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Abstract
This paper explores heat transfer and MHD
flow of different shapes of (Ag-TiO2/PAO
Oil) hybrid nanoparticles through an unsteady
radially stretching sheet consider variable
thermal conductivity and viscosity. The present
investigation explores the thermal radiation impact
of different shapes (platelet, sphere, brick, blade,
cylinder) of hybrid nanoparticles with variable
viscosity(µhnf) and thermal conductivity(khnf)
under the suction and partial slip parameter. This
study presents a novel analysis of variable thermal
conductivity and viscosity for different shapes
of hybrid nanoparticles. The nonlinear ODEs are
generated by proper transformation from governing
partial differential equations. A numerical
technique (BVP4C) is used to solve nonlinear
ODEs inMATLAB. Supported by numerous graphs
and tables, we discussed the impact in velocity and
temperature profile influence by different physical
parameters, and also Nusselt number, skin friction
coefficient are investigated. An increase in variable
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viscosity and thermal conductivity parameters
causes velocity profile decreases. Platelet-shaped
nanoparticles have higher velocity and heat transfer
rate compared to nanoparticles of other shapes. We
have observed that velocity profile and heat transfer
rate decrease in the order of platelet, cylinder, blade,
brick, and sphere shape, respectively. The heat
transfer rate of platelet-shaped nanoparticles have
higher(4.90% than cylinder-shaped nanoparticles,
5.16% than blade-shaped nanoparticles, 9.22%
than brick-shaped nanoparticles, 10.57% than
sphere-shaped nanoparticle) for fixed values of
various parameters. A rise in radiation parameter
and viscosity parameter increases heat transfer rate.

Keywords: stretching sheet, nanoparticles shapes, partial
slip, MHD flow, radiation parameter, variable viscosity,
thermal conductivity.
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List of symbols
Uw Velocity near the sheet (m.s−1)
c Stretching constant (s−1)
t Time (s)
Tw Temperature near the surface (K)
T∞ Ambient temperature (K)
Tr Reference temperature (K)
ε Thermal conductivity parameter (-)
B0 Applied magnetic field strength

(kg.s−2.A−1)
F Velocity slip coefficient (m)
w0 Suction velocity (m.s−1)
qr Radiative heat flux (kg.s−3)
Q0 Heat generation per unit volume per

unit temperature (kg.m−1.s−3.K−1)
cp Specific heat at constant pressure

(m2.s−2.K−1)
Nu Nusselt number (-)
M Magnetic parameter (-)
νf Kinematic viscosity (m2.s−1)
Cf Skin friction coefficient (-)
k Thermal conductivity

(kg.m.s−3.K−1)
f(η) Dimensionless stream function (-)
Fw Suction parameter (-)
α Unsteadiness constant (s−1)
Ns Slip parameter (-)
µ Coefficient of viscosity

(kg.m−1.s−1)
J Unsteadiness parameter (-)
σ Electrical conductivity (S.m−1)
R Viscosity parameter (-)
σ∗ Stefan-Boltzmann constant

(kg.s−3.K−4)
k∗ Mean absorption coefficient (m−1)
ρ Fluid density (kg.m−3)
Bi Biot number (-)
Prv Variable Prandtl number (-)
Ra Radiation parameter (-)

c
(1−αt) Stretching rate (s−1)
gs Surface heat transfer coefficient

(W.m−2.K−1)
Ek Eckert number (-)

1 Introduction
The study of heat transfer and thermal radiation
inspection for various shapes of hybrid nanoparticles
with variable viscosity and thermal conductivity
has wide applications in heat exchanging system,
solar system, textile industries, nuclear reactors,
gas turbines, chemical industries, biological sensing,

