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Abstract
Digital Twin (DT) technology models and
synchronizes physical systems through

virtual counterparts. Existing mathematical
formulations of DTs concentrate on physical-virtual
synchronization and say little about how
representations of the same system at different
levels of detail should be related. This paper builds
a mathematical foundation for Granular Digital
Twins (GDTs) by combining Granular Computing
with DT theory. We introduce information
granules, the Granular Representation Mapping,
the Granular Twin Space, and the Granular
Digital Twin, and then construct a Granular
Twin Algebra whose aggregation, refinement,
and adaptive transformation operators act on an
ordered family of granular representations. The
structure is analyzed through lattice properties,
Granular Twin Homomorphisms, adaptive granular
evolution, and granular equilibrium. When the
representation family is a complete lattice and the
adaptive transformation is order-preserving, the
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Knaster-Tarski theorem guarantees that the set
of granular equilibria is non-empty and is itself
a complete lattice; each equilibrium is invariant
under repeated adaptive transformation. These
results are existence and invariance results only;
uniqueness, convergence, and dynamical stability
are not claimed. The framework moves DT
theory from state-oriented synchronization toward
adaptive granular representation and gives a formal
basis for organizing hierarchical information in DT
systems.

Keywords: digital twin, granular computing, information
granules, granular twin algebra, lattice theory, fixed-point
theory, adaptive systems.

1 Introduction

Digital Twin (DT) technology represents, monitors,
and analyzes physical systems through dynamically
connected virtual representations. A DT links a
physical system to its virtual counterpart through
sensing, data acquisition, modeling, simulation, and
synchronization [1-3]. The concept was first framed
as a virtual counterpart of a physical product and
was later developed for complex engineered systems,
notably in aerospace [4]. DT research has since spread
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from manufacturing to infrastructure, smart cities,
healthcare, energy, and other domains [2, 3, 5-10].

As DT systems have grown more complex, DT
modeling has moved beyond a single physical-virtual
correspondence. Studies of DT modeling, enabling
technologies, and system characterization show that
one physical system may be described by several
models at different levels of detail, depending on
the application [2, 3, 5, 6, 8-10]. This raises a
mathematical question that the literature has not
treated formally: how should multiple representations
of the same physical system be organized and related,
particularly when the level of granularity has to
change with information needs or computational
constraints? More concretely, if a system is described
at component, subsystem, and system levels, how are
these descriptions related, how can refinement and
aggregation be characterized within one structure, and
how can a change of granularity be modeled without
losing the relations among representations?

These questions are close to the core of Granular
Computing. Information granulation treats complex
information through groups, classes, regions, and
other structured units instead of isolated elements [11-
16], which supports abstraction, approximation, and
multi-level organization of information. Fuzzy sets,
rough sets, and related theories offer different formal
routes to granulation [11, 13, 14, 17-22].

Existing DT studies provide modeling approaches,
enabling  technologies, and  architectures
for integrating  heterogeneous data and
models [5, 9, 10]. Granular Computing provides
formal ways of organizing information at different
granularities [11, 12, 15, 16]. Rough set theory and
lattice theory supply tools for analyzing information
structures and the relations between levels of
abstraction [17, 21-23], and fixed-point results
for ordered structures are relevant to equilibrium
questions [24, 25]. Recent work has extended granular
computing to concept-lattice-based learning, to
transformations between granular and numeric
representations, and to approximation by fuzzy
granules [26-28]. What has not been done is to
organize the representations of a physical system
into an explicit ordered structure and to analyze
adaptive transformations on that structure. This
paper addresses that gap by studying refinement
order, algebraic operations, adaptive transformation,
and equilibrium within one framework for Granular
Digital Twins (GDTs).

The framework first separates the physical system
from its physical state universe and builds a family
of information granules on the state universe. A
refinement relation orders the granules by resolution.
On this basis we define the Granular Representation
Mapping, the Granular Twin Space, and the Granular
Digital Twin. We then introduce the Granular Twin
Algebra, in which aggregation and refinement are the
join and meet of the order (when they exist) and an
adaptive transformation operator changes the granular
representation. Because the adaptive operator acts on
the representation layer and not on the physical system,
representation change can be studied separately from
physical evolution.

Let the adaptive transformation be an operator I' :
G(X) = G(X), where G(X) is the family of granular
representations built on the physical state universe X.
If I is order-preserving and (G(X), <) is a complete
lattice, the existence of a granular equilibrium becomes
the fixed-point problem
I'G") =G~ (1)
where G* is a representation left unchanged by the
adaptive transformation. This equilibrium concerns
the representation layer, not the physical equilibrium
of the system. The contribution of the paper is
therefore not hierarchical or multiscale representation
as such, but a formal order-theoretic structure that
connects granular representation, algebraic operations,
adaptive transformation, and fixed-point equilibrium.

