = 0, stop the process (fails due to
division by zero).

• Compute the new approximation:

pn+1 = pn −
f(pn)

f ′(pn)

• If |pn+1 − pn| < tolerance or |f(pn+1)| <
tolerance, stop; pn+1 is the root.

3. Repeat step 2 until convergence criteria are met.
Notes:
• This method is very fast (quadratic) if it

converges.
• However, it does not always converge — it

heavily depends on the choice of p0 and the nature
of the function f .
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• It requires the computation of analytical or
numerical derivatives.

4.2.3 Secant Method

Figure 7. Root search using the Secant method.

The Secant Method is an iterative method for
finding roots of nonlinear equations f(x) = 0 that
does not require explicit derivatives, unlike the
Newton-Raphson method. This method is similar
to the Regula Falsi method, as both use a straight
line passing through two points on the curve f(x) to
approximate the root. However, unlike Regula Falsi,
the Secant Method does not require the two initial
points to bracket the root (i.e., it is not necessary that
f(a) · f(b) < 0).
As illustrated in Figure 7, suppose two initial guesses
are given as xi−1 and xi. The line passing through
points (xi−1, f(xi−1)) and (xi, f(xi)) has the equation:

y − f(xi)

f(xi−1)− f(xi)
=

x− xi
xi−1 − xi

.

The intersection of this line with the x-axis occurs
when y = 0, i.e., at (xi+1, 0) as shown in Figure 7.
Substituting y = 0 yields:

−f(xi)

f(xi−1)− f(xi)
=
xi+1 − xi
xi−1 − xi

,

which can be rearranged into the iteration formula of
the Secant Method:

xi+1 = xi −
f(xi)(xi−1 − xi)
f(xi−1)− f(xi)

. (5)

This formula is used repeatedly: after computing xi+1,
the pair of points is updated to (xi, xi+1), and the
process is repeated until f(xi+1) is sufficiently close to
zero.
The Secant Method has a convergence order of
approximately 1.618 (the golden ratio), making it
faster than linear methods such as the Bisection
method, but slightly slower than the quadratic
convergence of Newton-Raphson. Its advantage is that
it does not require derivatives, making it very useful
when f ′(x) is difficult or expensive to compute.

Secant Method Algorithm
1. Choose two initial guesses x0 and x1 (they do not

need to bracket the root).
2. For each iteration i = 1, 2, 3, . . . :

• Compute:

xi+1 = xi −
f(xi)(xi−1 − xi)
f(xi−1)− f(xi)

• If f(xi+1) = 0 or |f(xi+1)| < tolerance, stop;
xi+1 is the root.

• Update:
xi−1 ← xi, xi ← xi+1

3. Repeat step 2 until convergence criteria are met.
Note:
• This method does not guarantee convergence if

the initial guesses are too far from the root.
• Avoid division by zero: ensure f(xi−1) 6= f(xi).

4.2.4 Aitken’s ∆2 Method
Aitken’s ∆2 method is a convergence acceleration
technique used to speed up the convergence rate
of a sequence that is converging linearly. This
method does not require function derivatives, but
rather utilizes three consecutive terms of the iteration
sequence to produce a more accurate approximation
of the true limit.
Suppose we have an iteration sequence {pn}
converging to p. If the convergence is linear, then the
error decreases proportionally, i.e.:

pn+1 − p ≈ λ(pn − p), with 0 < |λ| < 1.

Aitken observed that the dominant component of this
error can be eliminated by utilizing three consecutive
terms: pn, pn+1, and pn+2.
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Origin of the Aitken’s ∆2 Formula
From the linear convergence assumption, we can write:

pn+1 − p ≈ λ(pn − p),
pn+2 − p ≈ λ(pn+1 − p) ≈ λ2(pn − p).

We want to eliminate λ and p to obtain a direct
approximation of p. Consider the successive
differences:

∆pn = pn+1 − pn,
∆pn+1 = pn+2 − pn+1,

∆2pn = ∆pn+1 −∆pn = pn+2 − 2pn+1 + pn.

With the linear approximation, it can be shown that:

(pn+1 − pn)2

pn+2 − 2pn+1 + pn
≈ pn − p.

Therefore, a better approximation of p is given by:

p̂n = pn −
(pn+1 − pn)2

pn+2 − 2pn+1 + pn
. (6)

This formula is known asAitken’s ∆2 Method, where
∆2pn denotes the second difference of the sequence {pn}.

Aitken’s ∆2 Method Algorithm
The following are the steps for applying this method:
1. Start with an iterative method (for example,

fixed-point iteration pn+1 = g(pn)) to generate
the sequence {pn}.

2. For each n = 0, 1, 2, . . . :
• Compute three consecutive terms: pn, pn+1,

and pn+2.
• Compute the accelerated approximation:

p̂n = pn −
(pn+1 − pn)2

pn+2 − 2pn+1 + pn
.

• If the denominator pn+2 − 2pn+1 + pn ≈ 0,
stop the process (the sequence may have
converged or numerical division by zero may
occur).

3. Repeat the process until |p̂n − p̂n−1| < ε or until
other convergence criteria are met.

This method is very effective when combined with
iterative methods that have slow convergence, such as
fixed-point iteration. Although it does not guarantee
quadratic convergence, Aitken’s ∆2 often provides
significant acceleration to the linear convergence rate.
This method is also known as Aitken extrapolation and
is one of the earliest and most famous convergence
acceleration methods in numerical analysis [40–42].

4.2.5 Steffensen’s Method
Steffensen’s method is an iterative derivative-free
method for solving nonlinear equations f(x) = 0.
Although it doesn’t use explicit derivatives, this
method achieves quadratic convergence order —
equivalent to the Newton-Raphson method —making
it highly efficient for functions that are difficult or
expensive to differentiate.
This method can be viewed as a direct application
of Aitken’s ∆2 acceleration to fixed-point iteration.
Suppose the root of f(x) = 0 is equivalent to a fixed
point of some function g(x), i.e.:

x = g(x) ⇔ f(x) = 0.

A common choice is g(x) = x− f(x), although other
forms can also be used as long as the root of f(x) = 0
corresponds to a fixed point of g(x).

Origin of the Steffensen Formula
In ordinary fixed-point iteration, we generate the
sequence:
p0, p1 = g(p0), p2 = g(p1) = g(g(p0)), p3 = g(p2), . . .

If convergence is only linear, then Aitken’s ∆2 can be
used to accelerate it. By taking three consecutive terms
from the fixed-point sequence:

pn, pn+1 = g(pn), pn+2 = g(g(pn)),

the accelerated approximation according to Aitken is:

p̂n = pn −
(pn+1 − pn)2

pn+2 − 2pn+1 + pn
.

Substituting pn = xn, pn+1 = g(xn), and pn+2 =
g(g(xn)) yields the Steffensen iteration formula:

xn+1 = xn −
(
g(xn)− xn

)2
g(g(xn))− 2g(xn) + xn

. (7)

If we choose g(x) = x− f(x), then:
g(xn) = xn − f(xn),

g(g(xn)) = g(xn − f(xn)) = xn − f(xn)− f(xn − f(xn)).
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However, in numerical practice, it ismore common and
efficient to rewrite the Steffensen formula directly in
terms of function evaluations of f , without explicitly
defining g. With some algebraic manipulation, the
formula can be expressed as:

xn+1 = xn −
f(xn)2

f(xn + f(xn))− f(xn)
.

Note that: (1) f(xn) is evaluated once; (2) f(xn +
f(xn)) is evaluated once; (3) thus requiring two
function evaluations per iteration (not three, as is
sometimes misunderstood).
The denominator f(xn + f(xn)) − f(xn) serves as a
first-order divided difference approximation of the
derivative f ′(xn), so this method implicitly mimics the
Newton method without derivatives.

Steffensen’s Method Algorithm
The following are the steps for numerical
implementation of Steffensen’s method:
1. Choose an initial guess x0 and tolerance ε > 0.
2. For n = 0, 1, 2, . . . do:

• Compute fn = f(xn).
• If |fn| < ε, stop; xn is the root approximation.
• Compute yn = xn + fn.
• Compute fy = f(yn).
• Compute denominator: d = fy − fn.
• If |d| < ε, stop the process (risk of division

by zero or convergence already achieved).
• Update the approximation:

xn+1 = xn −
f2n
d
.

3. Repeat until convergence criteria are met.
Steffensen’s method is very useful in situations where
function derivatives are not available analytically or
are expensive to compute. Although it requires
two function evaluations per iteration (compared to
one in fixed-point iteration), the major advantage is
quadratic convergence which significantly reduces
the total number of iterations.
This method is an elegant example of how acceleration
techniques (Aitken) can be transformed into robust
standalone iterative methods [6, 39].