medicine, and in many technology. This study design
for higher efficient thermal systems such as cooling
in nuclear plants, heat exchangers in industries for
concentrated solar power, reducing design uncertainty,
lowers operational energy use and cost, lowest carbon
energy infrastructure. This study improves thermal
control in magnetically driven pumps, heat exchangers
and solar receiver. It gives us some social-economic
benefits such as reduced energy consumption, lower
emissions, increase the reliability of supply chain in
energy-intensive reactors and improved equipment
longevity. The presence of variable magnetic
field gives rise into Joule heating, which generates
thermal energy in electrically conducting fluid. Heat
generation parameter useful into nuclear processes,
chemical reactions, and other energy sources. We
are using PAO oil base fluid which is highly viscous
and viscous dissipation converts mechanical energy
into heat. Thermal radiation is important in heat
transfer processes such as solar collectors and furnaces.
A slip condition included because of nanoparticle
collision on boundary surface. Convective boundary
condition is necessary when surface is heated and
cooled by another fluid. According to Choi et al.
[1], nanofluid enhanced the thermal conductivity
compared to normal fluid. Saeed et al. [2]
examined thermal radiation effectwith slip into porous
medium for darcy-forchheimer hybrid nanofluid flow.
Zeeshan et al. [3] studied about heat transfer
of MHD thin film flow of (Cu−Al2O3)/ethylene
glycol hybrid nanofluid along a surface which is
stretchable permeable sheet. Gupta et al. [4]
investigated about marangoni convection MHD flow
for distinct nanofluids along a stretching surface
under the effects of thermal radiation. Dadheech et
al. [5] discussed about entropy analysis in different
fluid with radiative slip flow into porous media.
Turkyilmazoglu et al. [6] investigated stagnation point
flow for moving permeable flat surface with time
dependent magnetic field. Iqbal et al. [7] analysed
about heat transfer enhancement for various shape
nanoparticles using (ethylene glycol-Cu) nanofluid
through a sheet, which is radially stretching. They
found that the highest flow and heat transfer rate were
noticed for platelet and sphere shape nanoparticles,
respectively. Jangid et al. [8] studied about heat
and mass transfer with radiation, suction effect by
using exponentially stretched surface for williamson
nanofluid. Shahzad et al. [9] studied on generalized
lubrication theory for squeeze fluid film with non
linearly stretching/shrinking boundaries. Kumar et al.
[10] illustrated unsteady rotational motion of spherical
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particles with slip condition. Two different models
were used by Turkyilmazoglu [11] for heat and fluid
flow analysis over stretching and shrinking sheet. Ali
et al. [12] investigated about silica nanofluid flow
along a unsteady stretching cylinder for various shape
of nanoparticles with joule heating effect. Rafique et
al. [13] investigated about filtration problem of two
dimensional incompressible, Newtonian and viscous
fluid flow over a permeable walled tube. Yahaya et
al. [14] studied the influence of slip condition into a
long channel connect by large reservoirs. Patel et al.
[15] investigated hybrid nanofluid flow with coupled
nonthermal plasma over a photocatalytic surface. A
non-newtonian hybrid nanofluid utilised to investigate
of enhancing thermal performance and assessing heat
absorption, which was discussed by Yusuf et al. [16].
The study of Time-dependent rotational motion for
Jeffrey fluid using Laplace transform was studied by
kumar and Madasu [17].

Ragavi and Poornima[18] analysed about heat transfer
of (Ag −Al2O3/water) MHD hybrid nanofluid flow
using different shapes of nanoparticles with suction
and partial slip parameter. The theoretically study
on nanofluid with slip conditions and thermal
radiation was discussed by Yusuf et al. [19]
in solar panels. The computational study on
graphene oxide/vacuum residue nanofluid was done
by Yang et al. [20], for enhancing oil recovery.
Mahmood et al. [21] investigated about tetra hybrid
nanofluid through a shrinking cylinder taking variable
viscosity and electrical conductivity with suction and
thermal radiation effect. Abdulhakeem Yusuf et
al [22] investigated heat transfer of MWCNT-Al2O3

hybrid nanofluid. By considering variable viscosity,
the impact of viscous dissipation of unsteady
incompressible flow of (Al2O3 − CuO)/water hybrid
nanofluid including thermal radiation was discussed
by Famakinwa et al [23]. By considering particle
shape effect, the study about heat transfer and flow
of Ag-nanoparticles along a stretching surface was
illustrated by Hayat et al. [24]. Kumar and Gupta[25]
investigated heat transfer of hybrid nanofluid using
nonlinear PDEs. Makinde et al. [26] investigated
about heat transfer and flow structure of (TiO2-PAO
oil) nanofluid in a microchannel considering variable
viscosity. Ferdows et al. [27] analysed about heat
transfer of MHD hybrid nanofluid for a moving
thin needle taking variable thermal conductivity and
viscosity. Manigandan and Narayana[28] investigated
about heat transfer of hybrid nanofluid considering
variable viscosity and thermal conductivity.

After comprehensive review of the literature, we have
observed that several analytical studies have been
done by researchers on hybrid nanofluid and their
properties with different geometry and configuration.
In previous published work on hybrid nanofluid,
many studies have been done assuming viscosity
and thermal conductivity as constant throughout
the fluid motion, and also they assumed no slip
condition. As we know, when we give external heat
to hybrid nanofluid then the viscosity and thermal
conductivity will not remain constant and it depends
on temperature. Also, nanoparticles slip on boundary
due to nanoparticles collision. As far as literature
review has been done by us, we didn’t find any study
on how different shapes of nanoparticles influence
the fluid flow in the presence of variable viscosity
and thermal conductivity with thermal radiation.
These are all gaps in previous study which was not
accomplished.

To fulfil these gaps we investigate about heat transfer
and thermal radiation inspection of(Ag − TiO2/PAO
oil) hybrid nanofluid for different shapes of
nanoparticles along a unsteady radially stretching
sheet taking variable thermal conductivity and
viscosity. In this current investigation we have
explore platelet, sphere, brick, blade, cylinder shaped
nanoparticles. The impact of external heat generation
and internal friction on viscosity and thermal
conductivity are investigates. The impact of slip
and suction is also included for controlling thermal
transport circumstance. We are taking Ag − TiO2

hybrid nanoparticles in our study because melting
point of Ag and TiO2 nanoparticles are higher than
boiling point of PAO oil, that’s why Ag and TiO2

have not melt in base fluid PAO oil. We also used
PAO oil as a base fluid because the viscosity of PAO
oil is higher compared to all other base fluid(water,
EG, PG, Kerosene oil). This combination of Ag and
TiO2 nanoparticles with PAO oil gives us better
results to understand the heat transfer and velocity
concept in the presence of variable viscosity and
thermal conductivity. For that we formulate fluid
flow equations and, the governing equations are
resolved through BVP4C method. The consequences
are shown through numerous graphs and tables
for different shapes of nanoparticles and thermal
observations. Also analysis of various physical
parameters namely radiation(Ra), internal heat
generation(Q), thermal conductivity parameter(ε),
unsteadiness parameter(J), viscous dissipation(Ek),
prandtl number(Prv), magnetic parameter(M),
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viscosity parameter(R) on velocity, temperature, skin
friction and nusselt number is discussed.