The main contributions are as follows.

(1) Formal granular representation for DT systems. The
physical system is distinguished from its physical
state universe, and information granules are
constructed on the state universe, giving a formal
basis for describing one system at several levels of
abstraction.

(2) An ordered Granular Twin Algebra. The family
of granular representations is equipped with
a refinement relation, with aggregation and
refinement operations where they exist, and with
an adaptive transformation operator for changes

in resolution.

(3) Structural —analysis. Lattice conditions,
order-preserving maps and Granular Twin
Homomorphisms, and the monotonicity of
adaptive evolution are characterized, with each

result stated under explicit assumptions.
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(4) Fixed-point formulation of granular equilibrium.
For a complete lattice and an order-preserving
adaptive transformation, the Knaster-Tarski
theorem [25] yields the existence of granular
equilibria, which are invariant under repeated
adaptive transformation.

The scope is deliberately mathematical. The
framework does not give an implementation
architecture, and it does not by itself establish physical
fidelity, computational optimality, uniqueness of
equilibrium, convergence rate, or dynamical stability;
these depend on the specific system, granulation
mechanism, information measure, and adaptive
transformation and are left to later theoretical and
empirical work.

Section 2 reviews DT research, Granular Computing,
order and lattice theory, and fixed-point theory, and
positions the framework. Section 3 defines the physical
system, physical state universe, information granules,
Granular Representation Mapping, Granular Twin
Space, and Granular Digital Twin. Section 4 develops
the Granular Twin Algebra. Section 5 studies lattice
structure, Granular Twin Homomorphisms, adaptive
evolution, and granular equilibrium. Section 6
discusses scope and limitations, and Section 7
concludes.

2 Related Work and Mathematical Background

2.1 Digital Twin Theory

DT research has moved from representing and
monitoring physical entities toward integrated
frameworks for sensing, simulation, prediction,
data integration, and decision support [1-3, 5-10].
Early work stressed the relation between a physical
system and its virtual counterpart and its use
in mitigating undesirable emergent behavior in
complex systems [4]; later studies broadened DT
modeling through system integration, computational
methods, and application-specific architectures
in manufacturing, civil engineering, and other
fields [2, 8-10]. More recent studies examine
multi-scale DT frameworks, which use representations
at several resolutions, and semantic DTs, which use
ontologies and structured knowledge to organize
heterogeneous information [8-10].

Mathematically, a DT involves a physical system,
its admissible states, and one or more virtual
representations. Let P denote a physical system and X
its physical state universe, that is, the set of admissible
states that P may attain or that may be represented for
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P. Thus P # X: P is the physical entity, and X is the
mathematical domain of its possible states. A virtual
representation is a mapping

d:X 5V, (2)

where V' is a virtual representation space, and a DT
can be written as

DT = (P, X,V, ). (3)

This formulation prescribes no architecture; it
separates the physical system, its state domain,
and its virtual representation so that granular
constructions can be added without conflating states
with representations.

Systematic reviews, modeling-oriented frameworks,
enabling-technology surveys, and civil-engineering
applications [3, 5-9] stress the need to integrate
heterogeneous data, models, and domain information
in DT systems [5, 8, 9] and describe DT architectures
across application contexts [3, 6, 7]. The question
addressed here is narrower. We do not claim that
hierarchical or adaptive representations are missing
from the DT literature. We ask how multiple
representations of one physical system, ordered by
abstraction or resolution, can be related through an
explicit mathematical order, and how aggregation,
refinement, and adaptive transformation can be
defined on that order. To answer it, granular
representation is treated as a mathematical object in
its own right.

2.2 Hierarchical, Semantic, and Multiscale Digital
Twin Representations

DT systems increasingly use representations at several
spatial, temporal, functional, and organizational
scales, so that each component or process can be
analyzed at the resolution a task requires. A
manufacturing DT may represent a component, a
subsystem, and a whole production line; an urban
DT may represent buildings, districts, transport
networks, and the city. These levels are related by
aggregation, decomposition, or abstraction. Semantic
DTs add another dimension: ontologies, metadata,
and knowledge graphs describe entities, attributes,
and relations, focusing on meaning rather than
numerical state. Adaptive DTs, finally, change their
models, configurations, or computational mechanisms
in response to new observations, environmental
conditions, uncertainty, or operational requirements,
so DT representations need not be fixed at a single
level.
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In the present framework these perspectives share
one mathematical object. Let G(X) denote a family of
admissible information granules built on X; each G €
G(X) represents a particular granularity or abstraction
of the state information. A relation < expresses
refinement or abstraction between granules; its precise
meaning depends on the granulation mechanism and
has to be stated explicitly. In short, hierarchical
and multiscale representation concerns the level at
which a system is represented, semantic representation
concerns what is represented, adaptive representation
concerns how representations change, and the present
framework concerns how granular representations are
ordered and how transformations among them can be
analyzed.