5 Findings and Discussion
5.1 Code Testing Results for Polynomial Function
In this section, we present the results of computational
simulations designed to evaluate the effectiveness
of the seven root-finding methods. The assessment
was conducted not only based on convergence theory
but more importantly on their actual performance
in real computational environments using Python,
considering factors such as runtime efficiency and
resilience to diverse function forms.
To provide a comprehensive overview, we tested
each algorithm on a suite of functions consisting of
polynomial, trigonometric, exponential, and mixed
functions. The selection of these functions aims to
replicate various challenges faced by practitioners,
ranging from well-behaved problems to those with
complex nonlinear characteristics and susceptibility to
oscillations.
The implementation of all methods was performed
consistently in a Python 3.12.3 environment (with
source code that has been created and explained
previously in the Methods section), utilizing standard
libraries such as NumPy for numerical computation
and Matplotlib for convergence visualization. Each
method was executed with initial parameters adjusted
according to the characteristics of the test functions,
while convergence criteria were established based on
absolute tolerance of function value (|f(x)| < ε)
and/or relative change between iterations (|xn+1 −
xn| < δ), with ε = δ = 10−10, and a maximum of 100
iterations as a general standard to be used in testing
all methods.
As an initial step in this comparative study, a
high-degree polynomial function was selected as a
typical representation of algebraic function classes that
frequently appear in various engineering and scientific
applications. The function used in this experiment is
defined as:

f(x) = x7 − 2x6 + 4x5 − 1 (8)

This function was intentionally chosen due to its
challenging characteristics: odd degree (ensuring
at least one real root), mixed coefficients (positive
and negative), and non-monotonic structure that
can produce complex behavior in numerical iteration
processes. Additionally, this function lacks easily
guessable rational roots, making it particularly suitable
for testing the robustness of numerical methods in
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finding irrational roots with high precision.
To support the application of the fixed-point method,
two equivalent iterative function forms g(x) were
formulated from the equation f(x) = 0. The first form
was obtained by isolating the x7 term:

x7 = 2x6 − 4x5 + 1 ⇒ x =
7
√

2x6 − 4x5 + 1

The second form was obtained by isolating the 4x5

term:

4x5 = −x7 + 2x6 + 1 ⇒ x =
5

√
−x7 + 2x6 + 1

4

The main numerical parameters in this experiment
were established as follows:
• Initial interval for bracketing methods: [0, 1]. The

selection of the interval [0, 1] as the initial bounds
is not arbitrary, but rather based on preliminary
analysis of the function’s sign at the interval
endpoints. Initial evaluation shows that:

f(0) = 07 − 2 · 06 + 4 · 05 − 1 = −1 < 0

and

f(1) = 17 − 2 · 16 + 4 · 15 − 1 = 2 > 0.

Since f(0) · f(1) < 0 and f(x) is continuous
throughout R (as a polynomial function), then
according to the Intermediate Value Theorem,
there exists at least one real root in the open
interval (0, 1). This interval provides a solid
foundation for applying the Bisection and Regula
Falsimethods, which inherently require two initial
guesses that bracket the root.

Experimental results demonstrate that all tested
numerical methods successfully converged to the same
root, namely x ≈ 0.800631154473, with very high
accuracy. This result indicates excellent numerical
stability of all implemented algorithms. Numerical
differences between methods are on the order of 10−12

to 10−14, which can be practically neglected for most
scientific computing applications. Please refer to the
following Table 2.
The Secant, Steffensen, and Newton methods achieved
zero numerical error within the established tolerance
limits, while the Fixed-Point method showed the
largest deviation of 2.8520 × 10−11. Nevertheless, all
methods produced “Valid” status, indicating that the
found roots were within the specified interval and met
the convergence criteria.

Computational efficiency analysis revealed significant
variation in the number of iterations required by
each method. The Steffensen method recorded
the best performance, requiring only 4 iterations to
achieve convergence, followed byNewton (9 iterations)
and Secant (14 iterations). This achievement
confirms the superiority of high-order convergence
methods in handling polynomial functions. The
Fixed-Point and Aitken methods required 17 and
18 iterations respectively, demonstrating accelerated
linear convergence. Meanwhile, traditional bracketing
methods such as Regula Falsi and Bisection required
more iterations, 28 and 35 iterations respectively, which
is consistent with the linear convergence characteristics
of these methods.
In terms of reliability, all methods successfully found
the root without experiencing divergence or oscillation.
The bracketing methods (Bisection and Regula Falsi)
showed the highest stability despite their slower
convergence rates. Conversely, open methods such
as Newton and Steffensen, although faster, had greater
dependency on proper initial guess selection.
Based on the convergence speed comparison shown
in Figure 8, it is evident that the Steffensen and
Newton methods outperform the other methods
in terms of convergence efficiency. The Steffensen
method exhibits a sharp error decay, reducing the
initial error to the tolerance level within only four
iterations, which clearly demonstrates its high-order
convergence behavior. This observation is consistent
with the theoretical expectation that Steffensen’s
method possesses double quadratic convergence.
Similarly, the Newton method shows a very steep
reduction in error, converging within nine iterations
and reflecting its well-known quadratic convergence
property.
The Secant method presents a steady and smooth
decrease in error, achieving convergence after fourteen
iterations. Its convergence curve illustrates the
characteristic superlinear convergence behavior.
In contrast, the Aitken-accelerated and standard
Fixed-Point methods display gentler slopes, requiring
approximately seventeen to eighteen iterations to
meet the tolerance criterion. Although the Aitken
transformation significantly improves convergence
compared to the basic Fixed-Point method, its
performance remains inferior to that of the Steffensen
method.
Figure 8 also clearly highlights the difference
between open methods and traditional bracketing
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methods. Both the Bisection and Regula Falsi methods
demonstrate stable but slow linear convergence. The
Bisection method produces an almost straight line on
the semi-logarithmic scale, which is a typical indicator
of linear convergence, while the Regula Falsi method
shows slightly faster error reduction but remains
substantially slower than the open methods.

From a visual perspective, several important
conclusions can be drawn. All methods eventually
converge to the same tolerance level, confirming
the consistency of the numerical results. The
pronounced contrast in curve slopes between
fast-converging methods (Steffensen and Newton)
and slow-converging methods (Bisection and Regula
Falsi) provides clear evidence of the impact of
algorithm selection on convergence performance.
Moreover, the absence of oscillations or instability
in the convergence curves indicates that all methods
behave stably for the given polynomial function.

The convergence path illustrated in Figure 9 provides
a clear and insightful visualization of the iterative
behavior of each numerical method as it approaches
the exact root x ≈ 0.80063115. Although all methods
ultimately converge to the same solution, their
convergence trajectories differ markedly, revealing
distinct algorithmic characteristics.

The Bisection method exhibits the most stable and
predictable convergence pattern, characterized by a
steady but relatively slow reduction in error. This
behavior reflects the fundamental nature of bracketing
methods, which guarantee convergence provided that
the initial interval satisfies the sign-change condition.
As a result, Bisection remains a robust and reliable
choice for challenging problems or situations where
numerical stability is prioritized over computational
efficiency, even though it is clearly outperformed by
other methods in terms of speed.

In contrast, the Newton and Steffensen methods
demonstrate highly aggressive convergence paths,
rapidly approaching the exact root after only a few
iterations. This behavior confirms the advantage of
quadratic convergence, where each iteration produces
a substantial reduction in error. Notably, Steffensen’s
method achieves slightly faster convergence than
Newton’s method, which can be attributed to the
acceleration effect of theAitken transformation applied
to fixed-point iterations. This observation provides
strong empirical evidence supporting the effectiveness
of the Steffensen method for polynomial equations of
the type considered in this study.
The Secant method displays a distinctive convergence
trajectory, with mild oscillations around the root
while still converging efficiently. This behavior
reflects its derivative-free nature and superlinear
convergence property. Meanwhile, the Fixed-Point
and Aitken methods exhibit more gradual, near-linear
convergence patterns. Although the basic Fixed-Point
method converges slowly, the Aitken transformation
significantly improves its performance, highlighting
the importance of acceleration techniques and
appropriate iteration function selection in enhancing
the efficiency of simple iterative schemes.
The numerical execution times presented in Figure 10
offer deeper insight into the actual computational
efficiency of the tested numerical methods. Although
the iteration-based analysis previously highlighted the
superiority of the Steffensen and Newton methods,
the execution time comparison reveals a different
perspective. Notably, the Secant method emerges
as the most time-efficient, with an execution time
of 32.39 ms, outperforming both Steffensen (110.57
ms) and Newton (129.12 ms) despite requiring
more iterations. This result can be attributed to
the lower computational complexity per iteration of
the Secant method, as it avoids explicit derivative

Table 2. Performance comparison of Root-Finding methods for solving a Polynomial equation.