2 Problem Formulation
Consider the unsteady radially stretching sheet with
two dimensional boundary layer flow of hybrid
nanofluid (Ag − TiO2/PAO Oil) for different shapes
of (Ag) and (TiO2) nanoparticles. The radial velocity
of stretching sheet is Uw = cr

(1−αt) [18]. The sheet is
considered in z = 0 plane with cylindrical coordinates
(r,θ,z). The physical configuration of the problem
is shown in Figure 1. In this MHD flow viscosity
and thermal conductivity of hybrid nanofluid are
dependent function of temperature. Also, suction
and partial slip conditions are considered and surface
temperature is Tw = T∞ + Tr

(
cr2

2νf

)
(1 − αt)−

3
2 [18]

and Tw − T∞ > 0 is considered. A time dependent
magnetic field B = B0√

1−αt [18] is applied on sheet
which is perpendicular to surface. The velocity
profile is v(r, z) = (u, 0, w), where u(r, z) and w(r, z)
are longitude and transverse components of velocity
across the radial and axial direction.

Figure 1. Flow geometry for hybrid nanofluid along
stretching sheet

In this above assumption the governing equations can
be written as follow [18, 23, 27]

∂u

∂r
+
∂w

∂z
+
u

r
= 0, (1)

∂u

∂t
+ u

∂u

∂r
+ w

∂u

∂z
=

1

ρhnf

∂

∂z

(
µhnf(T )

∂u

∂z

)
−σhnf
ρhnf

B2(r, t)u,
(2)

∂T

∂t
+ u

∂T

∂r
+ w

∂T

∂z
=

1

(ρcp)hnf

∂

∂z

(
khnf(T )

∂T

∂z

)
+
µhnf(T )

(ρcp)hnf

(
∂u

∂z

)2

+
σhnf

(ρcp)hnf
B2(r, t)u2

+
Q0

(ρcp)hnf
(T − T∞)− 1

(ρcp)hnf

∂qr
∂z

,

(3)

The subject to the following boundary conditions are
represented as follow [18]

at z = 0 ; u = Uw + F
∂u

∂z
,

w = w0,

−khnf(T )
∂T

∂z
= gs(Tw − T ),

z →∞ u→ 0, T → T∞,

(4)

In boundary conditions (4), at the wall surface
first, velocity slip condition imposed for finite fluid
slip effect. second, suction condition to control
the boundary-layer thickness. Third, the convective
boundary conditionwhich indicates heat is transferred
to the surface by another hot fluid with heat transfer
coefficient. For far away from surface, the fluid velocity
zero indicate free streamvelocity and temperature tend
to ambient fluid temperature.
The variable viscosity defined by Reynolds model,
which is given by [23]

µhnf(T ) = µhnf exp(−Rθ(η)), (5)

Expanding (5) by Maclaurin series, with ignoring
higher order terms we get

µhnf(T ) = µhnf

(
1−Rθ(η) + R2θ2(η)

2

)
, (6)

The variable thermal conductivity of hybrid nanofluid
defined as follow [27]

khnf(T ) = khnf(1 + εθ(η)), (7)

where R > 0 and ε > 0 are viscosity parameter and
thermal conductivity parameter, respectively.
The Rosseland diffusion approximation approximation
known as follow [23]

qr = −
4σ∗

3k∗
∂T 4

∂z
, (8)

Expanding T 4, by Taylor series, with ignoring higher
order terms we get

T 4 ≡ T 3
∞[4T − 3T∞]. (9)

By equations (8) and (9)

qr = −
16T 3

∞σ
∗

3k∗
∂T

∂z
. (10)
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Thermophysical properties of hybrid nanoparticles
(Ag − TiO2) into base fluid poly-alpha-olefin oil are
[18]

ρhnf = (1− φ1 − φ2)ρf + φ1ρs1 + φ2ρs2 ,

µhnf = µf(1 + w1φ1 + w2φ
2
1)(1 + w1φ2 + w2φ

2
2),

(ρcp)hnf = (1− φ1 − φ2)(ρcp)f + φ1(ρcp)1 + φ2(ρcp)2,

σhnf = σf

(
1 +

3(
σs2
σf
− 1)φ2

(
σs2
σf

+ 2)− (
σs2
σf
− 1)φ2

)
×

(
1 +

3(
σs1
σf
− 1)φ1

(
σs1
σf

+ 2)− (
σs1
σf
− 1)φ1

)
,

khnf
kf

=
ks2 + (n− 1)kf + (n− 1)(ks2 − kf)φ2

ks2 + (n− 1)kf − (ks2 − kf)φ2
×

ks1 + (n− 1)kf + (n− 1)(ks1 − kf)φ1
ks1 + (n− 1)kf − (ks1 − kf)φ1

,

(11)

where φ1, φ2 denotes as Ag and TiO2 nanoparticles
volume fractions and σhnf , µhnf , ρhnf , khnf , (ρcp)hnf
are electrical conductivity, dynamic viscosity, density,
thermal conductivity and heat capacity of hybrid
nanofluid, respectively. The subscripts hnf , f , s1,
s2 denotes as hybrid nanofluid, base fluid, first
nanoparticle (Ag) and second nanoparticle (TiO2). n
is the shape factor for various nanoparticle geometries
and w1 and w2 are viscosity heat capacitance
coefficient.
Using various dimensionless variables and
transformations as [18]

