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Abstract
In prostate cancer treatment, intermittent androgen
deprivation therapy can delay the emergence of
drug resistance, yet its efficacy is influenced by
environmental fluctuations, treatment parameters,
and competition among tumor cell populations. To
investigate the mechanisms underlying resistance
during intermittent therapy, we developed a
stochastic impulsive differential equation model.
First, a global analysis of the model without
environmental noise is conducted. Subsequently,
sufficient conditions for tumor extinction and
persistence are established based on stochastic
stability theory. Numerical simulations further
demonstrate that moderate noise suppresses tumor
growth, and an optimal treatment intensity exists
beyond which excessive intervention accelerates
drug resistance. Moreover, excessively high
treatment frequency impairs the recovery of
androgen-dependent cells, thereby compromising
resistance control.
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1 Introduction
Prostate cancer ranks among the most common and
life-threatening malignancies in men globally, with
an incidence second only to all male cancers and
a mortality rate fifth among cancer-related deaths,
making it a critical public health issue [1, 2]. With the
accelerated aging of populations and the widespread
adoption of early screening, the diagnosis rate of
prostate cancer has been increasing annually [3–
5]. Extensive research has demonstrated that the
development and progression of prostate cancer are
highly dependent on the androgen signaling pathway,
where androgens play a pivotal regulatory role in
tumor cell proliferation and survival [6]. Based on
this biological characteristic, androgen deprivation
therapy (ADT) has long been established as the
standard endocrine treatment strategy for advanced
and metastatic prostate cancer [7, 8].

Clinically, ADT is primarily administered in two
forms: continuous androgen deprivation (CAD)
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and intermittent androgen deprivation (IAD) [9].
CAD typically involves surgical or pharmacological
castration to maintain serum androgen levels
persistently within the castration range, thereby
suppressing the proliferation of androgen-dependent
(AD) cancer cells. However, under sustained strong
selective pressure, a fraction of AD cells may undergo
molecular mutations or activate alternative signaling
pathways, enabling them to proliferate without
exogenous androgen. This evolutionary adaptation
facilitates the emergence of androgen-independent
(AI) cancer cells, ultimately driving disease
progression to metastatic castration-resistant
prostate cancer (mCRPC), and leading to treatment
failure [15, 17]. In contrast, IAD regulates androgen
levels in a cyclic manner: during treatment periods,
androgens are temporarily reduced to inhibit
AD-cell growth, and therapy is suspended once
prostate-specific antigen (PSA) levels fall below a
predefined threshold, allowing endogenous androgen
levels to recover. Such periodic modulation of the
hormonal environment can attenuate the strong
and continuous selective pressure imposed by CAD,
thus reducing the likelihood of rapid phenotypic
conversion of AD toAI cells under long-term androgen
deprivation. Meanwhile, restoring androgen during
the off-treatment period helps maintain a sufficient
population of AD cells and weakens the fitness
advantage of certain AI subclones, enabling ecological
competition to suppress AI expansion and delay the
onset of mCRPC under a manageable tumor burden.
Moreover, intermittent recovery of androgen levels
can alleviate adverse effects associated with prolonged
hypoandrogenism, including sexual dysfunction,
osteoporosis, and cognitive decline [18–20].

Extensive dynamical modeling efforts have been
devoted to studying ADT and its combination
strategies, providing important insights into how key
regulatory factors influence disease progression. Ideta
et al. [10] developed a PSA-threshold–based switching
model to compare CAD and IAD, demonstrating that,
under certain biological assumptions, the persistent
strong selective pressure imposed by CAD is more
likely to drive the system toward relapse, while
IAD, through PSA-regulated switching, periodically
modulates the androgen environment and therefore
can delay or even prevent disease recurrence [28, 29].
In parallel, tumor growth is inevitably affected
by fluctuations in environmental factors such as
temperature, radiation, chemical exposure, oxygen
availability, and nutrient supply [21–24]. These

stochastic perturbations alter cellular proliferation
and apoptosis rates and may also influence the
cumulative effect of therapeutic selective pressures.
To more accurately capture such uncertainties, Zazoua
and Wang formulated a stochastic model under
a continuous-deprivation setting, incorporating
differential competition coefficients between AD and
AI cells. Their analysis highlights how noise intensity
and competitive interactions jointly determine cancer
cell extinction or persistence [13]. Building on this
direction, Tanaka et al. [11] introduced stochastic
disturbances into an IAD framework and fitted
the model to clinical data, quantifying how AI
growth parameters and initial androgen levels shape
treatment-cycle duration and relapse timing, thereby
underscoring the role of random fluctuations in tumor
evolution. Moreover, modeling studies have been
extended to combined therapeutic strategies. Rutter
integrated ADT with dendritic cell (DC) vaccination
and showed that more frequent DC administration,
under equivalent total dosage, can delay the onset of
mCRPC. Yang further developed a stochastic model
coupling ADT with pulsed DC immunotherapy,
demonstrating that high-noise environments and
high-frequency immunization can effectively suppress
tumor progression [12, 14].

Compared with a constant castration environment,
the periodic alternation of androgen levels in prostate
cancer treatment helps avoid subjecting AD cells
to sustained strong selection pressure, which could
otherwise accelerate their transformation into the
AI cells phenotype. The recovery of androgen
during off-treatment periods can both reduce the
proliferative advantage of certain AI clones and
preserve a sufficient population of AD cells, enabling
ecological competition to suppress AI expansion.
These combined effects may delay the emergence of
resistance while maintaining overall tumor burden at
manageable levels. Although existing studies have
revealed several clinical features of IAD through
data fitting and numerical simulation, theoretical
understanding remains limited, particularly regarding
how pulse amplitude and frequency interact
with the competitive strength between cancer cell
subpopulations to determine long-term disease
outcomes. Motivated by this gap, the present
study develops a stochastic impulsive dynamical
model describing tumor evolution under IAD, while
retaining the asymmetric competitive interactions
between AD and AI cells. Using analytical conditions
together with systematic numerical experiments, we
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investigate how the periodicity and intensity of IAD,
along with cellular competition structure, jointly
regulate resistance dynamics and shape the long-term
fate of prostate cancer.