Method Numeric Root Closest Root Iterations Difference Status

Bisection 0.800631154474 0.800631154473 35 0.000000000001522 Valid
Regula-Falsi 0.800631154464 0.800631154473 28 0.000000000008369 Valid
Fixed-Point 0.800631154501 0.800631154473 17 0.000000000028520 Valid

Secant 0.800631154473 0.800631154473 14 0.000000000000000 Valid
Aitken 0.800631154466 0.800631154473 18 0.000000000006927 Valid

Steffensen 0.800631154473 0.800631154473 4 0.000000000000000 Valid
Newton 0.800631154473 0.800631154473 9 0.000000000000000 Valid
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Figure 8. Comparison graph of error reduction speed for Polynomial function.

evaluations, which can be computationally expensive,
particularly for high-degree polynomial functions.
This observation confirms that a smaller number
of iterations does not necessarily translate into
shorter execution time; instead, per-iteration cost
and implementation efficiency play equally important
roles.
The Fixed-Point and Aitken methods exhibit the
poorest performance, recording the longest execution
times of 498.49 ms and 518.42 ms, respectively—both
exceeding even the Regula Falsi method, which
requires more iterations. Several factors contribute
to this outcome. First, the Fixed-Point method
relies heavily on the specific formulation of the
iteration function g(x), which in this research is

g(x) =
5

√
−x7 + 2x6 + 1

4
, which in this study involves

repeated evaluation of a high-order polynomial
root, leading to significant computational overhead.
Second, although the Aitken transformation reduces
the number of iterations, it introduces additional
extrapolation calculations, increasing the cost per
iteration. Finally, the numerical implementation of
the Aitken acceleration itself involves extra arithmetic
operations, limiting the practical benefits of its

convergence enhancement.
The Steffensen and Newton methods illustrate a clear
trade-off between iteration count and per-iteration
computational cost. While Steffensen is faster
overall than Newton, the difference in execution
time is not proportional to the difference in iteration
counts, indicating that each Steffensen iteration
is computationally more complex. Nevertheless,
Steffensen maintains a favorable balance between
convergence speed and computational effort. In
contrast, the Regula Falsi and Bisection methods,
although simple and robust, suffer from relatively high
execution times due to the large number of iterations
required, making them less efficient for well-behaved
polynomial functions.
Please refer to Table 3 which summarizes the analysis
results for the polynomial function.

5.2 Code Testing Results for Trigonometric
Function

In this section, the research shifts to analyzing
nonlinear equations containing trigonometric
functions. As a representation of periodic and
oscillatory function classes, a mixed trigonometric
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Figure 9. Comparison graph of method approximations to the Exact Root of Polynomial equation.

Figure 10. Comparison diagram of execution time for
Polynomial function.

function involving sine and powered cosine was
selected. The function used in this experiment is
defined as f(x) = sin(x) − cos3(2x). This function
is numerically interesting due to its nonlinear,
periodic nature and the inclusion of powered
trigonometric function compositions that frequently
appear in modeling physical phenomena such as
vibrations, waves, and nonlinear oscillator systems.
Additionally, the existence of roots in this function is
not always intuitive due to the interaction between the
fundamental frequency x and double frequency 2x, as
well as the nonlinear effects of the cube power on the
cosine function.

For the fixed-point method, two iterative function
forms g(x) were formulated based on algebraic
manipulation of the equation f(x) = 0. The first form
was obtained by isolating sin(x):

sin(x) = cos3(2x) ⇒ x = g1(x) = arcsin(| cos3(2x)|)

The second form was obtained by isolating cos(2x):

cos(2x) = 3
√

sin(x) ⇒ x = g2(x) =
arccos(| 3

√
sin(x)|)

2

The numerical experiment parameters were
established as follows:
• Initial interval for bracketing methods: [2.5, 3].

The selection of interval [2.5, 3] was based on
initial evaluation of function values at critical
points within that range. Numerical calculations
show that f(2.5) ≈ 0.5985 + 0.0228 > 0 and
f(3) ≈ 0.1411 − 0.8857 < 0. For comprehensive
root validation purposes, the exact root search
range was set wider, from 0 to 3. This interval
selection allows verification that the root found
by numerical methods is indeed the only root in
the relevant range, or at least the principal root
closest to the initial guess.

Testing results show that the numerical methods
divided into two groups based on the roots they
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found. The first group, consisting of Bisection, Regula
Falsi, Secant, and Newton, successfully converged
toward root x ≈ 2.758392986844, while the second
group, comprising Fixed-Point, Aitken, and Steffensen,
converged toward a different root x ≈ 0.383199666746
as shown in the Table 4.

From a computational efficiency perspective, the
Steffensen and Newton methods again demonstrate
the best performance, requiring only 4 iterations
to achieve convergence, confirming the robustness
of their quadratic convergence even when handling
trigonometric functions. Interestingly, the Regula
Falsi and Secant methods also show high efficiency
with 5 iterations, indicating good adaptability to
trigonometric function characteristics. On the other
hand, Fixed-Point requires 28 iterations and Bisection
29 iterations, suggesting that these methods are less
efficient for functions with such complexity. The
Aitken transformation, which successfully reduces
Fixed-Point iterations from 28 to 8, proves the
effectiveness of acceleration techniques in improving
linear convergence.

In terms of numerical accuracy, all methods achieve
very high precision with errors on the order of 10−12 to
10−15, far exceeding the established tolerance limit of
10−10. The Aitken, Steffensen, and Newton methods
achieve absolute zero error, while the other methods
maintain errors that are practically negligible for
most scientific applications. Importantly, although
converging to different roots, all generated solutions
are valid and satisfy the criteria f(x) = 0 within the
specified tolerance limits.

The difference in results between the two method
groups can be traced to algorithm characteristics and
the selection of iteration function g(x). Bracketing
methods like Bisection and Regula Falsi, which operate
on the interval [2.5, 3], naturally tend to find the root
within that interval, namely x ≈ 2.758. Meanwhile,
Fixed-Point methods and their derivatives heavily
depend on the formulation of iteration functions

g(x) = arcsin(cos3(2x)) and g(x) =
arccos

(
3
√

sin(x)
)

2
,

which have different fixed points compared to other
methods.

Table 3. Summary of analysis results for Polynomial function.

Analysis
Category

Best
Method

Best
Alternative

Remarks

Convergence
Speed

Steffensen (4
iterations)

Newton (9
iterations)

Steffensen shows the fastest convergence with only 4
iterations, even surpassing the Newton method

Numerical
Accuracy

Secant, Steffensen,
Newton (error 0)

Aitken with
error
6.927× 10−13

Three methods achieve perfect precision within the
established tolerance limits

Execution Time Secant (32.39 ms) Steffensen
(110.57 ms)

Secant is 3.4× faster than Steffensen and 4× faster
than Newton

Convergence
Stability Bisection Regula-Falsi Bracketing methods show the highest stability

although slow
Computational
Efficiency Secant Steffensen Optimal combination of execution time and accuracy

Table 4. Performance comparison of Root-Finding methods for solving a Trigonometric equation.

Method Numeric Root Closest Root Iterations Difference Status

Bisection 2.758392986841 2.758392986844 29 0.000000000002165 Valid
Regula Falsi 2.758392986844 2.758392986844 5 0.000000000000001 Valid

Secant 2.758392986843 2.758392986844 5 0.000000000000490 Valid
Fixed-Point 0.383199666731 0.383199666746 28 0.000000000015112 Valid

Aitken 0.383199666746 0.383199666746 8 0.000000000000000 Valid
Steffensen 0.383199666746 0.383199666746 4 0.000000000000000 Valid
Newton 2.758392986844 2.758392986844 4 0.000000000000000 Valid
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Figure 11. Comparison graph of error reduction speed for Trigonometric function.

The error reduction speed comparison illustrated in
Figure 11 clearly highlights the superior convergence
behavior of the Steffensen and Newton methods. The
Steffensen method exhibits an exceptionally rapid
decrease in error, dropping from an initial magnitude
of 10−1 to 10−15 within only four iterations. This
behavior reflects its characteristic double quadratic
convergence, a property that is rarely achieved by other
numerical methods. An important practical advantage
of Steffensen’s method is that it does not require
derivative evaluations, unlike Newton’s method,
while still achieving convergence rates comparable
to—and in this case even exceeding—those of Newton.
Consequently, Steffensen’s method is particularly
attractive for problems where derivatives are difficult
to obtain or computationally expensive.

The Newton method also demonstrates excellent
performance, with a steep decline in error during the
initial iterations and convergence achieved within nine
iterations, consistent with its well-known quadratic
convergence property. Although Newton’s theoretical
convergence order is high, the comparison reveals that
it is not necessarily faster than Steffensen in practice.
This observation emphasizes that convergence speed

is influenced not only by theoretical order but also
by factors such as the structure of the function, the
choice of initial guess, and numerical stability during
iteration. Despite potential limitations of Newton’s
method—such as sensitivity to small derivatives or
possible divergence—no such issues were encountered
in this experiment, allowing it to perform optimally.

The Secant method shows a smooth and stable
convergence trajectory, reaching the prescribed
tolerance in fourteen iterations. Its behavior is
consistent with superlinear convergence, with an
order approaching the golden ratio (≈ 1.618). While
its convergence speed does not surpass that of the
Steffensen or Newton methods, the Secant method
has the notable advantage of avoiding derivative
computations. This makes it a competitive and
practical alternative for problems involving complex
or implicitly defined functions, where analytical
derivatives are unavailable or costly.