ψ =
r2Uwf(η)√

Re
,

θ(η) =
T − T∞

Tr
(
cr2

2νf

)
(1− αt)−

3
2

,

η =
z
√
Re

r
,

Re =
rUw

νf
,

(12)

where η is independent variable and Re, ψ are
represent as reynolds number and stream function
respectively.

u = −1

r

∂ψ

∂z
= Uwf

′(η),

w =
1

r

∂ψ

∂r
= −2UwRe

− 1
2 f(η),

(13)

Equations (2) and (3) transformed into non linear
ordinary differential equations by equations (12) and

(13), which is given by
A1

A3

(
1−Rθ + R2θ2

2

)
f ′′′ −MA4

A3
f ′

−A1

A3
Rθ′f ′′ +

A1

A3
R2θθ′f ′′ − (f ′)2

−J
(
η

2
f ′′ + f ′

)
+ 2ff ′′ = 0,

(14)

A1(1−Rθ + R2θ2

2 )(A2(1 + εθ) +Ra)

A2A5(1 + εθ)Prv
θ′′

+
A4

A5
MEk(f

′)2 −
(
J

2
(3θ + ηθ′) + 2θf ′ − 2fθ′

)
+
A1

A5

ε(1−Rθ + R2θ2

2 )

(1 + εθ)Prv
(θ′)2 +

Q.θ

A5

+
A1

A5
Ek

(
1−Rθ + R2θ2

2

)
(f ′′)2 = 0,

(15)

The reduced boundary conditions are
f(η) = Fw, f ′(η) = (1 +Nsf

′′(η)),

θ′(η) = −Bi
A2

(1− θ(η))
(1 + εθ(η))

at η = 0 ;

f ′(η)→ 0, θ(η)→ 0, as η →∞;

(16)

The constants A1, A2, A3, A4 and A5 are defined as

A1 =
µhnf
µf

, A2 =
khnf
kf

, A3 =
ρhnf
ρf

,

A4 =
σhnf
σf

, A5 =
(ρcp)hnf
(ρcp)f

(17)

Several dimensionless constants are as follows: Ek =
2νfc

Trcp
√
1−αt is Eckert number, J = α

c is unsteadiness
parameter, Prv =

(cp)fµhnf(T )
khnf(T )

refers to variable Prandtl
number,Ns = F

√
c

νf(1−αt) is Slip parameter,M =
B2

0σf
cρf

is Magnetic parameter, Fw = −w0
2

√
(1−αt)
cνf

refers to
suction parameter, Bi = gs

kf

√
νf(1−αt)

c is Biot number,
Ra = 16σ∗T 3

∞
3k∗kf

is Radiation parameter, Q = Q0(1−αt)
c(ρcp)f

is heat generation coefficient, R refers to viscosity
parameter and ε is thermal conductivity parameter.
The local nusselt number(Nu) and the local skin
friction coefficient(Cf) are defined as [18]

Cf =
τw
ρfU2

w

, Nu =
rqw

kf(Tw − T∞)
(18)

where τw = µhnf(T )

(
∂u

∂z

)
z=0

and qw =

−khnf(T )
(
∂T

∂z

)
z=0

+ qr are shear stress and wall heat
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flux on sheet surface, respectively and equation (18)
can be transformed into the following form:

CfRe
1
2 =

µhnf
µf

(
1−Rθ + R2θ2

2

)
f ′′(0)

NuRe
−1
2 = −

(
khnf
kf

(1 + εθ) +Ra

)
θ′(0)

= −
(
A2(1 + εθ) +Ra

)
θ′(0)

(19)

3 Solution procedure
The consequence non linear ordinary differential
equations (14) and (15) along with boundary
conditions (16) are solved by numerically technique
BVP4C making use of MATLAB. The detailed
numerical computational procedure is discussed in
Appendix A.
Appendix A : Numerical solution Procedure

We are converteing all equations into the 1st order
differential equation. For that we use following
substitutions

f = y(1),

f ′ = y(2),

f ′′ = y(3),

f ′′′ =
A3

A1

(
1−Ry(4) + R2(y(4))2

2

)(MA4

A3
y(2)

+
RA1

A3
y(3)y(5)− R2A1

A3
y(3)y(4)y(5) + (y(2))2

+J
(
y(2) +

η

2
y(3)

)
− 2y(3)y(1)

)
,

θ = y(4),

θ′ = y(5),

θ′′ =
A2A5Prv(1 + εθ)

A1

(
1−Ry(4) + R2(y(4))2

2

)(
A2(1 + εy(4)) +Ra

)
[
J

2

(
ηy(5) + 3y(4)

)
+ 2y(4)y(2)− 2y(5)y(1)

−Qy(4)
A5

−
εA1

(
1−Ry(4) + R2(y(4))2

2

)
Prv(1 + εθ)A5

(y(5))2

−A1
A5
Ek

(
1−Ry(4) + R2(y(4))2

2

)
(y(3))2 − A4

A5
MEk(y(2))

2

]
,

and boundary conditions are

y1(0) = Fw, y2(0) = [1 +Nsy3(0)],

y5(0) = −
Bi

A2

(1− y4(0))
(1 + εy4(0)

,

y2(∞)→ (0), y4(∞)→ (0)

4 Results and discussion

Table 1. Thermophysical values of hybrid nanoparticles and
base fluids [18, 26].