Information

2.3 Granular and

Granulation

Computing

Granular Computing grew out of information
granulation, in which complex information is
organized into groups, classes, regions, or other
higher-level entities rather than treated element
by element [11-16]. Formal approaches include
fuzzy information granulation [11], rough set
theory [17, 18, 20], and lattice-based formulations of
information structures [19, 21-23]. The granularity
chosen depends on the similarity, proximity,
equivalence, uncertainty, or functional relation
used in the representation.

For a similarity-based formulation, let p : X x X —
[0,1] be a similarity function on X, a larger value
of p(x1,z2) indicating greater similarity.  For
a threshold A € [0,1], the granule centered at
¢ € X is the set of states whose similarity to
c is at least A\ (formally defined in Section 3.2).
Other mechanisms—equivalence relations, fuzzy
relations, rough approximations, intervals, and
knowledge-based grouping—may be used instead.

The properties of the resulting granules therefore
depend on p, A, and the construction mechanism,
and the relation between granularity and information
content is not universally monotone without a
specified information measure. If an information
measure [ is order-reversing (antitone) with respect
to the refinement relation, then

GGy = I(Gl) > I(G2)7 (4)
where (7 is the finer representation under the adopted
convention. This is a property of the chosen measure,
not of granular representations in general.

The family G(X) together with < forms the ordered
granular representation structure (G(X), <), which is
used throughout the paper. The progression is

X —G(X) — (6(X),%): (5)
the state universe is turned into a family of granular
representations, which is then ordered by refinement.

2.4 Ordered Structures and Lattice Theory

Order theory provides the language for relating
granular representations [23]. The relation < on
G(X) is assumed to be a partial order, that is, for all
G,G1,Gy,G3 € Q(X)

o reflexivity: G < G;

e antisymmetry: G; < Go and G2 = G imply G| =
Go;

e transitivity: G; < G2 and G2 = Gz imply G = Gs.

Then (G(X), <) is a partially ordered set (poset). A
poset is not automatically a lattice. If every pair
G1,G2 € G(X) has a least upper bound G V G2 and a
greatest lower bound G A G2 in G(X), then (G(X), <
,V, A) is a lattice [23]. Under the convention that finer
representations lie lower in the order, the join V models
aggregation into a coarser common representation and
the meet A models a common refinement.

The order = gives the basic hierarchy; the existence of
joins and meets is an additional algebraic condition.
We therefore do not assume that every granular
representation space is a lattice, and lattice structure
is introduced only when the bound conditions hold.

2.5 Fixed-Point and

Transformations

Theory Adaptive

Adaptive DTs may change their representation as
system conditions, information requirements, or
modeling objectives change. We model this by an
adaptive transformation I' : G(X) — G(X) acting on
the granular representation layer, not on the physical
system P: I'(G) is the representation that replaces
G. A representation G* is a granular equilibrium if
I['(G*) = G*, i.e. if it is invariant under the adaptive
transformation.

Existence of such invariant representations is studied
under the order-preserving (monotone) condition

(6)

This is a structural assumption, not a property of
all adaptive DT mechanisms. It is natural when

G1 2 Gy = T'(G1) 2T (Go).
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the adaptive mechanism is designed to keep the
refinement hierarchy during updates, but it may fail
under non-monotone optimization, discontinuous
model switching, competing constraints, or update
criteria that are not aligned with the refinement
relation.

If (G(X), <) is a complete lattice and I' satisfies (6), the
Knaster-Tarski fixed-point theorem [25] applies: the
fixed-point set

Fix(I') = {G € G(X) : I'(G) = G} (7)
is non-empty and is itself a complete lattice, so at least
one granular equilibrium exists. Fixed-point existence
says nothing about uniqueness, convergence rate, or
Lyapunov, asymptotic, or structural stability; these
require further assumptions. Fixed-point theory is
widely used in existence and equilibrium analysis [24,
25]; here it is applied to adaptive transformations of
granular representations.