In contrast, the Fixed-Point and Aitken methods
display more gradual convergence patterns. The
Fixed-Point method converges linearly, requiring
approximately twenty-eight iterations to reach
the tolerance level. The Aitken transformation
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significantly accelerates this process, reducing the
iteration count to eight. Nevertheless, its convergence
rate remains inferior to that of the Steffensen
and Newton methods. This confirms that while
acceleration techniques such as Aitken’s method
can substantially improve efficiency, they do not
fundamentally change the convergence order of the
underlying iterative scheme.
Finally, the traditional bracketing methods—Bisection
and Regula Falsi—are clearly distinguished from the
open methods by their slower, linear convergence
behavior. The Bisection method exhibits a nearly
straight-line error decay on the semi-logarithmic scale,
which is a hallmark of linear convergence and reflects
its theoretical guarantee of reliability at the expense
of speed. The Regula Falsi method performs slightly
better than Bisection, particularly in the early stages,
but may suffer from stagnation when one endpoint of
the interval remains fixed. In this study, Regula Falsi
converges relatively quickly due to a favorable initial
interval, yet it remains less efficient overall than the
open methods.
The convergence paths illustrated in Figure 12 provide
a clear visual representation of the iterative dynamics
of the numerical methods applied to the function
f(x) = sin(x) − cos3(2x), which possesses two main
roots in the interval [0, 3], namely x1 ≈ 0.38319967 and
x2 ≈ 2.75839299. Distinct differences in convergence
behavior are observed among the tested methods.
The Bisection method exhibits the most stable and
predictable trajectory, progressing monotonically
toward the root x2 without oscillations or abrupt
deviations. This behavior reflects the intrinsic
reliability of bracketing methods, which guarantee
convergence provided that the function is continuous
and a sign change exists at the interval endpoints.
Consequently, Bisection remains a robust choice
for complex nonlinear functions or scenarios where
numerical stability is prioritized over speed. However,
its convergence is relatively slow from a computational
efficiency standpoint, requiring up to 29 iterations to
achieve high precision, as indicated by the gentle slope
of its convergence path.
In contrast, the Newton and Steffensen methods
display significantly more aggressive convergence
behavior, rapidly driving the iterates toward the exact
roots after only a few initial steps. Their trajectories
clearly illustrate quadratic convergence, where each
iteration substantially reduces the approximation
error. Notably, Steffensen’s method demonstrates a

slight performance advantage in this experiment: it
converges to the root x1 within four iterations, whereas
Newton’s method requires nine iterations to reach
the root x2. This observation provides empirical
evidence of Steffensen’s effectiveness for trigonometric
functions, as it achieves fast convergence without
the need for derivative evaluations by employing the
Aitken acceleration mechanism.
The Secant method exhibits a distinct convergence
pattern characterized by mild oscillations around the
root x2 before settling at the correct solution. This
behavior is consistent with its superlinear convergence
property, with an order of approximately 1.618.
Although its convergence path is less smooth than
that of Newton’s method, the Secant method remains
efficient when appropriate initial guesses are selected.
In this case, using an initial interval of [2.5, 3] allows
the method to converge successfully within five
iterations, demonstrating that it can serve as a practical
and efficient alternative despite lacking the global
convergence guarantee of bracketing methods.
In contrast to Secant, the Fixed-Point and Aitken
methods in Figure 12 displaymuch slower convergence
patterns, consistent with linear convergence
characteristics. The Fixed-Point method (brown),
starting from initial guess x = 3, gradually descends
toward root x1 ≈ 0.38319967 but requires up to
28 iterations to achieve tolerance. Its descent rate
remains relatively constant without significant
acceleration, thus confirming the fundamental nature
of standard fixed-point methods. Conversely, the
Aitken transformation (light purple) demonstrates
significant performance improvement. With the same
starting point, it accelerates the iterative process
and achieves convergence in just 8 iterations. This
shows the effectiveness of acceleration techniques
in improving the performance of simple iterative
methods, although it doesn’t alter their convergence
order. This difference also emphasizes the importance
of selecting the iterative function g(x) in fixed-point
methods. The transformation used in this study,
specifically g(x) =

1

2
arccos

(
3
√

sin(x)
)
, apparently

has a stronger attractor around x1, thereby directing
all fixed-point based methods toward that root rather
than the root at x2.
The execution time comparison presented in Figure 13
provides an important complementary perspective
on algorithm performance, emphasizing practical
computational efficiency in addition to iteration-based
convergence analysis. The results indicate that a higher
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Figure 12. Comparison graph of method approximations to the Exact Root of Trigonometric equation.

theoretical convergence rate does not necessarily
imply shorter execution time. In practice, the total
computational cost depends not only on the number
of iterations required to reach convergence but also on
the computational complexity of each iteration.

The Bisection method, previously identified as the
most stable yet slowest in terms of convergence rate,
also exhibits the longest execution time, reaching
844.90 ms. Although each iteration of the Bisection
method involves only simple operations such as
function evaluation and interval halving, the large
number of iterations required leads to substantial
cumulative computational cost. This outcome
reinforces the conclusion that while Bisection offers
strong reliability and guaranteed convergence, it is
inefficient when execution time is a primary concern.

In contrast, the Regula Falsi and Secant methods
demonstrate excellent time efficiency, with execution
times of 47.18 ms and 39.10 ms, respectively. Both
methods converge within only five iterations, and
despite employing linear interpolation procedures
that are computationally more involved than those
of Bisection, the significantly reduced iteration count
results in very low total execution time. These
findings suggest that Regula Falsi and Secant provide
a favorable balance between robustness, convergence
speed, and computational efficiency, particularly for

smooth functions when suitable initial intervals are
chosen.

The performance of the Newton and Steffensen
methods highlights an important trade-off between
convergence order and per-iteration computational
cost. Although both methods exhibit quadratic
convergence and require relatively few iterations
(nine for Newton and four for Steffensen), their
execution times are higher than those of Regula
Falsi and Secant, recorded at 86.68 ms and 98.71
ms, respectively. Newton’s method incurs additional
cost due to the evaluation of derivatives, while
Steffensen’s method, despite being derivative-free,
requires multiple function evaluations per iteration to
construct the Aitken acceleration. Consequently, their
superior convergence rates do not translate directly
into the shortest execution times.

Finally, the Fixed-Point method demonstrates
moderate execution time despite its slow convergence,
requiring 28 iterations and 316.83 ms to reach the
tolerance level. The Aitken-accelerated Fixed-Point
method significantly reduces the iteration count to
eight; however, its execution time remains comparable
to that of the Steffensen method. This is attributed to
the additional computational overhead introduced
by the Aitken transformation, which increases the
cost per iteration. Overall, these results confirm that
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Table 5. Summary of analysis results for Trigonometric function.

Analysis
Category

Best
Method

Best
Alternative

Remarks

Convergence
Speed

Steffensen (4
iterations)

Newton (9
iterations)

Steffensen demonstrates the fastest convergence with
only 4 iterations, outperforming even the quadratic
Newton method.

Numerical
Accuracy

Secant, Steffensen,
Newton (error 0)

Aitken (error
6.927× 10−13)

Three methods achieve maximum precision within
the established tolerance limits.

Execution Time Secant (39.10 ms) Regula Falsi
(47.18 ms)

Secant is 3.4× faster than Newton and 4× faster
than Steffensen, making it the most computationally
efficient choice.

Convergence
Stability Bisection Regula Falsi

Bracketingmethods demonstrate the highest stability
despite slow convergence; Regula Falsi is faster while
remaining stable in this experiment.

Computational
Efficiency Secant Steffensen Secant offers an optimal combination of execution

time, accuracy, and iteration count.

practical efficiency is governed by a balance between
iteration count and per-iteration complexity, rather
than convergence order alone.

Figure 13. Comparison diagram of execution time for
Trigonometric function.

Please refer to Table 5 which summarizes the analysis
results for the trigonometric function.

5.3 Code Testing Results for the Exponential
Function

A combinatorial exponential function involving
multiple distinct decay rates was selected as a
representation of the common transcendental function
class used in decay modeling, population dynamics,
and thermal processes. The function employed in this
experiment is defined as f(x) = e−x − e−2x − e−3x.
This function is numerically interesting due to its
non-trivial monotonicity: although each exponential
term is strictly decreasing, the linear combination with
mixed coefficients (one positive, two negative) results
in non-monotonic behavior in the first derivative,

thereby allowing the existence of one ormore real roots.
This function also frequently arises in the context of
solutions to linear differential equations with specific
initial conditions, making it relevant to engineering
and natural science applications.
To implement the fixed-point method, the iterative
function g(x) was formulated by isolating the
dominant term e−x from the equation f(x) = 0:

e−x = e−2x + e−3x

⇒ −x = ln
(
e−2x + e−3x

)
⇒ x = − ln

(
e−2x + e−3x

)
.

The numerical experiment parameters were set as
follows:
• Initial interval for the bracketing method: [0, 1].

The selection of [0, 1] was based on evaluating
the function’s signs at the interval endpoints.
Preliminary calculations show f(0) = −1 < 0
and f(1) ≈ 0.1828 > 0.

• For comprehensive validation of root existence
and uniqueness, the exact root search range
was extended to [−2, 2]. This interval covers
regions where the exponential function exhibits
significant variation, both for x < 0 (where the
function grows exponentially) and x > 0 (where
it decays). This ensures thorough root verification
and prevents numerical methods from missing
roots outside [0, 1].

Experimental results demonstrate high consistency
among most tested numerical methods. However,
these findings also reveal a fundamental weakness
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in one of the simplest iterative approaches, the
Fixed-Point method. Refer to the Table 6.

The Table 6 demonstrates that six of the seven
methods—namely Bisection, Regula Falsi, Secant,
Newton, Steffensen, and Aitken—successfully
identified the real root of the function with high
precision at x ≈ 0.481211825060, which was verified
through exact root searching within the interval
[−2, 2]. In contrast, the Fixed-Point method yielded
a numerical solution that diverged significantly,
producing x ≈ 56.750942777356, which lies far
outside the specified search interval and therefore
cannot be considered a valid solution.