Physical
Characters

Ag TiO2 PAO
oil

Thermal
Conductivity
K
(
W
mK

) 429 8.9538 0.143

Specific heat
cp
(

J
Kg.K

) 235 686.2 2303

Electrical
Conductivity
σ
(
S
m

) 62.1 ×
106

0.125 1.0 ×
10−8

Density ρ(Kg
m3

) 10500 4250 798

Table 2. Visualization of viscosity coefficient and shape
factor of nanoparticles [24].

Shape Sphere Brick Blade CylinderPlatelet
w1 2.5 1.9 14.6 13.5 37.1
w2 6.5 471.4 123.3 904.4 612.6
n 3 3.72 8.26 4.82 5.72

The main attention is to find out the impact of
different non dimensional parameters on velocity
and temperature profile for various shape (Platelet,
Cylinder, Blade, Brick, Sphere) of (Ag − TiO2)
hybrid nanoparticles into Poly-alpha-olefin oil base
fluid taking variable thermal conductivity and
viscosity. We are considering various non dimensional
parameters such as solid volume fraction(φ), biot
number(Bi), Eckert number(Ek), external heat
generation parameter(Q), magnetic parameter(M),
prandtl number(Prv), slip parameter(Ns), viscosity
parameter(R), suction parameter(Fw), unsteadiness
parameter(J), thermal conductivity parameter(ε) and
radiation parameter(Ra). The consequences are
shown through plotted graphs and tables and also,
the impact of Nusselt number and skin Friction are
examined through tables. The physical parameters
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Figure 2. Influence of velocity distribution for various shapes of nanoparticles.

Figure 3. Influence on velocity with slip parameter(Ns).
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Figure 4. Influence on velocity with suction parameter(Fw).

Figure 5. Influence on velocity with magnetic parameter(M).
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Figure 6. Influence on velocity with thermal conductivity parameter(ε).

Figure 7. Influence on velocity with viscosity parameter(R)

181



ICCK Journal of Applied Mathematics

Figure 8. Influence on velocity with volume fractions on nanoparticles(φ1 and φ2).

Figure 9. Influence of temperature distribution for various shape of nanoparticles.
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Figure 10. Influence on temperature with slip parameter(Ns).

Figure 11. Influence on temperature with suction parameter(Fw).
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Figure 12. Influence on temperature with biot number(Bi).

Figure 13. Influence on temperature with magnetic parameter(M).
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Figure 14. Influence on temperature with eckert number(Ek).

Figure 15. Influence on temperature with external heat generation parameter(Q).
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Figure 16. Influence on temperature with thermal conductivity parameter(ε).

Figure 17. Influence on temperature with viscosity parameter(R).
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Figure 18. Influence on temperature with radiation parameter(Ra).

Figure 19. Influence on temperature with volume fraction of nanoparticles(φ1 and φ2).
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Table 3. Values of skin friction coefficient.

Parameters -CfRe
1
2

M J Ns Fw Bi Ek Q R ε φ1=φ2 Platelet CylinderBlade Brick Sphere
0.4 0.4 0.3 0.3 0.4 0.2 0.3 0.5 0.1 0.01 1.69 1.41 1.32 1.20 1.14
0.3 1.67 1.39 1.31 1.18 1.13
0.6 1.73 1.44 1.35 1.22 1.17
0.9 1.79 1.49 1.39 1.26 1.20

0.4 1.69 1.41 1.32 1.20 1.14
0.8 1.78 1.48 1.38 1.25 1.19
1.2 1.86 1.54 1.44 1.29 1.23

0.3 1.69 1.41 1.32 1.20 1.14
0.6 1.31 1.06 0.99 0.88 0.83
0.9 1.07 0.86 0.79 0.70 0.66

0.3 1.69 1.41 1.32 1.20 1.14
0.6 1.93 1.63 1.53 1.39 1.33
0.9 2.16 1.84 1.73 1.58 1.51

0.1 1.72 1.43 1.33 1.21 1.15
0.4 1.69 1.41 1.32 1.20 1.14
0.7 1.66 1.38 1.30 1.18 1.12

0.1 1.72 1.43 1.34 1.21 1.16
0.3 1.66 1.38 1.30 1.18 1.12
0.5 1.60 1.33 1.25 1.13 1.08

0.3 1.69 1.41 1.32 1.20 1.14
0.6 1.68 1.40 1.31 1.19 1.14
0.9 1.66 1.39 1.30 1.18 1.13

0.5 1.69 1.41 1.32 1.20 1.14
1.0 1.62 1.36 1.28 1.16 1.11
1.5 1.56 1.31 1.24 1.12 1.08

0.05 1.61 1.34 1.26 1.14 1.09
0.1 1.56 1.31 1.24 1.12 1.08
0.2 1.48 1.25 1.18 1.07 1.03