This paper is structured as follows: Section 2 begins
by introducing the stochastic model used in the study
and the relevant theoretical foundations. Subsequently,
Section 3 analyzes the stability of the deterministic
system of the model. Section 4 derives the threshold
conditions for the mean persistence and extinction
of cells. To verify the theoretical results, Section
5 provides multiple sets of numerical simulations.
Finally, Section 6 summarizes the research content of
the entire paper and presents several conclusions and
future research prospects.

2 Mathematical model
2.1 Model formation
Zazoua andWang [13] considered distinct competition
coefficients between AD and AI cancer cells and
established the following stochastic differential
equations for CAD.



dx1(t) =

[
r1x1A

(
1− x1 + αx2

K

)
− (d1 +m1)

(
1− A

a0

)
x1

]
dt

+ σ1x1dB1(t),

dx2(t) =

[
r2x2

(
1− βx1 + x2

K

)
+m1

(
1− A

a0

)
x1

]
dt

+ σ2x2dB2(t),

dA(t) =
[
− γ(a0 −A)− γa0u

]
dt.

(1)

where x1 , x2 and A are the concentrations of AD
cancer cells, AI cancer cells and androgen, r1 and r2
are the proliferation death rate of AD and AI cancer
cells, respectively, d1 is the death rate of AD cells. a0
is the normal androgen concentration, α and β are the
positive competition coefficients between two types of
tumor cells, m1 is the maximum mutation rate from
AD to AI cancer cells, u is the efficacy of ADT, K is
the carrying capacity of these cells, γ is the androgen
clearance and production rate.

To delay prostate cancer recurrence and optimize
the androgen deprivation therapy regimen, we

modified the continuous androgen deprivation model
proposed byWang into a pulsed intermittent androgen
deprivation model.

dX1(t) = [r1A(1− X1 + αX2

K
)

− (d1 +m1)(1−
A

a0
)]X1dt

+ σ1X1dB1(t),

dX2(t) = [r2X2(1−
βX1 +X2

K
)

+m1(1−
A

a0
)X1]dt

+ σ2X2dB2(t),

dA(t) = −γ(A− a0)dt,



t 6= nT,

A(nT+) = (1− δ)A(nT ), t = nT.

(2)

where δ is the intensity of treatment of IAD , σ1 and σ2
are the intensities of the white noise influencing
X1 and X2. In addition we keep the meaning of other
parameters consistent with (1) and note that all the
parameters in (2) are positive.

Through a simple calculation, we obtain the T-periodic
solution of AT (t) of system (2),

AT (t) = a0 +
−δa0e−γ(t−nT )

1− (1− δ)e−γT
,

Replace A(t) with AT (t), then we get the reduced
system of system (2),

dX1(t) = {P (1− X1 + αX2

K
)

− (Q1 +Q2)}X1dt+ σ1X1dB1(t),

dX2(t) = {r2X2(1−
βX1 +X2

K
) +Q2X1}dt

+ σ2X2dB2(t).
(3)

where P = r1A
T , Q1 = d1(1− AT

a0
), Q2 = m1(1− AT

a0
).

Next, we analyze the global dynamics of the equivalent
system (3). To this end, we first introduce some
essential definitions and lemmas.

2.2 Preliminaries
In this section, we give following notations,
lemmas and definitions of this paper. Assumed
that (Ω,F , {Ft}t≥0,P) is a complete probability
space equipped with a filtration {Ft}t≥0 that is
right-continuous. In this probability space, we define
Bi(t) (i = 1, . . . , n) as independent Brownian motions.
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If the number of factors in a product is zero, we
assume the product equals 1.

For convenience, we give some notations,

〈f(t)〉∗ = lim sup
t→+∞

f(t),

〈f(t)〉∗ = lim inf
t→+∞

f(t),

〈f(t)〉t =
1

t

∫ t

0
f(s)ds.

Definition 1. [14] The population Xi(t) becomes
extinct if

lim
t→+∞

Xi(t) = 0 a.s.

The population Xi(t) becomes persistent in mean if

lim sup
t→+∞

1

t

∫ t

0
Xi(s)ds > 0 a.s.

Definition 2. [13] The solution is said to be
stochastically ultimately bounded if for any ε ∈ (0, 1),
there exists a positive constantM = M(ε) such that
for any initial value X(0) = (X1(0), X2(0)) ∈ R2

+, the
corresponding solutionX(t) = (X1(t), X2(t)) satisfies,

lim sup
t→+∞

P {|X(t)| > M} < ε.

Lemma 1 [14] Let M = {Mt}t≥0 be a real-valued
continuous local martingale withM0 = 0. If

lim sup
t→+∞

〈M,M〉t
t

<∞ a.s.

then
lim

t→+∞

Mt

t
= 0 a.s.

The BrownianmotionB(t) is a continuous square integrable
martingale, and its quadratic variation is 〈B(t), B(t)〉t =
t (t ≥ 0). Therefore, from Lemma 1,

lim
t→+∞

B(t)

t
= 0 a.s.

and for any small ε ∈ (0, 1), there exists a large T such that

∣∣∣∣B(t)−B(s)

t− s

∣∣∣∣ < ε, t− s > T a.s.

Lemma 2 [25] Suppose X(t) ∈ C[Ω×R+, R+],

1. If there exist constants λ0 > 0, t1 > 0 and λ ≥ 0 such
that,

lnX(t) ≤ λt− λ0
∫ t

0
X(s)ds+

n∑
i=1

σiBi(t),

for any t > t1, where σi is a constant, 1 ≤ i ≤ n, then

〈X(t)〉∗ ≤ λ

λ0
a.s.