This phenomenon is not attributable to algorithmic
implementation errors, but rather stems directly
from the incompatibility between the structure of
the employed iterative function g(x) and the local
convergence criteria of the Fixed-Point method. In this
experiment, the iterative function was derived through
algebraic manipulation of the original equation,
specifically g(x) = − ln(e−2x + e−3x), which formally
satisfies the relation x = g(x) ⇔ f(x) = 0. The
success of the Fixed-Point method depends not only
on this algebraic validity but also on the dynamic
properties of the transformation in the vicinity of the
fixed point. Theoretically, local convergence can only
be guaranteed when the first derivative of the iterative
function satisfies |g′(x)| < 1 within a neighborhood of
the desired root.

Analytical computation of the derivative g′(x) reveals
that in the region of the exact root x ≈ 0.4812, the
value of g′(x) reaches approximately 2.38, substantially
exceeding the convergence threshold. This condition
indicates that the fixed point corresponding to the
real function root is repulsive rather than attractive.
Consequently, iterations initiated from initial guesses
near the root, including x0 = 0.5 in this experiment, do

not converge toward the expected solution but instead
diverge. The iterative process tends to progress toward
extremely large numerical values (x ≈ 56.75), likely
resulting from limitations in floating-point arithmetic
precision. At large x values, the expression e−2x +
e−3x experiences numerical underflow, approaching
zero in machine representation. As a result,
g(x) = − ln(very small value) yields a large positive
number. Due to rounding effects and relative stability
in the iteration, the system appears to reach a
quasi-stationary state with xn+1 ≈ xn. Nevertheless,
this result does not represent meaningful convergence
toward the original root of the function.
It is important to note that this function possessesmore
than one real rootwhen the search interval is expanded.
Global analysis over the range [−2, 60] reveals the
existence of a second root at approximately x ≈ 56.27.
This root emerges due to the asymptotic nature of
the exponential function: as x increases, all terms
approach zero, but their decay rates differ, causing
the difference between e−x and the sum e−2x + e−3x to
become zero at a specific point.
Compared to other methods, the failure of the
Fixed-Point approach actually underscores the
advantage of methods that do not rely on iterative
function transformations. Bracketing methods such
as Bisection and Regula Falsi, which only require
evaluating the function’s sign within an interval,
demonstrate complete stability and guaranteed
convergence. Open methods like Newton and Secant,
although requiring derivatives or interpolation,
remain successful because they directly utilize local
information from the original function rather than
potentially unstable iterative representations. Even
acceleration methods such as Steffensen and Aitken,
which are technically derived from Fixed-Point,
achieved convergence in this experiment due to their
use of different initial guesses and transformations,

Table 6. Performance comparison of Root-Finding methods for solving a exponential equation.

Method Numeric Root Closest Root Iterations Difference Status

Bisection 0.481211825041 0.48121182506 32 0.000000000018503 Valid
Regula Falsi 0.481211825176 0.48121182506 43 0.000000000116588 Valid

Secant 0.481211825060 0.48121182506 13 0.000000000000171 Valid
Fixed-Point 56.750942777356 0.48121182506 10 56.269730952295900 Invalid

Aitken 0.481211825060 0.48121182506 4 0.000000000000000 Valid
Steffensen 0.481211825060 0.48121182506 4 0.000000000000000 Valid
Newton 0.481211825060 0.48121182506 4 0.000000000000000 Valid
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or their ability to avoid the basin of attraction of
inappropriate fixed points.
The error reduction speed comparison illustrated in
Figure 14 clearly demonstrates that the Steffensen and
Newton methods achieve the fastest convergence, as
evidenced by the sharp decline in error during the
initial iterations. Steffensen reaches the maximum
precision level of 10−15 within only four iterations,
while Newton achieves the same precision in nine
iterations. These results are fully consistent with
the tabulated data, where both methods report zero
deviation from the exact root and valid convergence
status, thereby confirming their quadratic convergence
behavior, which theoretically doubles the number of
correct digits at each iteration. A closer inspection
reveals minor fluctuations in Newton’s early iterations,
likely due to sensitivity in derivative evaluation near
the initial guess; nevertheless, the method stabilizes
quickly and converges efficiently.
The Secant method exhibits a characteristic superlinear
convergence pattern, with an initially larger error than
Newton followed by a smooth and rapid decrease until
maximum precision is reached in thirteen iterations.
Its convergence order, approximately 1.618, is clearly
reflected in the steady decline of the error curve
without noticeable oscillations. Despite not requiring
derivative information, the Secant method maintains
both efficiency and stability for this problem, largely
because the initial interval [0, 1] lies sufficiently close
to the root. This highlights its practical advantage in
applications where derivatives are difficult or costly to
compute, while still achieving high accuracy with only
two function evaluations per iteration.
In contrast, the bracketing methods Bisection and
Regula Falsi display markedly different convergence
characteristics. The Bisection method shows a linear
and steady reduction in error with an almost constant
slope, reaching maximum precision after thirty-two
iterations. Regula Falsi initially reduces the error more
rapidly but subsequently experiences a slowdown
due to stagnation effects, where one endpoint of
the interval remains fixed. Even so, it outperforms
Bisection in terms of iteration count, converging
in forty-three iterations while maintaining complete
numerical stability. These behaviors confirm that
although bracketing methods are comparatively slow,
they remain highly reliable andwell suited to problems
where guaranteed convergence is prioritized over
speed.
The most critical observation concerns the Fixed-Point

method, which exhibits extremely slow andmonotonic
error reduction during the early iterations, followed
by a dramatic increase in error after approximately ten
iterations. This behavior indicates that the iteration
has left the basin of attraction of the desired root and
has begun to diverge toward an incorrect solution,
ultimately converging to a numerically meaningless
value of x ≈ 56.75, as reported in the table. The
error evolution clearly reveals this failure mechanism,
demonstrating that the Fixed-Point method does not
merely fail to converge but instead converges to an
unintended point—a phenomenon that cannot be
reliably identified from the final iterate alone.

Finally, the Aitken-accelerated method achieves
convergence within four iterations, matching the
iteration count of Steffensen. However, its error curve
exhibits a more gradual decline, lacking the steep
slope associated with true quadratic convergence. This
observation aligns with theoretical expectations: the
Aitken transformation accelerates linear convergence
but does not fundamentally change the convergence
order. Although the final residual of 6.927 × 10−13

satisfies the prescribed tolerance, it remains less
accurate than the results obtained by Steffensen
and Newton. Overall, the results demonstrate that
while Aitken acceleration can significantly improve
Fixed-Point performance, it is insufficient to overcome
the inherent instability of the underlying method for
this particular function.

The convergence behavior illustrated in Figure 15
shows that Steffensen’s, Newton’s, and Aitken’s
methods successfully converge to the exact root
x ≈ 0.4812 within only a few initial iterations and
subsequently remain stable around this value. The
convergence trajectories of Steffensen and Newton
are particularly rapid and direct, exhibiting smooth
approaches without oscillations, which is consistent
with their quadratic convergence properties. These
observations agree with the tabulated results, where
all threemethods achieve zero deviation from the exact
root and are classified as valid. Although Aitken’s
method functions primarily as an acceleration of the
Fixed-Pointmethod, it effectively stabilizes the iterative
process in this case and converges to the correct root,
indicating that the Aitken transformation can mitigate
instability under favorable conditions.

The Secant method displays a more dynamic
convergence pattern. Beginning from an initial guess
near x = 0.5, its early iterations show a modest
reduction in error, followed by gradual adjustment
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Figure 14. Comparison graph of error reduction speed for Exponential function.

toward the root with minor fluctuations before
stabilization. This behavior reflects the characteristic
superlinear convergence of the Secant method. While
its convergence speed does not match that of Newton’s
or Steffensen’s methods, it nonetheless converges
reliably and achieves the correct solution within
thirteen iterations, as reported in the table.

In contrast, the bracketing methods—Bisection
and Regula Falsi—exhibit stable and monotonic
convergence patterns. Starting from the interval [0, 1],
bothmethods progressively narrow the approximation
toward the root without oscillatory behavior. The
Bisection method advances systematically, reflecting
its theoretical guarantee of convergence for continuous
functions with a sign change. Regula Falsi, based
on linear interpolation, also maintains high stability
but converges more slowly than the Secant method.
According to the tabulated data, Bisection and Regula
Falsi require thirty-two and forty-three iterations,
respectively, confirming that while these methods
are comparatively slow, they are highly reliable and
resistant to divergence.

The most striking behavior is observed in the
Fixed-Point method. Starting from the same initial

guess x0 = 0.5, the iteration initially drifts downward,
then reverses direction and grows rapidly, eventually
diverging beyond the plotted scale after approximately
ten iterations. This trajectory indicates that the
iteration has left the basin of attraction of the
desired root and is instead converging toward a
spurious numerical attractor at x ≈ 56.75, which
is recorded in the table as an invalid solution. The
convergence path provides clear visual evidence that
the Fixed-Point method does not merely converge
slowly, but fundamentally fails by approaching an
incorrect solution.
Finally, the convergence paths highlight the sensitivity
of iterative methods to both the initial guess and
the structure of the iteration function. In this
experiment, the proximity of the initial guess to
the root allows Newton’s and Steffensen’s methods
to perform effectively. In contrast, the Fixed-Point
method fails despite the same starting point because
its iteration function

g(x) = − ln
(
e−2x + e−3x

)
possesses a repulsive fixed point near the desired
root. This result confirms that numerical convergence
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Figure 15. Comparison graph of method approximations to the Exact Root of Exponential equation.

depends not only on the algorithm itself but also
critically on the mathematical formulation of the
iteration, and that algebraically equivalent expressions
may lead to fundamentally different numerical
behaviors.