2.6 Positioning of the Present Framework

The ingredients of the framework come from
established traditions. DT research supplies
physical-virtual correspondence, synchronization,
simulation, semantic representation, and adaptive
modeling; Granular Computing supplies information
abstraction and multi-level representation; order and
lattice theory supply the formal structure of ordered
elements; and fixed-point theory supplies tools for
invariant elements of mappings. The framework
does not introduce these concepts individually. It
organizes them around the problem of adaptive
granular representation in DT systems. The main
mathematical objects are:

(1) the physical system P and its physical state

universe X;
(2)
(3)

the family of information granules G(X);

the refinement relation < and the ordered
structure (G(X), <X);

(4)
(5)
(6)
(7)

the join V and meet A, when they exist;
the Granular Representation Mapping ®g;
the adaptive transformation I';

the structure-preserving mapping h between
granular structures;

(8)

the granular equilibrium G* and the fixed-point
set Fix(I").
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Table 1 summarizes the notation. These objects are
developed along the path

X = G(X) = (6(X), =)
= (G(X), %, V,A) =T — G*.
The aim is not to replace hierarchical, semantic,
multiscale, or adaptive DT approaches, but to give an

explicit structure in which their representation-level
aspects can be analyzed.

(8)

Table 1. Mathematical notation used in the framework.

Symbol Definition

P Physical system

X Physical state universe associated
with P

|4 Virtual representation space

o Physical-to-virtual mapping,

: X =V

p Similarity function,
p: X xX —[0,1]

A Granulation threshold

Gx(c) Similarity-based information granule
centered at ¢

G(X) Family of admissible information
granules on X

= Refinement relation among granules

(G(X),=x) Ordered granular representation
structure

V, A Join (aggregation) and meet
(refinement), when they exist

%] Granular Representation Mapping,
dg: X — 290

GT Granular Twin Space

GDT Granular Digital Twin

6T Granular Twin Algebra

1 Information measure, I : G(X) — R
(optional)

r Adaptive transformation,
I':G(X)— G(X)

h Order-preserving map / Granular
Twin Homomorphism between
granular structures

G* Granular equilibrium, I'(G*) = G*

Fix(T") Fixed-point set of I'

3 Mathematical Foundation of Granular

Digital Twins
This section defines information granules, the granular
representation structure, and the relation between

physical states and their representations. Figure 1 gives
an overview of the framework.

3.1 Physical System and Physical State Universe

As in Section 2, P denotes the physical system, X its
physical state universe, V' the virtual representation
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Figure 1. Conceptual framework of Granular Digital Twins.

space, and ® : X — V the physical-to-virtual mapping,
with ®(z) the virtual representation of a state x €
X; a DT is the tuple (3). Granular representation
does not replace any of these components. It adds a
representation layer that organizes information about
X at several levels of abstraction. The constructions in
this section therefore operate on representations of X,
not on P, and the adaptive transformation introduced
later acts on these granular representations while P
remains the object being represented.

3.2 Similarity-Based Information Granules

Let X # @. An information granule is a collection
of elements of X grouped by similarity, proximity,
equivalence, semantic relation, or another granulation
criterion. We adopt similarity-based granulation as
one explicit realization; the ordered framework that
follows does not depend on this choice.

Let p : X x X — [0,1] be a similarity function on X.
For a representative element ¢ € X and a threshold
A € [0, 1], the similarity-based information granule is

Gale) ={z € X | p(x,c) = A}, 9)

and the family of admissible granules is

G(X)={Gxle) [ce X, Ae(0,1]}. (10)
A larger A\ imposes a stricter similarity requirement
and yields a smaller granule; a smaller A\ admits a
broader set of states. Granules generated by different
thresholds or centers are not, however, automatically
ordered by refinement; the refinement relation has to
be specified separately.

Remark 1 (Generality of the granulation mechanism)
Fuzzy, rough, interval, equivalence-based, and other
uncertainty-aware granules [11, 13, 17, 20] can be used
by replacing (9) while keeping the family notation G(X)
and the relation <. The theory concerns the organization
of the resulting granular representations, not the particular
choice of p.

3.3 Granular Representation Structure

Definition 1 (Granular refinement relation) For
G1,G2 € G(X), Gh = Gy means that G refines G, i.e.
G represents the corresponding information at a resolution
at least as fine as G'o under the adopted granulation scheme.
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The relation < is assumed to be reflexive, antisymmetric,
and transitive (Section 2).

With these properties (G(X), <) is a partially ordered
granular representation structure, the basic ordered
structure of the paper. Note the difference between
G(X), the family of granules, and (G(X), <), the same
family with an explicit refinement relation, which
carries structural information that the set alone does
not.