2. If there exist constants λ0 > 0, t1 > 0 and λ ≥ 0 such
that

lnX(t) ≥ λt− λ0
∫ t

0
X(s)ds+

n∑
i=1

σiBi(t),

for any t > t1, where σi is a constant, 1 ≤ i ≤ n, then

〈X(t)〉∗ ≥
λ

λ0
a.s.

3 Analysis of deterministic model
As a preliminary analysis, we first consider the
deterministic version of model (3). Then we set
σ1 = σ2 = 0 in system (3), we obtain the following
deterministic system:{

dX1
dt = PX1

(
1− X1+αX2

K

)
− (Q1 +Q2)X1,

dX2
dt = r2X2

(
1− βX1+X2

K

)
+Q2X1.

(4)

Then the following three theorems establish the
existence of equilibrias and analyze their stability
properties for the system (4).

Theorem 1
(1) The trivial equilibrium point E0 = (0, 0) and the
boundary equilibrium point E1 = (0,K) always exist.

(2) Assume that

1− Q1 +Q2

P
> α (5)

holds. Then there exists a unique positive equilibrium point
E2 = (X∗1 , X

∗
2 ) in (4). In addition, system (4) has two

positive equilibria E1 = (X1
1 , X

1
2 ) and E2 = (X2

1 , X
2
2 ) if

conditions

0 < 1− Q1 +Q2

P
< α,

0 < − b

2a
<
K

α

(
1− Q1 +Q2

P

)
,

f

(
− b

2a

)
< 0

(6)

holds.
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Proof (2) We consider the case where both X∗1and
X∗2 are non-zero and setting dX1

dt = 0, dX2
dt = 0, get

X1 = K

(
1− Q1 +Q2

P

)
− αX2. (7)

Substitute (7) into the first equation of (4), obtaining
a quadratic equation in X2:

f(X2) = aX2
2 + bX2 + c, (8)

where a = r2(αβ−1)
K , c = Q2K

(
1− Q1+Q2

P

)
, and b =

r2

[
1− β

(
1− Q1+Q2

P

)]
− αQ2.

First, if condition (5) holds ,It can be calculated that

f

(
K

α
(1− Q1 +Q2

P
)

)
< 0, f(0) = c > 0.

Therefore, equation (8) has exactly one positive root
X∗2 in the interval

(
0, Kα (1− Q1+Q2

P )
)
. Thus, system

(4) has a unique positive equilibrium point (X∗1 , X∗2),
where X∗1 = K

(
1− Q1+Q2

P

)
− αX∗2 > 0.

If condition (6) holds, then it can be calculated that

f

(
K

α
(1− Q1 +Q2

P
)

)
> 0, f(0) = c > 0.

Besides, we also have f(− b
2a) < 0 ,thus equation (8)

has a positive root in
(
0,− b

2a

)
and another positive

root in
(
− b

2a ,
K
α (1− Q1+Q2

P )
)
. Thus, the system (4)

has two positive equilibrium points E1(X1
1 , X

1
2 ) and

E2(X2
1 , X

2
2 ).

Theorem 2
(1) The trivial equilibrium point E0(0, 0) is unstable.

(2) E1(0,K) is locally asymptotically stable if

1− Q1 +Q2

P
< α.

(3) E2(X
∗
1 , X

∗
2 ) is locally asymptotically stable if

1− Q1 +Q2

P
> α.

(4) If condition (6) is satisfied, then E1(X1
1 , X

1
2 ) is locally

asymptotically stable and E2(X2
1 , X

2
2 ) is a saddle point.

Proof (1) We can obtain the Jacobian matrix at the
equilibrium point as follows.

J =


P (1− 2X∗1 + αX∗2

K
)

− (Q1 +Q2)

−αP
K X∗1

−βr2
K X∗2 +Q2 r2(1−

βX∗1 + 2X∗2
K

)



At the equilibrium point E0, the Jacobian matrix J0 is

J0 =

(
P − (Q1 +Q2) 0

Q2 r2

)
.

Since r2 > 0, so the equilibrium point E0 is unstable.
(2) At the equilibrium point E1, the Jacobian matrix
J1 is

J1 =

(
P (1− α)− (Q1 +Q2) 0

−βr2 +Q2 −r2

)
.

Thus, if 1− Q1+Q2

p < α holds,the equilibrium point E1

is locally asymptotically stable.

(3) At the equilibrium point E2, the Jacobian matrix
is J ,and we have

Q1 +Q2 = P (1− X∗1 + αX∗2
K

),

r2(1−
βX∗1 + 2X∗2

K
) = −Q2

X∗1
X∗2

< 0

Thus,

trJ = −P
K
X∗1 −Q2

X∗1
X∗2

< 0, (9)

Furthermore, when αβ ≤ 1,

D := det J = −P
K
X∗1r2(1−

βX∗1 + 2X∗2
K

)

+
αP

K
X∗1Q2 −

αβPr2
K2

X∗1X
∗
2

=
PX∗1
K2

(r2(2− αβ)X∗2

+KQ2α− r2K + r2βX
∗
1 )

> 0.

(10)

If αβ > 1, the sign of the D is determined by

D1 = r2(2− αβ)X∗2 +KQ2α− r2K + r2βX
∗
1 , (11)

Substituting equation (7) into equation (11), we
obtain:

D1 = 2r2X
∗
2 (1− α)

−K
[
r2(1− β(1− Q1 +Q2

P
)) + αQ2

]
= −2Ka

(
X∗2 +

b

2a

)
.

(12)

Since αβ > 1, according to Theorem 3.1, there exists
one positive root for the input value curve, so X∗2 <
− b

2a . From equation (12), we get D1 > 0. Therefore,
from Hurwitz criterion indicates we know that all
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eigenvalues have negative real parts, and consequently,
the equilibrium point is locally asymptotically stable.
Similarly, we can obtain that the Jacobian determinant
at equilibrium point E1(X1

1 , X
1
2 ) is positive, while at

equilibrium point E2(X2
1 , X

2
2 ) it is negative.Hence,

Theorem 2 is proved.