0.005 1.34 1.20 1.18 1.11 1.10
0.01 1.69 1.41 1.32 1.20 1.14
0.02 2.60 2.06 1.64 1.48 1.23
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Table 4. Values of Nusselt number.
Parameters NuRe−

1
2

M J Ns Fw Bi Ek Q R ε φ1=φ2 Ra Prv Platelet CylinderBlade Brick Sphere
0.4 0.4 0.3 0.3 0.4 0.2 0.3 0.5 0.1 0.01 0.5 13 0.51 0.49 0.48 0.47 0.46
0.3 0.52 0.50 0.49 0.48 0.47
0.6 0.50 0.48 0.47 0.46 0.45
0.9 0.49 0.47 0.46 0.45 0.44

0.4 0.51 0.49 0.48 0.47 0.46
0.8 0.53 0.51 0.50 0.49 0.48
1.2 0.54 0.52 0.51 0.50 0.49

0.3 0.51 0.49 0.48 0.47 0.46
0.6 0.53 0.51 0.50 0.49 0.48
0.9 0.54 0.52 0.51 0.50 0.49

0.3 0.51 0.49 0.48 0.47 0.46
0.6 0.55 0.53 0.52 0.51 0.50
0.9 0.57 0.55 0.54 0.53 0.52

0.1 0.18 0.17 0.16 0.15 0.14
0.4 0.51 0.49 0.48 0.47 0.46
0.7 0.83 0.80 0.78 0.76 0.74

0.1 0.55 0.53 0.52 0.51 0.50
0.3 0.48 0.46 0.45 0.44 0.43
0.5 0.40 0.38 0.37 0.36 0.35

0.3 0.51 0.49 0.48 0.47 0.46
0.6 0.49 0.47 0.46 0.45 0.44
0.9 0.47 0.45 0.44 0.43 0.42

0.5 0.51 0.49 0.48 0.47 0.46
1.0 0.52 0.50 0.49 0.48 0.47
1.5 0.52 0.50 0.49 0.48 0.47

0.05 0.53 0.51 0.50 0.49 0.48
0.1 0.51 0.49 0.48 0.47 0.46
0.2 0.48 0.46 0.45 0.44 0.43

0.005 0.52 0.50 0.49 0.48 0.47
0.01 0.51 0.49 0.48 0.47 0.46
0.02 0.50 0.48 0.47 0.46 0.45

0.6 0.54 0.52 0.51 0.50 0.49
1.2 0.74 0.71 0.69 0.67 0.65
1.8 0.93 0.90 0.88 0.86 0.84

10 0.52 0.50 0.49 0.48 0.47
13 0.51 0.49 0.48 0.47 0.46
16 0.50 0.48 0.47 0.46 0.45

189



ICCK Journal of Applied Mathematics

Figure 20. Influence on temperature with prandtl number(Prv).

Table 5. Comparison of f ′′(0) for different values of Ns.

Ns Kumar et al. [25] Hayat et al.
[24]

Ragavi et al.
[18]

Present

0 1.186223624 1.1737 1.186223624 1.19058695879
0.01 1.170260409 1.1534 1.153485 1.16985778264
0.05 1.110864508 1.0799 1.079964 1.09469597800
0.1 1.045265031 1.0018 1.001850 1.015000106377
0.5 0.717866798 0.6505 0.650555 0.659025106695
1 0.521172111 0.4625 0.462547 0.46917499065
2 0.339439680 0.2990 0.290990 0.303912713790

Table 6. Validation of stability and accuracy of the solutions by BVP4C.

RelTol Mesh point f ′′(0) θ′(0) Remark
10−3 10 -0.013257873 0.317892219 Less accurate
10−5 50 -0.013257682 0.317892546 Improving
10−7 100 -0.013257682 0.317892550 Stable
10−10 200 -0.013257682 0.317892550 Converged

190



ICCK Journal of Applied Mathematics

whichwe use in numerical computations were selected
on the basis of previous published work and ensuring
practical significance of this study. These physical
parameters are employed in the range 0.3 ≤ Ns ≤ 0.9,
0.3 ≤ Fw ≤ 0.9, 0.3 ≤ M ≤ 0.9, 0.05 ≤ ε ≤ 0.2,
0.5 ≤ R ≤ 1.5, 0.1 ≤ Bi ≤ 0.7, 0.1 ≤ Ek ≤ 0.5,
0.3 ≤ Q ≤ 0.9, 0.6 ≤ Ra ≤ 1.8, 0.005 ≤ φ ≤ 0.2.

Thermophysical values of hybrid nanoparticles and
base fluid are reflected by Table 1. The viscosity
coefficient of hybrid nanoparticles for various shape
and size are shown in Table 2. The impact of various
shape of hybrid nanoparticles on velocity profile are
shown in Figure 2, when all other physical parameters
Ns=0.3, Bi=0.4, Fw=0.3, J=0.4, Ra=0.5, M=0.4,
R=0.5, ε=0.1, Q=0.3, Ek=0.2, Prv=13, φ1=φ2=0.01
are fixed. The velocity profile for hybrid nanoparticles
in base fluid PAO oil exhibit an descending order for
all shapes of nanoparticles, and descending in the
order of platelet, cylinder, blade, brick, and sphere
shape, respectively. It shows that platelet shaped
nanoparticles have higher velocity compared to all
other shapes nanoparticles due to their large surface
area which improve momentum exchange with the
surrounding fluid layers.