For set-valued granules, < may be instantiated by
inclusion,

G1 < GQ < G1 Q GQ, (11)

which is one realization, not a requirement; other
granulation mechanisms may need other definitions
of refinement.

3.4 Granular
Resolution

Suppose GV, G?) ...

Hierarchy and Representation

,G*) € G(X) satisfy

GH <q® <...<qW, (12)
Under our convention G is the finest and G*) the
coarsest level of this chain, which describes several
abstraction levels of the same physical information—for
example, component, subsystem, and system levels.
The levels need not match a particular application
hierarchy; their relation is set by the granulation
mechanism and the refinement relation.

Property 1 (Hierarchical representation) Let = €
X, and suppose the admissible granular representations
associated with x include a chain (12). Then these granules
form a hierarchical representation of the corresponding
physical information in (G(X), <).

This follows directly from the refinement relation.
It does not require all elements of G(X) to be
comparable, so (G(X), <) may contain both chains and
incomparable representations.

3.5 Granular Representation Mapping

Definition 2 (Granular Representation Mapping) The
granular representation mapping is the set-valued map

g : X - 290 dg(x)={GeGX)|xeqG},
(13)

where 29%) is the power set of G(X).

®g(x) collects the admissible granules containing . A
state need not have a unique granular representation:
O (x) may, for example, contain a chain (12), in which
case x is represented at several levels of granularity.
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Property 2 (Representation coverage) If Ugeg(x) G =
X, then ®g(x) # & for every z € X.

Indeed, every =z lies in at least one granule. If p is
reflexive (p(xz,z) = 1 for all x), then z € G\ (x) for
every ), so the coverage condition holds automatically
for the family (9). Coverage should not be confused
with lattice completeness: it does not imply that
(G(X), <) is a complete lattice.

3.6 Granular Twin Space

Definition 3 (Granular Twin Space) The Granular
Twin Space is

GT = (X,6(X), %, ®g), (14)
where X is the physical state universe, G(X) the family of
admissible granules, < the refinement relation, and ®g the
granular representation mapping.

In GT, several representations of a physical state
coexist and are organized by refinement. No lattice
structure is assumed at this stage; it is introduced in
Section 5 only when every pair of granules has the
required bounds.

Remark 2 (Granular Twin Space and conventional
DT) The conventional DT (3) describes the
physical-to-virtual representation ® : X — V, whereas
GT describes the association ®g : X — 29(X) between
states and their granular representations. The granular
layer supplements, rather than replaces, the physical-virtual
correspondence.

3.7 Granular Digital Twin

Definition 4 (Granular Digital Twin) A Granular
Digital Twin is the tuple

GDT = (P, X,V,®,GT,T), (15)
where (P, X, V, ®) is the conventional DT (3), GT is the
Granular Twin Space (14), and T' : G(X) — G(X)
is the adaptive transformation acting on the granular
representation family.

Because I acts on the representation layer, a change
in granular representation does not by definition
imply a physical change in P; physical evolution and
representation evolution are kept separate.

3.8 Representation Resolution and Information
Measures

The refinement relation orders representations but
does not define a numerical measure of information.
If an information measure I : G(X) — R is introduced,
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its relation to refinement must be specified. For an
antitone measure,

G1 2 Gy = I(G1) 2 1(Gy), (16)
so a finer representation receives at least as much
information. Other measures—of uncertainty,
complexity, distinguishability, compression, or
semantic richness—may relate to granularity differently.
The framework therefore rests on (G(X),=<) and
requires no specific I; a measure can be added when
an application needs one.

3.9 Summary of the Representation Layer

The constructions of this section give the progression

X - G(X)— (6(X), %) - GT - GDT,  (17)
in which the conventional DT (P, X,V,®) with
® : X — V is extended by the similarity-based
granules (9), the refinement relation, the mapping g,
and the adaptive transformation I" : G(X) — G(X).
Nothing here assumes that (G(X), <) is a lattice or
that I" has a fixed point. Section 4 introduces joins and
meets under their existence conditions, and Section 5
adds the completeness and monotonicity assumptions
needed for equilibrium.

4 Granular Twin Algebra

The Granular Twin Space organizes granular
representations by refinement. To combine, refine,
and adaptively update them, three operations are
introduced: aggregation and refinement, which are
order-based, and adaptive transformation, which
models change within the representation layer. The
resulting structure, the Granular Twin Algebra, is an
ordered adaptive structure rather than an algebra in
the strict universal-algebraic sense.

4.1 Aggregation Operator

When two representations are combined, it is natural
to look for the least representation coarser than both.