Theorem 3
(1) E1(0,K) is globally asymptotically stable if

1− Q1 +Q2

P
< α.

(2) E2(X
∗
1 , X

∗
2 ) is globally asymptotically stable if

1− Q1 +Q2

P
> α.

Proof Let

f(X1, X2) = PX1

(
1− X1 + αX2

K

)
− (Q1 +Q2)X1,

g(X1, X2) = r2X2

(
1− βX1 +X2

K

)
+Q2X1.

Taking the Dulac function D(X1, X2) = 1
X1X2

, then

∂(Df)

∂X1
+
∂(Dg)

∂X2

= − 1

X2
1X2

[
PX1

(
1− X1 + αX2

K

)
− (Q1 +Q2)X1

]
+

1

X1X2

[
P

(
1− 2X1 + αX2

K

)
− (Q1 +Q2)

]
− 1

X1X2
2

[
r2X2

(
1− βX1 +X2

K

)
+Q2X1

]
+

1

X1X2

[
r2

(
1− βX1 + 2X2

K

)]
= −

(
P

KX2
+

Q

X2
2

+
r2
KX1

)
< 0.

By the Dulac criterion, system (4) has no closed orbits,
According to the Poincaré-Bendixson theorem and the
local stability of the these equilibrium points, we can
conclude that if 1 − Q1+Q2

P < α, then E1 is globally
stable. If 1 − Q1+Q2

P > α, then E2 is globally stable.
This completes the proof.

4 Analysis of stochastic model
4.1 Existence and uniqueness of the solution

Theorem 4 For any initial value (X1(0), X2(0)) ∈
R2
+, system (3)has a unique global positive solution:

(X1(t), X2(t)) ∈ R2
+ a.s.

Proof First , let us show that model (3) has a
unique local positive solution.Consider the following
equations:



dx(t) =
[
P
(

1− ex(t) + αey(t)

K

)
− (Q1 +Q2)−

1

2
σ21

]
dt+ σ1dB1(t),

dy(t) =
[
r2

(
1− βex(t) + ey(t)

K

)
+Q2

ex(t)

ey(t)

− 1

2
σ22

]
dt+ σ2dB2(t).

(13)
with initial data x(0) = lnX1(0), y(0) = lnX2(0).
Clearly, the coefficients of model (13) satisfy the
local Lipschitz condition, therefore (13) has a
unique local solution (x(t), y(t))T on [0, τc), where
τc represents the explosion time. According to Itô’s
formula,

(
X1(t) = ex(t), X2(t) = ey(t)

)
is the unique

local positive solution to (3). Now let us verify that
τc = +∞. Consider the following auxiliary systems:

dn(t) = n(t)[P −Q1 −Q2 −
P

K
n(t)

− αP

K
M(t)]dt+ σ1n(t)dB1(t), (14)

dN(t) = N(t)

[
P −Q1 −Q2 −

P

K
N(t)

]
dt

+ σ1N(t)dB1(t), (15)

dm(t) = m(t)

(
r2 −

βr2N(t)

K
− r2m(t)

K

)
dt

+ σ2m(t)dB2(t), (16)

dM(t) = M(t)

(
r2 +

Q2N(t)

m(t)
− r2M(t)

K

)
dt

+ σ2M(t)dB2(t). (17)

According to the comparison theorem of stochastic
differential equations [26], for t ∈ [0, τc),

n(t) ≤ X1(t) ≤ N(t),m(t) ≤ X2(t) ≤M(t) a.s. (18)
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Inspired by Theorem 2.2 in Jiang [16], we get

N(t) = exp
[
(P −Q1 −Q2 − 1

2σ
2
1)t+ σ1B1(t)

]
×
{

1

N(0)
+
P

K

∫ t

0
exp[σ1B1(s)]

× exp[(P −Q1 −Q2 − 1
2σ

2
1)s]ds

}−1
, (19)

n(t) = exp
[∫ t

0
(P −Q1 −Q2 − αM(s)

K P − 1
2σ

2
1)ds

]
× exp [σ1B1(t)]

{
1

n(0)
+
P

K

∫ t

0
eσ1B1(v)

× exp
[∫ v

0
(P −Q1 −Q2 − αM(s)

K P

− 1
2σ

2
1)ds

]
dv

}−1
, (20)

m(t) = exp
[∫ t

0
(r2 − βr2N(s)

K − 1
2σ

2
1)ds+ σ2B2(t)

]
×
{

1

m(0)
+
r2
K

∫ t

0
exp
[∫ v

0
(r2 − βr2N(s)

K

− 1
2σ

2
1)ds

]
exp
[
σ2B2(v)

]
dv

}−1
, (21)

M(t) = exp
[∫ t

0
(r2 + Q2N(s)

m(s) −
1
2σ

2
2)ds+ σ2B2(t)

]
×
{

1

M(0)
+
r2
K

∫ t

0
exp
[∫ v

0
(r2 + Q2N(s)

m(s)

− 1
2σ

2
2)ds

]
exp
[
σ2B2(v)

]
dv

}−1
. (22)

Note that N(t) > n(t) > 0, m(t) > 0, and M(t) > 0
hold for all t > 0, so tc = +∞.
Theorem 5 The positive solutions X(t) = (X1(t), X2(t))
of system (3) are stochastically ultimately bounded.