Figure 16. Comparison diagram of execution time for
Exponential function.

The execution time comparison presented in Figure 16
reveals that the Steffensen and Aitken methods
achieve the highest computational efficiency, with
execution times of approximately 17.73 ms and
17.93 ms, respectively. This result is particularly
noteworthy because both methods require three
function evaluations per iteration to implement
the Aitken acceleration. Despite this additional
per-iteration cost, their overall execution times remain

minimal due to the small number of iterations required
for convergence. In contrast, Newton’s method,
which involves only one function evaluation and one
derivative evaluation per iteration, records a longer
execution time. This observation indicates that the
computational cost of derivative evaluation outweighs
that of multiple function evaluations in Steffensen’s
and Aitken’s methods, especially for exponential
functions such as those considered in this study.
Consequently, the theoretical advantage of Newton’s
quadratic convergence can be partially offset by the
added burden of derivative computation.

Newton’s method completes execution in 21.80 ms,
which is still relatively fast and consistent with its
convergence in nine iterations, as reported in the
table. Although this iteration count is higher than
the four iterations required by Steffensen and Aitken,
it remains significantly lower than that of the Secant
and Bisection methods. These results confirm that
while Newton’s method maintains a strong balance
between convergence speed and computational effort,
it does not necessarily minimize execution time when
derivative evaluation is expensive.

The Secant method demonstrates competitive
performance, completing execution in 21.00 ms
despite requiring thirteen iterations. Its efficiency
stems from the absence of derivative evaluations and
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the relatively low cost of two function evaluations
per iteration. This places the Secant method in a
favorable position for practical applications, offering
a well-balanced combination of derivative-free
implementation, superlinear convergence, and strong
time efficiency.
The Fixed-Point method, although failing to converge
to the correct root, requires an execution time of 28.44
ms. This comparatively high cost arises from the
evaluation of the iteration function

g(x) = − ln
(
e−2x + e−3x

)
,

which is computationally more demanding than
evaluating the original function. Moreover, the
instability of the iteration process may introduce
additional numerical overhead, such as rounding
effects, further increasing execution time. Interestingly,
despite producing an invalid result, the Fixed-Point
method still executes faster than the Regula Falsi
and Bisection methods, illustrating that numerical
correctness and computational efficiency are not
necessarily correlated.
Finally, the bracketing methods Regula Falsi and
Bisection exhibit the longest execution times, at 70.55
ms and 259.33 ms, respectively. These results align
with their high iteration counts and reflect the inherent
limitations of bracketing approaches. Although
Bisection requires fewer iterations than Regula Falsi,
its execution time is substantially longer due to the lack
of interpolation-based acceleration and the repeated
use of function evaluations. Regula Falsi improves
convergence speed through linear interpolation but
introduces additional computational overhead at
each iteration. Overall, these findings confirm that
bracketing methods prioritize stability and guaranteed
convergence at the expense of computational efficiency,
particularly when compared with accelerated or
derivative-based methods such as Steffensen and
Newton.
Table 7 presents a summary of the analytical results,
showing the performance comparison of the seven
methods across various aspects.

5.4 Code Testing Results for the Mixed Function
As the most complex representation in this study, a
mixed function combining trigonometric, exponential,
and polynomial elements was selected. This
function is designed to challenge the robustness of
numerical methods when handling highly nonlinear
compositions of transcendental and algebraic
functions. The explicit form of the function is:

f(x) = cos3
(
e

x
2

)
− x3.

This function is notable for containing three layers
of composition: (1) the rapidly growing exponential
function ex/2, (2) the oscillatory trigonometric
function cos(·), and (3) the cubic powers applied to
both main components. Consequently, the graph
of f(x) exhibits damped oscillations that become
increasingly dense with growing x, combined with the
cubic growth of the−x3 term. This combination results
in highly sensitive local behavior to minor changes
in x, making it a rigorous test for the stability and
accuracy of numerical methods. For the fixed-point
method, the equation f(x) = 0 is manipulated into the
form x = g(x). Assuming the root lies in the region
where |x| ≤ 1 (so that x3 and cos3

(
e

x
2

)
are within

comparable ranges), a simplified approach is adopted
by taking the cube root of both sides: cos3

(
e

x
2

)
= x3 ⇒

cos
(
e

x
2

)
= x under the assumption that both sides are

real-valued and their signs are consistent (which holds
in the interval [−1, 1]). Thus, the iteration function is
defined as g(x) = cos(ex/2).
The numerical experiment parameters are set as
follows:
• Initial interval for bracketing methods: [0, 1].

This selection is based on endpoint function
evaluations: f(0) ≈ 0.1576 > 0 and
f(1) ≈ −1.0005 < 0. Since f(0) ·
f(1) < 0 and f(x) is continuous over R (as a
composition of continuous elementary functions),
the Intermediate Value Theorem guarantees at
least one real root in (0, 1). This interval ensures
root existence and is suitable for the Bisection
and Regula Falsi methods. To verify no other
significant roots exist nearby, the exact root search
range is expanded to [−1, 1].

Refer to the Table 8 of Python program execution
results.
Table 8 reveals a remarkably high level of consistency
across all tested numerical methods. All seven
methods—Bisection, Regula Falsi, Secant, Fixed
Point, Aitken, Steffensen, and Newton—successfully
identified the real root of the exponential function
with exceptional precision, yielding the value x ≈
0.363177127637. Each method recorded a Valid status,
confirming that the obtained solutions lie within the
interval [−1, 1] and align with the exact root verified
through global search.
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Table 7. Summary of analysis results for exponential function.

Analysis
Category

Best
Method

Best
Alternative

Remarks

Convergence
Speed

Steffensen (4
iterations)

Newton (9
iterations)

Steffensen demonstrated the fastest convergence
with only 4 iterations, outperforming even Newton’s
method which also exhibits quadratic convergence.

Numerical
Accuracy

Secant, Steffensen,
Newton (error =
0)

Aitken (error =
6.927× 10−13)

Three methods achieved maximum precision within
the specified tolerance limits, with Aitken providing
near-machine precision.

Execution Time Steffensen (17.73
ms)

Aitken (17.93
ms)

Steffensen was 1.2× faster than Newton and 3.4×
faster than Secant, establishing it as the most
time-efficient choice among all methods.

Convergence
Stability Bisection Regula Falsi

Both bracketing methods demonstrated robust
stability, with Regula Falsi achieving faster
convergence while maintaining reliability in
this experiment.

Computational
Efficiency Secant Steffensen

Secant offered an optimal balance between execution
time, accuracy, and iteration count, providing
excellent performance without requiring derivative
evaluation.

However, notable differences emerge in the number
of iterations required by each method to achieve
convergence. This demonstrates that while all
methods produce identical final solutions, their
computational efficiency varies significantly
depending on algorithmic characteristics and
computational approaches.
The Steffensen method emerges as the most efficient
in terms of convergence rate, reaching the solution
in merely four iterations. Newton’s method follows
with five iterations, trailed by the Secant method
requiring eight iterations. These results are entirely
consistent with the established convergence properties
of each method: Steffensen exhibits double quadratic
convergence, Newton demonstrates quadratic
convergence, while the Secant method achieves
superlinear convergence. Consequently, their

performance in iteration count aligns perfectly with
long-standing theoretical principles in numerical
analysis.
The convergence velocity comparison illustrated in
Figure 17 provides a clear visualization of the iterative
behavior of the numerical methods applied to the
mixed nonlinear function

f(x) = (cos(ex/2))3 − x3,

whose real root is located at x ≈ 0.363177127637.
Distinct differences in convergence performance are
evident among the tested algorithms.
The Steffensen and Aitken methods exhibit the fastest
convergence rates, characterized by an extremely sharp
reduction in error during the initial iterations. Both
methods reach the maximum precision level of 10−15

Table 8. Performance comparison of Root-Finding methods for solving a mixed equation.

Method Numeric Root Closest Root Iterations Difference Status

Bisection 0.36317712767 0.363177127637 31 0.000000000033459 Valid
Regula Falsi 0.36317712751 0.363177127637 44 0.000000000125295 Valid

Secant 0.36317712764 0.363177127637 8 0.000000000000013 Valid
Fixed-Point 0.36317712769 0.363177127637 40 0.000000000053631 Valid

Aitken 0.36317712764 0.363177127637 4 0.000000000000000 Valid
Steffensen 0.36317712764 0.363177127637 4 0.000000000000000 Valid
Newton 0.36317712764 0.363177127637 5 0.000000000000000 Valid
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Figure 17. Comparison graph of error reduction speed for mixed function.

within only four iterations, which is fully consistent
with the tabulated results reporting zero discrepancy
from the exact root and valid convergence status. This
behavior confirms their double quadratic convergence
characteristics, whereby the number of correct digits
increases rapidly at each iteration. Notably, the Aitken
transformation successfully converts the originally
slow Fixed-Point method into a highly efficient scheme,
achieving convergence performance comparable to
that of Steffensen. This demonstrates that acceleration
techniques can substantially enhance simple iterative
methods, even when the original iteration function is
not optimally designed.