Definition 5 (Aggregation operator) Let G1,G2 €

G(X). If Gy and Gy have a least upper bound in G(X)

with respect to =, their aggregation is
G1V Gy = lubj(Gl, Gg), (18)

that is, G1 = G1 V Ga, G2 < G1 V Go, and for every
G e g(X),

Gi=XG, Ga=XG = G1 VG =G, (19)

With finer representations ordered below coarser ones,
the join is the least common coarser representation. Its
existence does not follow from the partial order: the
least upper bound must belong to G(X). Aggregation
is therefore a partial operation in general (see
Section 5.1).

4.2 Refinement Operator

The dual operation identifies the greatest lower bound
of two representations, i.e. the most detailed common
information shared by both.

Definition 6 (Refinement operator) Let G1,G2 €
G(X). If Gy and G2 have a greatest lower bound in G(X)
with respect to =<, their refinement is

Gi NGy = glbj (Gl, Gg), (20)

that is, G1 AN Go = Gi, G1 N G2 = Gy, and for every
G e g(X),

GG, GGy = GGy NGs. (21)
Refinement does not create new physical information;
it is a more detailed organization of what the granular
framework already represents. Like the join, the meet
is in general a partial operation and becomes total only
under the lattice condition of Section 5.1.

4.3 Adaptive Transformation Operator

Aggregation and refinement describe static relations
among representations.  They do not describe
how a representation changes when the observation
context, computational objective, or representation
requirement changes.

Definition 7 (Adaptive transformation operator) An
adaptive transformation operator is a map I' : G(X) —
G(X), for G € G(X), I'(G) = G' € G(X) is the updated
granular representation. In particular, T' is closed on G(X).

I' describes the evolution of the representation, G +—
I'(G), not a physical transformation of P; recall
that P, X, and G(X) are distinct objects. It can
model changes in resolution, abstraction level, or
granulation mechanism; its concrete form depends
on the application. Closure keeps the update inside
the admissible family but implies nothing about
convergence or stability.

4.4 Granular Twin Algebra

Definition 8 (Granular Twin Algebra) Let GT be a
Granular Twin Space (14). The corresponding Granular
Twin Algebra is

63': (g(X)7j7v?/\7F>7 (22)
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where V and A are defined whenever the corresponding
bounds exist (Definitions 5 and 6) and I is the adaptive
transformation. The symbol &% denotes the algebraic
structure and does not replace GT.

&% combines three aspects of granular representation:
ordered organization (<), combination and
specialization (v, A), and adaptive evolution
(I"). It does not presuppose that G(X) is a lattice, and
it imposes no algebraic laws beyond those carried by
the order and the operations; “algebra” here refers
to the integration of objects, order, operations, and
adaptation in one structure.

Remark 3 (Roles of h and I') The map h introduced in
Section 5.2 relates different granular structures, whereas I’
transforms representations within one family. The two maps
play different roles and should not be conflated.

4.5 Basic Properties

We record the well-definedness and order-preservation
properties used later; lattice structure and fixed-point
existence are treated conditionally in Section 5.

Proposition1 (Uniqueness of aggregation and
refinement) Let G1,G2 € G(X). If their least upper
bound exists, it is unique; likewise for their greatest lower
bound.

Proof. Let Uy and U both be least upper bounds of
G1 and Gs. Since Uy is an upper bound and Uj is the
least upper bound, U; < Us; symmetrically Uy < Uj.
By antisymmetry, Ui = Us. The argument for greatest
lower bounds is dual. O

The proposition gives uniqueness conditional on
existence; existence of V and A for every pair is exactly
the lattice condition of Section 5.1.

Assumption 1 (Order preservation of adaptive
transformation) For all G1,G2 € G(X), G1 =< Go
implies I'(G1) < T'(G2).

Assumption 1 suits adaptive mechanisms that change
resolution while keeping the hierarchy encoded by
=: if Gy is finer than G,, the update should keep
I'(G,) finer than I'(G2). It can fail for non-monotone
optimization criteria, discontinuous model switching,
competing constraints, or update rules that do not
respect the chosen notion of refinement. It is thus a
sufficient structural condition for the order-theoretic
analysis, not a universal property of adaptive DTs.

Remark 4 (Role of order preservation) Under
Assumption 1, I" is monotone by definition. Proposition 4
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in Section 5.3 restates this for later reference; its role is to
supply the hypothesis of the fixed-point analysis rather than
to add new content.