Proof Let V (t1, X2, X2) = et(Xq
1 +Xq

2), where p > 1.
By applying Itô’s formula we obtain,

dV (t,X1, X2)

= et(Xq
1 +Xq

2)dt+ qet(Xq−1
1 dX1 +Xq−1

2 dX2)

+
1

2
q(q − 1)et[Xq−2

1 (dX1)
2 +Xq−2

2 (dX2)
2]

≤ et[(1 + q(P +
1

2
(q − 1)σ21))Xq

1 −
qP

K
Xq+1

1 ]

+ et[qQ2X1X
q−1
2 + (1 + q(r2 +

q − 1

2
σ22))Xq

2

− qr2
K
Xq+1

2 ]dt+ qet
2∑
i=1

σiX
q
i dBi(t)

≤ et(Q1 +Q2)dt+ qet
2∑
i=1

σiX
q
i dBi(t),

(23)

where Q1, Q2 > 0 and denote H = Q1 + Q2,
Integrating both sides of equation (23) from 0 to t and
taking expectation yields,

E
[
et (Xq

1(t) +Xq
2(t))

]
≤ Xq

1(0) +Xq
2(0) +H(et − 1).

Hence,

E [Xq
1(t) +Xq

2(t)] ≤ e−t (Xq
1(0) +Xq

2(0))+H(1−e−t),

lim sup
t→+∞

E [Xq
1(t) +Xq

2(t)] ≤ H. (24)

Note that,

|X|q =
(
X2

1 +X2
2

) q
2 ≤ 2

q
2 (Xq

1 +Xq
2) . (25)

Therefore, from (24) and (25) , it follows that

lim sup
t→+∞

E [|X|q] < 2
q
2H.

For ∀ ε ∈ (0, 1), let M1 =
√

2
(
H
ε

) 1
q , By Chebyshev’s

inequality,

lim sup
t→+∞

P {|X| > M1} = lim sup
t→+∞

P {|X|q > M q
1}

<
2
q
2H

[
√

2(Hε )
1
q ]q

= ε.

Thus, the solution of this model is stochastically
ultimately bounded.

4.2 Persistence in mean and extinction

Theorem 6 Assume

P − (Q1 +Q2) <
1

2
σ21, (26)

Then we have the following assertions:
(1) Androgen-dependent cells X1 go to extinction.
(2) If

r2 −
σ22
2
< 0, (27)

then androgen-independent cells X2 go to extinction.
(3) If

r2 −
σ22
2
> 0, (28)

then androgen-independent cells X2 are persistent in mean.
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Proof (1) First,we prove the extinction of AD cells
X1 under condition (26). Applying Itô’s formula to
lnX1(t) and integrate it from 0 to t, we obtain

1

t
(lnX1(t)− lnX1(0))

= (P −Q1 −Q2 −
1

2
σ21)− P

K
〈X1(t)〉

− αP

K
〈X2(t)〉+ σ1

B1(t)

t

(29)

Taking the upper limit of (29) yields

lim sup
t→+∞

1

t
ln
X1(t)

X1(0)
≤ P −Q1 −Q2 −

1

2
σ21 < 0 a.s.

Therefore,
lim

t→+∞
X1(t) = 0 a.s.

That is to say , P (Ω1) = 1 holds, where Ω1 = {ω1 ∈
Ω : limt→∞X1(t, ω1) = 0}. As a consequence, for any
ω1 ∈ Ω1 and any small ε1 > 0, there exists a constant
T1(ε1, ω1) > 0 such that

X1(t, ω1) < ε1 for t ≥ T1. (30)

(2) We now proceed to prove the extinction of
androgen-independent cells X2 under condition (26)
and (27) .

dX2 =

[
r2X2

(
1− βX1 +X2

K

)
+Q2X1

]
dt

+ σ2X2dB2(t)

≤ (Q2X1 + r2X2)dt+ σ2X2dB2(t).

Recalling the equation (30) ,for t > T1, and ω1 ∈ Ω1,
we have:

dX2(t, ω1) ≤ [Q2ε1 + r2X2(t, ω1)]dt

+ σ2X2(t, ω1)dB2(t, ω1),

Set

dϕ(t, ω1) = [Q2ε1 + r2ϕ(t, ω1)]dt

+ σ2ϕ(t, ω1)dB2(t, ω1), (31)

with initial value ϕ(0, ω1) = X2(0, ω1). The solution of
(31) is

ϕ(t, ω1) = ϕ(0, ω1) exp
[
(r2 −

1

2
σ22)t+ σ2B2(t, ω1)

]
+Q2ε1

∫ t

0
exp

[
(r2 −

1

2
σ22)(t− s)

+ σ2(B2(t, ω1)−B2(s, ω1))
]
ds,

(32)

According to Lemma 1, for any ε1 ∈ (0, 1), there exists
a large T2 such that∣∣∣∣B2(t, ω1)−B2(s, ω1)

t− s

∣∣∣∣ < ε1, ∀ t− s > T2 (33)

Without losing generality, we assume that equation
(33) is valid for any ω1 ∈ Ω1.Hence, for all t > T2,

ϕ(t, ω1) ≤ ϕ(0, ω1)e
L1t + ε1Q2(I1 +

eL1t − eL1T2

L1
)

(34)

where

L1 = r2 −
1

2
σ22 + σ2ε1 < 0

I1 =

∫ T2

0
e[(r2−

1
2
σ2
2)v+σ2(B2(t,ω1)−B2(t−v,ω1))]dv

According to Kolmogorov theorem [27], for all t ≥
T2,there is a positive constantM2 such that,

I1 ≤M2 a.s (35)

Taking the superior limit of (34) we obtain that,

lim sup
t→+∞

ϕ(t, ω1) ≤ Q2ε1(M2 −
eL1T2

L1
),

The arbitrariness of ε1 leads to

lim sup
t→+∞

ϕ(t, ω1) = 0.

From the comparison theorem, we obtain that for all
ω1 ∈ Ω1,

lim sup
t→+∞

X2(t, ω1) = 0,

In view of P (Ω1) = 1,we conclude that

lim
t→+∞

X2(t) = 0 a.s.