Figure 3 demonstrates that velocity profile decreased
for all shapes of nanoparticles with increment into
slip parameter(Ns). This is because, the stretching
sheet dragging the fluid partially and the velocity of
fluid near a sheet is no more equal to the velocity of
stretching sheet. The velocity decreased with raising
into suction parameter(Fw) as shown by Figure 4.
Suction pull out low temperature and low momentum
fluid from near wall surface, it suppresses thermal
diffusion, and the thermal boundary layer thickness
of hybrid nanofluid drop down, hence it decrease
the fluid velocity. Figure 5 illustrates the influence
in velocity affect by magnetic parameter(M). The
consequence shows that the velocity decrease for
all shapes nanoparticles, when varying magnetic
parameter from 0.3 to 0.9. The acceleration in magnetic
field leads to increment into Lorentz force, which is
just opposite to fluid flow and this force produce more
resistance and degrade velocity of hybrid nanofluid.
Figure 6 demonstrates that velocity profile decreased
for all shapes of nanoparticles with increment in
thermal conductivity parameter(ε). This is because, an
increment in ε causes more attraction between hybrid
nanoparticles and it reduces the thermal boundary
layer thickness near the sheet. The impact of viscosity
parameter(R) on velocity is illustrates by Figure 7.
An increment in viscosity of hybrid nanofluid resist

the fluid flow due to internal friction and it causes
the decrement in velocity profiles for all shapes of
nanoparticles. Figure 8 describes the influence in
velocity affect by solid volume fraction of nanoparticles.
The increment into volume fraction change into the
viscosity of hybrid nanoparticles. For sphere shape
nanoparticles, it packed effectively in each other and
create uniform isotropic drag which increase viscosity
and decrease velocity. For other shapes nanoparticles
they have anisotropic geometry, which decreased
viscosity of hybrid nanofluid and increase the velocity
of fluid.

Figure 9 illustrates the influence of temperature profile
for all shapes of hybrid nanoparticles, while all other
physical parameter are fixed. This shows that platelet
shape nanoparticles exhibit high temperature because
of larger surface area and the descending order of
temperature for all shapes of nanoparticles are platelet,
cylinder, blade, brick, and sphere, respectively. Figure
10 describes about the influence in temperature profile
affect by slip parameter(Ns). The consequence shows
that temperature profile decrease with acceleration
in Ns, because it reduce the thickness of thermal
boundary layer. Figure 11 demonstrates the influence
in temperature profile affect by suction parameter(Fw).
It shows that when we accelerate in Fw, then
it decreases temperature profile for all shapes of
nanoparticles, because it reduces the boundary layer
thickness. Figure 12 describes about the influence in
temperature profile affect by biot number(Bi). The
acceleration in biot number causes more convection
and it raising the wall and surface temperature for all
shapes nanoparticles.

Figure 13 illustrates the impact of temperature profile
on magnetic parameter(M). The temperature profile
accelerate with raising in magnetic field for all shapes
of nanoparticles because of Lorentz force. Figure
14 shows the influence in temperature profile affect
by viscous dissipation(Ek). The fluid temperature
enhanced with raising in eckert number because
raising into viscous dissipation shows increment in
kinetic energy of hybrid nanofluid, which converted
into thermal energy and improves temperature
distribution. Figure 15 demonstrates the influence in
temperature profile affect by internal heat generation
parameter(Q). It shows that, acceleration in Q
increased the temperature profile for all shapes of
nanoparticles. The reason is that increased value of Q
indicate temperature storage into the fluid.

The temperature is increased, when we accelerate

191



ICCK Journal of Applied Mathematics

in thermal conductivity parameter(ε) as shown by
Figure 16. This happened because it enhance the heat
transfer rate from stretching sheet to hybrid nanofluid.
The impact of viscosity parameter(R) on temperature
is illustrates by Figure 17. The increase value of
viscosity parameter increase into the internal friction,
which slow down the fluid flow and nanoparticles
interact for long time and it reduce the temperature
of hybrid nanofluid. Figure 18 describes about the
influence in temperature profile affect by radiation
parameter(Ra). It illustrates that, temperature profile
accelerate on stretching sheet and decrease away from
sheet, when we increase radiation parameter. It is
because radiation causes heat loss from the stretching
sheet, which degrade the temperature profile and
convective heat transfer. Figure 19 demonstrates
that temperature profile increase with the value of
volume fraction(φ1,φ2) increases. The increase value
of volume fraction increases thermal conductivity
which increase the thermal boundary layer hence
it increase the temperature distribution. Figure 20
illustrates the influence in temperature profile affect
by variable prandtl number(Prv). The consequence
shows that temperature profile accelerate for all shapes
of nanoparticles with raising into Prv. It reduce the
thermal diffusivity in hybrid nanofluid, which increase
the thermal boundary layer thickness.