4.6 Structural Characteristics of the Granular Twin
Algebra

In summary, T is closed under I', and under Vv and
A whenever the corresponding bounds exist in G(X);
it is hierarchically organized by =<, which need not
make all representations comparable; V and A give
the least common upper and greatest common lower
representations; and I' induces the representation
dynamics

Giy1 =T(Gy), (23)

which describes the representation layer, not the
physical system.  Assumption 1 connects this
dynamics to the order. Section 5 examines when
(G(X), %) is a lattice, how structure-preserving maps
between granular structures are defined, and how
monotone adaptive transformations can be analyzed
by fixed-point theory.

5 Theoretical Properties of Granular Twin
Algebra

This section separates what follows directly from the
definitions from what requires further assumptions. A
partial order does not by itself yield a lattice, and an
order-preserving I" does not by itself yield convergence
or stability; each result is stated with its conditions.

5.1 Lattice Structure of Granular Representations

Definition 9 (Granular  representation lattice)
(G(X), =) is a lattice if every pair G1,G2 € G(X) has a
least upper bound and a greatest lower bound in G(X);
then G1 vV Ga, G1 N Gy € G(X) satisfy Definitions 5
and 6 [23].

Proposition 2 (Characterization of the lattice
structure) If every pair of elements of the poset (G(X), <)
has a least upper bound and a greatest lower bound in
G(X), then (G(X),=,V, A) is a lattice.

Proof. By hypothesis GV G2 and G AG» existin G(X)
for every pair, which is the definition of a lattice for a
poset [23]. O

The proposition is conditional: whether all bounds
exist depends on how G(X) is built and on the
refinement relation. A family may contain two
elements with no least upper bound in the family
even though one exists in a larger collection of
representations; the family is then not a lattice. Lattice
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structure must therefore be proved for a specific family
or imposed as a modeling condition.

5.2 Structure-Preserving  Mappings  Between

Granular Twin Structures

Different DT systems may use different state universes,
granulation mechanisms, or hierarchies. Comparing
them requires maps that preserve the relevant
structure. Unlike I', which acts within one family, the
map h relates two granular structures.

Definition 10 (Granular Twin Homomorphism) Let
(G(X1),=1) and (G(X2), <2) be granular representation
structures. Amap h : G(X1) — G(X2) is order-preserving
if, for all G1, G2 € G(X1),

G1 <1 G2 = h(Gl) =<9 h(Gg) (24)

If both structures are lattices, h is a lattice homomorphism
(Granular Twin Homomorphism) if, in addition,

h(Gl V1 GQ) = h(Gl) Vo h(GQ), (25)
h(Gl N1 GQ) = h(Gl) N2 h(GQ), (26)

for all G1,Gy € G(X1), where V;, \; are the lattice
operations of the i-th structure.

Proposition 3 (Preservation of representation order)
If h is order-preserving and G1 =1 Ga, then h(G1) =<2
h(G2).

Proof. Immediate from the definition. O

Order preservation does not imply that i preserves
joins and meets; that requires the homomorphism
conditions. Even a lattice homomorphism need not
preserve semantic attributes, physical quantities, or
application-specific meanings, which would require
further assumptions. The purpose of h is to formalize
the preservation of specified mathematical relations,
not to assert equivalence between heterogeneous DT
systems.

5.3 Adaptive Transformation and Order

Preservation

Proposition 4 (Monotonicity of adaptive evolution)
Under Assumption 1, I" is a monotone self-map of (G(X), =<

).

Proof. For arbitrary G1,G2 € G(X), Assumption 1
gives G <X G2 = TI'(Gi) = TI'(Gz), which is the
definition of monotonicity with respect to <. O

Monotonicity means that I' preserves the order
between any two inputs; it does not say that I'(G) is
finer, coarser, or more informative than GG. The results
below hold only under this assumption.

5.4 Granular and Fixed-Point

Existence
Definition 11 (Granular equilibrium) G* € G(X) is a
granular equilibrium of I if I'(G*) = G*, i.e. if it is a fixed
point of .

Equilibrium

Assumption 2 (Complete granular lattice) (G(X), <
) is a complete lattice and T’ : G(X) — G(X) satisfies
Assumption 1.

Completeness means that every subset of G(X),
including the empty set, has a least upper bound and a
greatest lower bound in G(X') [23]; in particular G(X)
has a least and a greatest element.

Theorem 1 (Existence of granular equilibrium) Under
Assumption 2, the set of granular equilibria
Fix(T) ={G € §(X) | I'(G) = G} (27)

is non-empty and, with the order inherited from =<, is a
complete lattice.