(3)Now, we show that androgen-independent cellsX2

will be persistent in mean when (26) and (28) holds.
Applying Itô’s formula to lnX2(t) and integrate it from
0 to t.

lnX2(t)− lnX2(0)

= (r2 − 1
2σ

2
2)t− r2β

K

∫ t

0
X1(s) ds

− r2
K

∫ t

0
X2(s) ds+Q2

∫ t

0

X1(s)

X2(s)
ds+ σ2B2(t)
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According to equation (30), we can obtain that for any
ω1 ∈ Ω1 and t > T1

ln
X2(t, ω1)

X2(0, ω1)
≥ (r2 − 1

2σ
2
2 −

r2βε1
K )t

− r2
K

∫ t

0
X2(s)ds+ σ2B2(t),

From Lemma 2 and (28), we have

lim inf
t→+∞

1

t

∫ t

0
X2(s, ω1)ds ≥

K

r2
(r2 −

r2βε1
K
− 1

2
σ22),

By the arbitrariness of ε1 and P (Ω1) = 1, we obtain

lim sup
t→+∞

1

t

∫ t

0
X2(s)ds > 0. a.s.

This completes the proof.

Theorem 7 Assume

P − (Q1 +Q2) >
1

2
σ21, (36)

Then we have the following assertions:
(i) Androgen-independent cellsX2 are persistent inmean.

(ii)

r2 −
σ22
2
6= 0, P − (Q1 +Q2)−

σ21
2
>
Pα

r2
(r2 −

σ22
2

),

(37)

then androgen-dependent cells X1 are persistent in mean.
(iii) If one of the following two conditions is satisfied,

(a)αβ ≤ 1, P − (Q1 +Q2)−
σ22
2
<
Pα

r2
(r2 −

σ22
2

),

(38)

(b)αβ > 1, P − (Q1 +Q2)−
σ22
2
<

P

βr2
(r2 −

σ22
2

),

(39)

then androgen-dependent cells X1 will go to extinction.

Proof (i) Now, let us proof the persistence of AI
cells X2 by contradiction. Assume that X2 are not
persistent in mean, which means for Ω2 = {ω1 ∈ Ω2 :
〈X2(ω1)〉∗ = 0}, P (Ω2) > 0 holds. Let ω1 ∈ Ω2, for any
ε2 > 0, there exist a large T3 > 0 such that:

〈X2(ω1)〉t < ε2, for all t ≥ T3 (40)

From the solution of the first equation in (3), we can
obtain that

1

X1(t, ω1)
=

1

X1(0)
exp

[
− t(P − Pα

K
〈X2(ω1)〉t

− (Q1 +Q2)−
1

2
σ21 + σ1

B1(t, ω1)

t
)
]

+
P

K

∫ t

0
exp

[
(t− s)(−P +Q1 +Q2

+
σ21
2

+ σ1
B1(s, ω1)−B1(t, ω1)

t− s
)

+
Pα

K

∫ t

s
X2(τ, ω1)dτ

]
ds

(41)
According to Lemma 1, for the ε2 > 0, there is a large
T4 such that∣∣∣∣B1(t, ω1)−B1(s, ω1)

t− s

∣∣∣∣ < ε2 for all t− s > T4,

(42)

Without loss of generality, assume that (42) holds for
all ω1 ∈ Ω2, using the inequality (40), we see that for
all t > T1 := T3 ∨ T4,

1

X1(t, ω1)
≤ 1

X(0)
eL2t +

P

K
[I2 +

eL2t − eL2T1

L2
] (43)

where

L2 = Q1 − P +Q2 +
1

2
σ21 +

(
σ1 +

Pα

K

)
ε2 < 0,

I2 =

∫ T1

0
exp

[
v

(
−P +Q1 +Q2 +

1

2
σ21

+ σ1
B1(t− v, ω1)−B1(t, ω1)

v

)
+
Pα

K

∫ v

0
X2(θ, ω1)dθ

]
dv

Applying the Kolmogorov Theorem [27], we obtain
that there exists a constantM3 > 0, such that

I2 ≤M3, t > T1

thus ,from (43) we obtain

lim sup
t→+∞

1

X1(t, ω1)
≤ P

K
(M3 −

1

L2
eL2T1)

That is to say, there is a positive constant ξ1such that

X1(t, ω1) ≥ ξ1, t > T1. (44)
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In addition, from Theorem 2, we see that there exists
positive constant M4 and T5 such that for all t ≥ T5,
X1(t) ≤M4 and X2(t) ≤M4 a.s.

Consequently, for all t ≥ T2 := T5 ∨ T1 and ω1 ∈ Ω2,
we obtain

dX2(t, ω1) ≥ [r2X2(1−
βM4

K
− M4

K
) +Q2ξ1]dt

+ σ2X2dB2(t)

As a result,

X2(t, ω1) ≥ X2(0)e
t
[
r2
(
1−βM4+M4

K

)
− 1

2
σ2
2+σ2

B2(t,ω1)
t

]

+Q2ξ1

∫ t

0
eσ2
(
B2(t,ω1)−B2(s,ω1)

)
· e(t−s)

(
r2
(
1−βM4+M4

K

)
− 1

2
σ2
2

)
ds

(45)

According to Lemma 1, we see for any ε3 > 0, there
exists a large T6 such that∣∣∣∣B2(t, ω1)−B2(s, ω1)

t− s

∣∣∣∣ < ε3,∀t− s > T6 a.s. (46)

In general, we assumed that (46) holds for all ω1 ∈ Ω2,
we see that for all t > T3 := T6 ∨T2,

X2(t, ω1) ≥ Q2ξ1

∫ t

T3

eL3vdv

where

L3 := r2(1−
βM4 +M4

K
)− σ22

2
+ σ2ε3

If L3 6= 0, then for all t ≥ T3,

X2(t, ω1) ≥
Q2ξ1
L3

(eL3t − eL3T3).

If L3 = 0, then for all t ≥ T3,

X2(t, ω1) ≥ Q2ξ1(t−T3).

Thus,

lim inf
t→+∞

X2(t, ω1) = +∞, L3 ≥ 0,

lim inf
t→+∞

X2(t, ω1) ≥ −
Q2ξ1
L3

eL3T3 > 0, L3 < 0,

which contradicts the previous hypothesis, thusX2 are
persistent in mean.