Newton’s method also shows excellent performance,
with a convergence trajectory closely resembling those
of Steffensen and Aitken. Its error decreases sharply
and smoothly after the initial iterations, reaching
maximum precision within five iterations. The
absence of oscillations reflects the expected quadratic
convergence behavior. Although Newton’s method
requires derivative evaluation, its efficiency and
stability remain high for this problem, particularly
because the initial guess x0 = 0.5 lies sufficiently
close to the true root. While slightly slower than
Steffensen, Newton’s method still demonstrates strong

convergence efficiency.
The Secant method exhibits a characteristic superlinear
convergence pattern. Starting from a relatively larger
initial error, its error decreases steadily and reaches
the prescribed precision in eight iterations. The
smooth shape of its convergence curve reflects a
convergence order of approximately 1.618, without
noticeable oscillatory behavior. These results confirm
that, despite being derivative-free, the Secant method
remains both efficient and stable for this function,
especially when the initial interval [0, 1] is chosen close
to the root. From a practical standpoint, the Secant
method offers an attractive balance between efficiency
and implementation simplicity.
In contrast, the bracketing methods—Bisection and
Regula Falsi—display significantly slower convergence
behavior. The Bisection method shows a steady,
linear reduction in error with an almost constant
slope, reaching maximum precision after thirty-one
iterations. Regula Falsi initially reduces the error more
rapidly but experiences a slowdown in later iterations
due to stagnation, where one interval endpoint
remains fixed. Despite this limitation, Regula Falsi
still converges slightly faster than Bisection, requiring
forty-four iterations while maintaining complete
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numerical stability. Overall, these results highlight the
fundamental trade-off between convergence speed and
guaranteed stability inherent to bracketing methods.
The most noteworthy observation in Figure 17 is
the behavior of the Fixed-Point method (brown).
Its iteration curve demonstrates extremely slow
error reduction that tends to be monotonic without
significant acceleration, even after forty iterations.
Upon closer examination, the curve does not exhibit
a sharp decline toward zero but rather decreases
gradually and steadily. This pattern reflects the
fundamental characteristic of linear convergence
that typifies fixed-point methods. According to
the tabular data, the Fixed-Point method yields a
discrepancy of 5.3631× 10−12, which remains within
the tolerance limits and maintains valid status. This
indicates that although the convergence process is
slow, the method is still capable of reaching the
correct root. This result also reveals a marked contrast
compared to previous experiments with exponential
functions, where this method failed to find accurate
solutions. Therefore, it can be concluded that the
transformation g(x) = cos(ex/2), while not optimal,
still satisfies the local convergence conditions around
the root. This condition enables the iterative system
to find the correct solution, albeit at a relatively high
computational cost.
The convergence paths of the various numerical
methods, as shown in Figure 18, provide a clear
visual representation of their iterative behavior in
approaching the real root of the mixed function

f(x) =
(
cos(ex/2)

)3 − x3,
namely x ≈ 0.363177127637. In general, the
Steffensen, Newton, and Aitken methods all reach
the exact root x ≈ 0.3632 within the first few
iterations and subsequently remain stable in its
vicinity. The Steffensen (yellow) and Newton (light
blue) curves exhibit very rapid, nearly monotone
convergence without oscillations, reflecting the
quadratic convergence that characterizes both
methods. These observations are fully consistent with
the tabulated results, where all three methods record
zero discrepancy from the exact root and are classified
as valid. Aitken (light purple), although theoretically
an acceleration of the Fixed-Point method, effectively
stabilizes the convergence process and attains the
same root, illustrating that Aitken’s ∆2 transformation
can substantially enhance the performance and
stability of its underlying fixed-point iteration for this
particular problem.

The Secant method (red) displays a more dynamic
convergence pattern. Starting from an initial point
around x = 0.5, its iterates decrease slightly in the
early steps, then gradually approach the root with
small fluctuations before eventually stabilizing. This
behavior reflects the typical superlinear convergence
of the Secant method. Despite not requiring derivative
evaluations, it navigates the solution space efficiently
and reliably. According to the numerical results
table, the Secant method converges in eight iterations
with zero difference from the exact root, and the
convergence trajectory remains stable and directed,
albeit slightly slower than that of the Newton and
Steffensen methods.
By contrast, the bracketing methods Bisection (dark
blue) and Regula Falsi (orange) exhibit highly stable
and monotone convergence. Both start from the initial
interval [0, 1] and progressively reduce the bracketing
interval until they approach the root, without
significant overshoot. The Bisection curve follows
a systematic halving pattern, consistent with the
theoretical guarantee of convergence for continuous
functions that change sign over the initial interval.
Regula Falsi, which employs linear interpolation to
estimate the root location, also shows robust stability,
though its convergence is somewhat slower than that of
the Secant method. The tabulated results indicate that
Bisection and Regula Falsi require 31 and 44 iterations,
respectively, to satisfy the stopping criterion.
The most notable behavior is observed for the
Fixed-Point method (brown). Starting from the initial
guess x0 = 1, its first iterate drops sharply to
approximately x = −0.08, then jumps to about x =
0.57, and only afterward moves gradually toward the
true root. This indicates substantial oscillation in the
early stages of the iteration, followed by the eventual
formation of a stable convergence path. The numerical
results show that the Fixed-Point method requires
40 iterations to converge, with a final discrepancy
of 5.3631 × 10−12, which still lies well within a very
tight tolerance. This confirms that, although the
convergence trajectory is not smooth, the method
ultimately reaches the correct root. The behavior
further demonstrates that the transformation

g(x) = cos
(
e

x
2

)
,

while not particularly efficient, does satisfy the local
convergence conditions in a neighborhood of the root.
As a result, the fixed-point iteration remains capable of
finding the exact solution, albeit with a relatively long
execution time and pronounced initial oscillations.
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Figure 18. Comparison graph of method approximations to the Exact Root of mixed function.

The execution time comparison shown in Figure 19
provides an important practical perspective on the
performance of the numerical methods, as it reflects
not only how quickly a method reaches a solution
in terms of iteration count, but also how efficiently
it uses computational resources. From the observed
results, Steffensen’s method emerges as the fastest,
requiring only 2.70 ms. This is particularly noteworthy
because, although Steffensen’s method needs only
four iterations, each iteration involves three function
evaluations to implement the Aitken acceleration.
Even so, its total execution time remains lower than
that of Newton’s method, which in each iteration
requires one function evaluation and one derivative
evaluation. This discrepancy suggests that, for
a complex mixed function, the cost of derivative
evaluation in Newton’s method can be relatively
high compared with several function evaluations
in Steffensen’s method. Consequently, although
Newton’smethod is theoretically of quadratic order, its
advantage in convergence speedmay be partially offset
by the additional computational overhead associated
with derivative calculations. In terms of the reported
data, Newton’s method has an execution time of
11.57 ms, which is still relatively fast but slightly
slower than Steffensen’s method. This observation is
consistent with the tabulated results: Newton achieves
convergence in five iterations, whereas Steffensen

requires only four. When compared with other
methods such as the Secant method (eight iterations)
and the Bisection method (thirty-one iterations),
Newton still shows strong performance. However,
these findings reinforce the fact that theoretical
convergence order does not always translate directly
into superior execution-time efficiency, since the
computational cost per iteration plays an equally
crucial role.
The Secant method, as shown in Figure 19,
demonstrates excellent convergence performance,
requiring only eight iterations and recording an
execution time of 10.57 ms. This value is nearly
identical to that of Newton’s method, indicating
comparable temporal efficiency between the two
approaches. This result highlights that the Secant
method, despite not requiring derivative information,
remains highly competitive in terms of computational
time. Its efficiency stems from the need for only two
function evaluations per iteration combined with a
relatively low iteration count. In practical applications,
this makes the Secant method a well-balanced choice,
as it eliminates derivative computation, preserves
superlinear convergence behavior, and achieves
efficient execution times.
In contrast, the Fixed-Point method, although
successfully locating the correct root, exhibits a
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significantly higher execution time of 52.71 ms. This
behavior can be attributed to its substantially larger
iteration count of 40 iterations, where each iteration
requires evaluating the iteration function

g(x) = cos
(
e

x
2

)
,

which is computationally more complex than the
original function f(x). Furthermore, pronounced
oscillations during the early stages of convergence
may introduce additional overhead associated with
rounding operations or underflow handling by the
computing system. Interestingly, despite its higher
iteration count, the execution time of the Fixed-Point
method remains lower than that of both the Regula
Falsi and Bisectionmethods. This observation suggests
that numerical inefficiency in terms of iteration count
does not necessarily translate directly into overall
computational inefficiency, as a simpler per-iteration

computational structure can partially offset slower
convergence.