Proof. By Assumption 2, I' is a monotone self-map of
the complete lattice (G(X), <). By the Knaster-Tarski
theorem [25], the fixed-point set of such a map is
non-empty and is a complete lattice under the inherited
order. Hence there is G* € G(X) with I'(G*) = G¥,
which is a granular equilibrium. O

Theorem 1 guarantees at least one invariant
representation. It does not give uniqueness,
convergence from an arbitrary initial representation,
a convergence rate, or stability, all of which require
further analysis. Completeness is a genuine
restriction—a lattice need not be complete-and
must be verified before the theorem is applied.

5.5 Invariance of Granular Equilibrium

Corollary 1 (Invariance under repeated adaptive
transformation) If I'(G*) = G*, then IT"™(G*) = G* for
alln > 1.

Proof. Forn = 1 this is the hypothesis. If ' (G*) = G*,
then " T1(G*) = T(I'(G*)) = T'(G*) = G*. The claim
follows by induction. O

The corollary is an invariance statement, not a stability
statement: it says nothing about representations that
start near, but not at, a fixed point. Whether a granular
equilibrium is attracting, asymptotically stable, or
robust to perturbation remains open.
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5.6 Implications and Scope of the Results

Under the stated conditions, the results show that
(i) refinement orders granular representations, and
joins and meets exist for every pair exactly when the
structure is a lattice; (ii) order-preserving maps h
keep the hierarchy between granular structures, while
preservation of joins and meets needs the stronger
homomorphism conditions; (iii) I" preserves the order
under Assumption 1; and (iv) a granular equilibrium
exists when the structure is a complete lattice and I
is monotone, and it is invariant once reached. Their
applicability depends on the granulation mechanism,
the definition of refinement, the existence of the
required bounds, and the monotonicity of I'. Physical
fidelity, empirical performance, and the suitability of a
granulation mechanism for an application are outside
these results and require application-specific modeling
and validation.

6 Discussion

6.1 A Representation-Oriented Perspective

The framework follows the progression

X = G(X) = (6(X), %) o8)
— (G(X), X, V,A,T) — Fix(I'),

which links the construction of representations with
their order-theoretic organization and fixed-point
analysis. ~Here V and A exist only when the
required bounds do, and equilibrium analysis needs
completeness and monotonicity. Compared with
work on other aspects of physical-virtual interaction,
the framework concentrates on how granular
representations are organized and transformed; it
does not assume that DT research lacks hierarchical,
multiscale, semantic, or adaptive capabilities.

6.2 Relationship with Existing Mathematical
Theories

Granular Computing supplies the construction of
granules [11, 12, 15, 16]; order theory formalizes
refinement; lattice theory characterizes aggregation
and refinement when bounds exist [19, 23]; and
fixed-point theory gives conditions for granular
equilibrium [24, 25]. The contribution lies in
connecting these within one representation framework.
Several distinctions matter: a partial order need
not be a lattice, a lattice need not be complete,
an order-preserving h need not preserve lattice
operations, and existence of an equilibrium does not
imply uniqueness, convergence, or stability.
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6.3 Limitations and Future Research

First, G(X) depends on the granulation mechanism,
the similarity function, and the refinement relation,
and different choices give different ordered structures;
conditions under which these structures are
(complete) lattices should be established. Second,
the equilibrium result depends on completeness
and on the monotonicity of I'; sufficient conditions
for uniqueness, convergence from arbitrary initial
representations, and stability remain to be found.
Third, the framework does not address physical
fidelity or empirical performance; integrating
physical dynamics, observation mechanisms, and
application-specific validation is needed to assess
its practical value. Finally, topological and metric
structures could support continuity and convergence
analysis, and fuzzy, rough, and interval-based
granules could extend the framework to other forms
of uncertainty [13, 19, 28].

7 Conclusion

This paper developed a mathematical framework for
granular representations in DT systems. Separating
the physical system P, its state universe X, and the
family of admissible granules G(X) gives a basis
for describing representation granularity, refinement
relations, and adaptive transformations. The Granular
Twin Algebra organizes granular representations
through an order, lattice operations where bounds
exist, and an adaptive transformation operator, while
the map h formalizes order preservation between
representation systems and, under stronger conditions,
preservation of lattice operations.

The main result concerns granular equilibrium:
when (G(X),=<) is a complete lattice and I' is
order-preserving, the Knaster-Tarski theorem
guarantees that Fix(I') is non-empty and is itself
a complete lattice. Uniqueness, convergence from
arbitrary initial representations, and dynamical
stability are not established. The structural results
depend on the granulation mechanism and the
refinement relation, and the framework has not
yet been validated on a physical system. Future
work should identify application-specific conditions
for the assumptions, derive results on uniqueness,
convergence, and stability, and test the framework in
practical DT applications. In this sense, the work is a
starting point for further mathematical development
rather than a complete theory of DT behavior.
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