Table 3 demonstrates the influence of various
parameters, namely slip parameter (Ns), magnetic
parameter (M), suction parameter (Fw), unsteadiness
parameter (J), Biot number (Bi), Eckert number (Ek),
heat generation parameter (Q), viscosity parameter
(R), thermal conductivity parameter (ε), and solid
volume fraction (φ1, φ2) on the skin friction coefficient
for different shapes of (Ag-TiO2) hybrid nanoparticles.
The results show that an increment in parameters
M , J , Fw, φ1, and φ2 enhances the magnitude of the
skin friction factor | − CfRe

1/2|, while an increase
in parameters Ns, Bi, Ek, Q, R, and ε leads to
a reduction in the skin friction factor. Moreover
maximumvalue of skin friction factor noted for platelet
shape nanoparticles because it has large flat faces,
which increase the resistance to fluid flow near the
wall and increase the wall shear stress, While sphere
shape nanoparticles has low skin friction because of
their isotropic structure which reduce the drag forces
and decrease the wall shear stress. The skin friction
coefficient decreased in the order of platelet, cylinder,
blade, brick, and sphere, respectively.

Table 4 signifies the impact of various parameters
such as slip parameter(Ns), magnetic parameter(M),

suction parameter(Fw), unsteadiness parameter(J),
biot number(Bi), viscosity parameter(R), eckert
number(Ek), heat generation parameter(Q),
thermal conductivity parameter(ε), solid volume
fraction(φ1,φ2), radiation parameter(Ra) and prandtl
number(Prv) on nusselt number for various shapes
of hybrid nanoparticles over a stretching sheet.
It is noticed that nusselt number enhance with
increment into parameters J , Ns, Fw, Bi, R, Ra,
and opposite trend seen for rising the value of
M , Ek, Q, ε, φ1,φ2, Prv. The heat transfer rate is
higher for platelet-shaped nanoparticles owing
to their greater specific surface area and effective
thermal conductivity, which promote enhanced
energy exchange with the surrounding fluid. In
contrast, sphere-shaped nanoparticles exhibit the
lowest heat transfer rate due to their compact isotropic
structure and comparatively lower surface-to-volume
ratio. The Nusselt number decreases in the order:
platelet > cylinder > blade > brick > sphere, which
is consistent with the heat transfer enhancement
attributed to increasing geometric anisotropy of
nanoparticle shape. As evidenced by the data in
Table 4 at the baseline parameter set (M=0.4, J=0.4,
Ns=0.3, Fw=0.3, Bi=0.4, Ek=0.2, Q=0.3, R=0.5,
ε=0.1, φ1=φ2=0.01, Ra=0.5, Prv=13), the Nusselt
number of platelet-shaped nanoparticles surpasses
that of cylinder-, blade-, brick-, and sphere-shaped
nanoparticles by approximately 4.90%, 5.16%, 9.22%,
and 10.57%, respectively.
Table 5 represents the compare between current
finding to earlier finding for different values ofNs, the
current finding strongly agrees with previous results.
The stability and accuracy of BVP4C code verified
by varying the relative tolerance(Rel Tol) shown
by Table 6. It shows computed physical quantities
converges(Rel Tol 10−10 considered in our code) with
decreasing tolerance which confirming the stability
and mesh independence of the solutions.

5 Conclusions
The work illustrates about shape effect of (Ag − TiO2)
hybrid nanoparticles along a unsteady radially
stretching sheet with suction, slip and thermal
radiation effects taking variable thermal conductivity
and viscosity. The transform non linear differential
equations are solved by numerically technique BVP4C.
The effects of several physical parameter on velocity
and temperature profile are discuss through graphs
and tables. In this research many shapes such as
platelet, cylinder, blade, brick, and sphere are consider.
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The results are as follow
• The velocity and temperature profile are decreases
with raising into slip, suction, and viscosity
parameters.

• The velocity profile decreases with raising into
magnetic parameter and thermal conductivity
parameter.

• An increment into volume fraction of hybrid
nanoparticles, the velocity profile decrease for
sphere shape nanoparticles and increase for all
other shapes nanoparticles.

• The temperature profile increases with rising
magnetic parameter, Eckert number, Biot number,
heat generation parameter, thermal conductivity
parameter, variable Prandtl number, and solid
volume fraction of the hybrid nanoparticles. In
contrast, an increase in the viscosity parameter (R)
leads to a reduction in the temperature profile due
to the augmented internal friction that retards the
fluid motion and reduces energy dissipation into
the thermal boundary layer.

• An increment into radiation parameter,
temperature profile increase on stretching
sheet and decrease away from stretching sheet.

• The consequences show that platelet shape
nanoparticles has high velocity and higher heat
transfer rate and descending order of velocity
and heat transfer rate are platelet, cylinder, blade,
brick, and sphere shape, respectively.

• The heat transfer enhancement of platelet-shaped
nanoparticles over cylinder, blade, brick, and
sphere shapes ranges from approximately 4.90%
to 10.57%, confirming that geometric anisotropy
of nanoparticle shape plays a critical role in
thermal performance. Furthermore, increasing
the radiation parameter (Ra) and viscosity
parameter (R) both contribute to an improvement
in the heat transfer rate.

• Platelet shape nanoparticles has higher wall shear
force in magnitude compare to all other shapes.

This present work can be further extended for three
dimensional MHD flow of different types of fluids
such as casson fluid, ternary hybrid nanofluid and
non newtonian viscous fluid taking variable viscosity,
thermal conductivity and electrical conductivity.
Other surface geometry can be taken like cylindrical
surface, double rotating disk, vertical plate etc.

Also, this study can be done by ANN(Artificial
neural network) technique in Machine Learning with
different assumptions.
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