The bracketing methods, Regula Falsi and Bisection,
exhibit the longest execution times, recorded at
62.83 ms and 47.19 ms, respectively. These
results are consistent with their required iteration
counts: Regula Falsi requires 44 iterations to
converge, while Bisection requires 31 iterations
to reach a stable solution. Although Bisection
converges in fewer iterations, its execution time
remains comparatively high because each iteration
typically involves multiple function evaluations and
lacks interpolation mechanisms that could accelerate
convergence. Regula Falsi, while benefiting from linear
interpolation that improves iteration progress, still
incurs considerable computational cost due to the
additional calculations required at each step. This
comparison underscores the fundamental trade-off

Table 9. Summary of analysis results for mixed function.

Analysis
Category

Best
Method

Best
Alternative

Remarks

Convergence
Speed

Steffensen (4
iterations)

Newton (5
iterations)

The Steffensen method demonstrates the fastest
convergence with only four iterations. This speed
even surpasses Newton’s method, which also
possesses quadratic convergence order, indicating
exceptionally high iterative efficiency.

Numerical
Accuracy

Secant, Steffensen,
Newton (error =
0)

Aitken (error =
5.3631× 10−12)

The three primary methods achieve maximum
precision with zero discrepancy from the exact root.
Meanwhile, the Aitken method also delivers very
high accuracy with numerical error on the order of
10−12, remaining well within convergence tolerance
limits.

Execution Time Steffensen
(2.70ms)

Aitken
(8.89ms)

Steffensen proves to be the most time-efficient
method, with execution time approximately four
times faster than Newton and nearly four times
faster than Secant. This demonstrates Steffensen’s
superiority in computational efficiency despite
requiring multiple function evaluations per iteration.

Convergence
Stability Bisection Regula Falsi

Bracketing methods such as Bisection exhibit
exceptionally high convergence stability. Regula Falsi
is also stable and slightly faster in reaching the final
result, although requiring more iterations. Both
methods consistently provide reliable outcomes for
the tested mixed function.

Computational
Efficiency Steffensen Secant

Steffensen offers the optimal balance between
execution time, accuracy, and iteration count,
making it the most efficient choice for practical
implementation. The Secant method serves as
an excellent alternative due to its competitive
performance in both time and accuracy without
requiring function derivatives.
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inherent in bracketing methods: although they
guarantee convergence through systematic interval
reduction, they tend to suffer from increased
computational expense due to high iteration counts
and limited convergence acceleration.

Figure 19. Comparison diagram of execution time for
mixed function.

Refer to Table 9, which presents a comprehensive
summary of various analytical aspects for the seven
numerical methods employed in determining the root
of the non-linear equation of themixed function f(x) =

cos3
(
e

x
2

)
− x3.

Based on several experiments and analysis, the
experimental results indicate that no single
root-finding method can be claimed to be universally
superior; method selection should depend on
the characteristics of the function being handled,
derivative availability, initial conditions, as well as
performance metrics deemed critical (e.g., number
of function evaluations, number of derivative
evaluations, or execution time). Empirically, in
the tested polynomial examples, Steffensen and
Newton–Raphson required relatively few iterations
(4 and 9 iterations respectively in the measured
case), but Secant demonstrated the lowest wall-clock
execution time (≈32.4 ms compared to ≈110.6 ms for
Steffensen and≈129.1 ms for Newton). These findings
confirm that theoretical convergence orders (linear,
superlinear, quadratic) are important guidelines,
but practical measurements depend on per-iteration
costs (evaluation of f , evaluation of f ′, additional
operations), function call overhead in the Python
environment, and local numerical conditions such
as near-zero derivatives or sensitivity to numerical
disturbances.
Furthermore, experimental observations explain
why the Secant method can exhibit high time

efficiency despite having a lower convergence
order than Newton or Steffensen. Secant uses
finite difference construction, thus avoiding explicit
derivative evaluations; from a Python implementation
perspective, this reduces heavy operations per
iteration and avoids computationally expensive
routine calls for derivatives or symbolic-numerical
conversions. Consequently, although Secant requires
more iterations (e.g., 14 iterations in one case), the
relatively low total number of function evaluations
and arithmetic operations results in more efficient
execution time. Conversely, acceleration methods like
Steffensen or extrapolation techniques often reduce
iteration counts but increase function evaluations per
step or additional numerical operations, so theoretical
advantages do not always translate into actual time
reduction in an interpreter environment.

On the other hand, there are practical conditions
where bracketing-based methods like Bisection and
Regula-Falsi are more suitable despite their relatively
slow convergence rates. First, when robustness
and convergence guarantees are priorities—for
example in functions with difficult numerical
behavior, poorly defined derivatives around the
root, or when derivatives are unavailable—Bisection
guarantees interval reduction and convergence
if the signs at the bounds differ. Second, for
functions exhibiting oscillation, multiple roots, or
unexpected local behavior, interval approaches
maintain the desired root within a controlled
domain; experiments on trigonometric functions
demonstrate how root results from interval methods
can differ significantly compared to fixed-point
methods dependent on transformation formulation.
Third, if function evaluations are computationally
expensive, Regula-Falsi variants equipped with
conservative correction factors can offer a compromise
that reduces function calls compared to repeated
derivative calculations or acceleration transformations.
Therefore, hybrid strategies—starting with bracketing
to obtain coarse approximations and guarantees,
then switching to high-speed open methods for
refinement—often represent a balanced practical
approach combining reliability and efficiency.

5.5 The Gap Between Theoretical Convergence
Speed and Actual Computational Performance

Detailed analysis reveals a consistent gap between
the theoretically predicted asymptotic properties
(convergence orders) and themeasured computational
performance in Python implementations. The main
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sources of this discrepancy include: (i) variations
in per-iteration complexity among methods—e.g.,
Steffensen typically requires two function evaluations
per iteration, while Newton requires function and
derivative evaluations; (ii) the actual cost of derivative
evaluation in Python sometimes exceeds theoretical
assumptions, particularly when derivatives are
computed numerically or through symbolic→numeric
conversion; (iii) high-level language overhead such
as Python function calls, temporary object allocation,
and conversion between symbolic and numerical array
representations; and (iv) local numerical properties
that cause practical behavior (e.g., the need for step
control or correction) thereby increasing iteration
counts and additional operations.

Empirical support from our experiments shows a
strong correlation between the total number of
function calls and wall-clock time. When iterations
are converted to estimated total function evaluation
counts, in our measured case Steffensen ≈ 2 × 4 = 8
total function evaluations, Newton ≈ 2 × 9 = 18
evaluations (assuming equal cost for evaluating f and
f ′), and Secant≈ 1×14 = 14 new function evaluations;
this pattern aligns with actual time measurements
where methods with lower per-iteration overhead
tend to be faster even though they require more
iterations. Additionally, acceleration techniques that
significantly reduce iterations recorded high execution
times for some functions (e.g., range ≈ 498–518 ms
in certain samples) due to the additional costs of
complex transformations and function evaluations.
For functions with numerical behavior vulnerable
to disturbances (e.g., very small derivatives near
the root), derivative-based methods may require
stabilization mechanisms (line search, step restriction)
so their practical performance decreases relative
to theoretical predictions; conversely, bracketing
methods maintain stability despite their slower
convergence rates.

Based on these findings, practical recommendations
for implementations in Python environments
are: conduct simple profiling to calculate per-call
costs of functions and derivatives in the target
environment; consider hybrid strategies (bracketing
→ open methods) or algorithm modifications (e.g.,
Regula-Falsi with conservative correction) to synergize
reliability and efficiency; and if derivative-based
methods are selected, consider implementation
optimizations (vectorization, precomputation, or JIT
compilation usage) to reduce interpreter overhead.
Thus, although convergence theory remains an

analytical foundation, practical decisions must
incorporate implementation cost analysis and
concrete numerical characteristics to maximize actual
computational performance.

6 Conclusion
This research demonstrates that no single algorithm
is absolutely superior in solving nonlinear equation
root-finding. Through comprehensive evaluation of
seven numerical methods, it was revealed that each
method’s performance heavily depends on function
characteristics and computational context. Steffensen
and Newton–Raphson consistently achieved the
fastest convergence in terms of iteration count, with
Steffensen’s advantage being its ability to obtain
quadratic convergence without requiring explicit
derivatives. However, a key finding shows that fewer
iterations do not always correlate directly with actual
computational efficiency, and Secant often emerges as
the most efficient choice in terms of execution time
due to its combination of superlinear convergence
and low per-iteration cost. This pattern confirms
the complex relationship between convergence theory
and practical implementation in modern computing
environments, where function evaluation efficiency
becomes a determining performance factor.

The practical implications of this study highlight the
need for a contextual and applied approach to method
selection. For applications demanding speed and
accuracy on well-behaved functions, Steffensen or
Secant are recommended. Conversely, bracketing
methods (bisection and Regula-Falsi) remain relevant
when stability and convergence guarantees are
prioritized, despite their slower convergence rates.
Newton–Raphson is useful when derivatives are
easily obtained and initial guesses are adequate.
Additionally, Fixed-Point Iteration proved sensitive to
the choice of iteration function, thus requiring very
careful formulation, while Aitken ∆2 demonstrated
potential as an effective accelerator. Thus, this research
provides an empirical performance map and practical
framework for selecting numerical algorithms in
scientific and engineering applications.

Data Availability Statement

The Python code implementations and supporting
materials used in this study are openly available in
a public GitHub repository at https://github.com/nafishr
24/numerical_method (accessed 13 December 2025).
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