(ii) Next, we employ the method of proof by
contradiction, assuming that the AD cells X1 are
not persistent in mean. Thus there exists Ω3 =
{ω1, < X1(ω1) >

∗
t= 0} with P (Ω3) > 0. Let ω1 ∈ Ω3,

for any ε4 > 0, there exists T7 > 0 such that

〈X1(ω)〉∗ < ε4, t > T7. (47)

We now discuss the following two cases separately. For
the first case: r2 −

σ2
2
2 > 0, from the second equation

of (3) we get:

dX2 ≥ (r2 −
r2β

K
X1 −

r2
K
X2)X2dt

+ σ2X2dB2(t), for all t ≥ 0 a.s.

Thus,

1

X2(t)
≤ 1

X2(0)
e
−t
(
r2−

σ22
2
− r2β

K
〈X1〉t+σ2B2(t)

t

)

+
r2
K

∫ t

0
e
(t−s)

(
−r2+

σ22
2
−σ2 B2(s)−B2(t)

t−s

)

· e
r2β
K

∫ t
s X1(v)dvds

(48)

we noticed that for the ε4 > 0, there is a large T8 > 0
such that∣∣∣∣B2(t, ω1)−B2(s, ω1)

t− s

∣∣∣∣ < ε4, ∀t− s > T8. (49)

It is supposed that (49) is valid for any ω1 ∈ Ω3 in
general. Substituting (49) and (47) into (48),we see
that for all t > T4 := T7 ∨ T8,

1

X2(t, ω1)
≤ 1

X2(0)
etL4 +

r2
K

(I3 +
eL4t − eL4T4

L4
)

(50)

where

L4 = −r2 +
σ22
2

+

(
r2β

K
+ σ2

)
ε4

I3 =

∫ T4

0
e
v

(
−r2+

σ22
2

)
+σ2
(
B2(t−v,ω1)−B2(t,ω1)

)
· e

r2β
K

∫ v
0 X1(θ,ω1)dθdv

From the Kolmogorov Theorem, there exists aM5 > 0
such that

I3 ≤M5, t > T4

then for all ω1 ∈ Ω3, we obtain

lim sup
t→+∞

1

X2(t, ω1)
≤ r2
K

(M5 −
eL4T4

L4
)
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Thus, there is a η1 > 0 such that,

X2(t, ω1) ≥ η1, for all t ≥ T4. (51)

Besides, from the equation (3) we have

t−1
(
lnX1(t)− lnX1(0)

)
= P −Q1 −Q2 −

σ21
2
− P

K
〈X1〉t

− Pα

K
〈X2〉t +

σ1B1(t)

t
(52)

t−1
(
lnX2(t)− lnX2(0)

)
= r2 −

σ22
2
− r2β

K
〈X1〉t −

r2
K
〈X2〉t

+Q2

〈X1

X2

〉
t
+
σ2B2(t)

t
(53)

From (52) and (53) we see for all ω1 ∈ Ω3, t ≥ T4

t−1
(

lnX1(t, ω1)−
Pα

r2
lnX2(t, ω1)

)
= t−1

(
lnX1(0)− Pα

r2
lnX2(0)

)
+ P −Q1 −Q2

− σ21
2
− P

K
(1− αβ)〈X1〉t −

Pα

r2

(
r2 −

σ22
2

)
+
σ1B1(t)

t
+
PQ2α

r2

〈
X1

X2

〉
t

− Pα

r2

σ2B2(t)

t

≥ t−1
(

lnX1(0)− Pα

r2
lnX2(0)

)
+ P −Q1 −Q2

− σ21
2
− Pα

r2

(
r2 −

σ22
2

)
− Pα

r2

σ2B2(t)

t

+
σ1B1(t)

t
− P

K

(
1− αβ +

KαQ2

r2η1

)
〈X1(ω1)〉t

(54)
From (51) and the boundedness of X2(t), we get

lim
t→+∞

lnX2(t)

t
= 0, lim sup

t→+∞

lnX1(t)

t
≤ 0 ,

Moreover, taking the limit on both sides of (54) we get

0 ≥ P −Q1 −Q2 −
σ21
2
− αP

r2
(r2 −

σ22
2

) > 0.

Thus, we led to a contradiction, X1 is persistent in
mean.

Under the condition that r2 −
σ2
2
2 < 0, from the second

equation of (3) we have

X2(t) ≤ X2(0) exp

[
t

(
r2 −

σ22
2

+
B2(t)

t

)]
+Q2

∫ t

0
e(t−s)(r2−

σ22
2
)+B2(t)−B2(s)X1(s)ds

Thus,

∫ t

0
X2(τ)dτ ≤ X2(0)I4 +Q2L5 (55)

where

I4 =

∫ t

0
eτ(r2−

σ22
2
+
B2(τ)
τ

)dτ,

L5 =

∫ t

0

∫ τ

0
e(τ−s)(r2−

σ22
2
)+B2(τ)−B2(s)X1(s)dsdτ.

Let us choose ε4 such that

r2 −
1

2
σ22 + ε4 < 0. (56)

For all ω1 ∈ Ω3 , t ≥ T4, using equation (49)and the
properties of Brownian motion, there exists a positive
constant S1 such that

I4(t, ω1) =

∫ t

0
eτ(r2−

σ22
2
+
B2(τ,ω1)

τ
)dτ

≤
∫ T4

0
eτ(r2−

σ22
2
)+B2(τ,ω1)dτ

+

∫ t

T4

eτ(r2−
1
2
σ2
2+ε4)dτ

=

∫ T4

0
eτ(r2−

σ22
2
)+B2(τ,ω1)dτ

− (r2 −
1

2
σ22 + ε4)

−1e(r2−
1
2
σ2
2+ε4)T4dτds

≤ S1

Reversing the order of integration in L5 and using

46



Journal of Mathematics and Interdisciplinary Applications

equation (56), we see

L5(t, ω1) =

∫ T4

0
e
−s
(
r2−

σ22
2

)
−B2(s,ω1)

X1(s, ω1)

×
∫ T4

s
e
τ

(
r2−

σ22
2

)
+B2(τ,ω1)

dτ ds

+

∫ T4

0
e
−s
(
r2−

σ22
2

)
−B2(s,ω1)

X1(s, ω1)

×
∫ t

T4

e
τ

(
r2−

σ22
2

)
+B2(τ,ω1)

dτ ds

+

∫ t

T4

e
−s
(
r2−

σ22
2

)
−B2(s,ω1)

X1(s, ω1)

×
∫ t

s
e
τ

(
r2−

σ22
2

)
+B2(τ,ω1)

dτ ds (57)

We know that the integration intervals of the first and
second terms on the right-hand side of the expression
are finite, and their integrands are bounded. Therefore,
they are both bounded by some positive constant S2.
Furthermore, from (46), it follows that the third term
on the right-hand side has the upper bound. Thus, we
have

1

t

∫ t

0
X2(τ, ω1)dτ ≤ X2(0, ω1)

S1
t

+Q2

(2S2
t

− e2ε4(
r2 −

σ2
2
2 + ε4

)〈X1(ω1)〉t
)
(58)

which holds for for all t ≥ T4 and ω1 ∈ Ω3. Taking
the superior limit on both sides of (58), we get

〈X2(ω1)〉∗ ≤
Q2e

2ε4

−(r2 −
σ2
2
2 + ε4)

〈X1(ω1)〉∗, ∀ ω1 ∈ Ω3.

(59)

Since for ∀ ω1 ∈ Ω3 we have

〈X1(ω1)〉∗ = 0.

From (59) we get, 〈X2(ω1)〉∗ = 0, ∀ ω1 ∈ Ω3

This contradicts the mean persistence of X1 stated in
(i). Hence, X1 is persistent in mean.

(iii) From the two equations (52) and (53), we obtain

t−1
(

lnX1(t)−
Pα

r2
lnX2(t)

)
≤ t−1

(
lnX1(0)− Pα

r2
lnX2(0)

)
+ P −Q1 −Q2

− 1

2
σ21 −

Pα

r2

(
r2 −

1

2
σ22

)
− P

K
(1− αβ)〈X1〉t

+ σ1
B1(t)

t
− Pα

r2
σ2
B2(t)

t
(60)

Taking the superior limit on both sides of equation (60)
and when condition (a) holds, we get

lim sup
t→+∞

[
t−1
(

lnX1(t)−
Pα

r2
lnX2(t)

)]
≤ P −Q1 −Q2 −

1

2
σ21 −

Pα

r2

(
r2 −

1

2
σ22

)
< 0

Therefore,
lim sup
t→+∞

X1(t)

X2(t)
Pα
r2

= 0

Since Theorem 2 shows thatX2(t) has an upper bound
G, then

0 ≤ X1(t)

G
Pα
r2

≤ X1(t)

X2(t)
Pα
r2

a.s.

Taking the superior limit on both sides of the above
inequality yields

lim sup
t→+∞

X1(t)

G
Pα
r2

= 0 a.s. (61)

Using the two equations (52) and (53), we obtain

t−1
(

lnX1(t)−
P

βr2
lnX2(t)

)
≤ t−1

(
lnX1(0)− P

βr2
lnX2(0)

)
+ P

−Q1 −Q2 −
1

2
σ21 −

P

βr2

(
r2 −

1

2
σ22

)
+

P

Kβ
(1− αβ)〈X2〉t + σ1

B1(t)

t
− σ2

P

βr2

B2(t)

t
,

(62)

Taking the superior limit on both sides of the above
equation gives

lim sup
t→+∞

[
t−1
(

lnX1(t)−
P

βr2
lnX2(t)

)]
≤ P −Q1 −Q2 −

1

2
σ21 −

P

βr2

(
r2 −

1

2
σ22

)
< 0.
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Table 1. Main parameters values.

Parameter Biological Meaning Value Source

r1 Proliferation rate of AD cells 0.025/day [12]
d1 AD cancer cell death rate 0.064/day [12]
m1 Maximum mutation rate (AD→ AI cells) 0.00005/day [12]
r2 Net proliferation rate of AI cells 0.006/day [12]
K Cancer cells carrying capacity 11× 106 [12]
a0 Basal level androgen concentration 20 nmol/L [10]
γ Androgen clearance/production rate 0.08/day [12]

Using the same method, we obtain

lim sup
t→+∞

X1(t)

G
P
βr2

= 0, (63)

From the above conclusions, it follows that

lim
t→+∞

X1(t) = 0 a.s.

5 Numerical simulations
In this section, we investigate the combined effects
of random perturbations and treatment strategies on
tumor dynamics, we perform a numerical simulation
analysis ofmodel (2). Table 1 lists themain parameters
of our model and their sources.

In Figure 1, the initial values of the solution were fixed
as X1(0) = 15× 106, X2(0) = 0.1× 106, and the other
parameter values are as follows: α = 0.9, β = 0.8
and T = 100. We set σ1 = 0.2, σ2 = 0.9, by simple
calculation gets P − (Q1 + Q2) −

σ2
1
2 > Pα

r2
(r2 −

σ2
1
2 ), P − (Q1 + Q2) >

σ2
1
2 , from Theorem 7, the AD

cells become persistent in the mean (Figure 1(a)). If
we set σ1 = 0.9, σ2 = 0.1, then P − (Q1 + Q2) <
σ2
1
2 , r2 −

σ2
2
2 > 0. Conditions (3) of Theorem 6 show

that AI cancer cells are persistent (Figure 1(b)); If we
set σ1 = 0.9, σ2 = 0.02, then P − (Q1 + Q2) <

σ2
1
2 , as

shown by Condition (1) of Theorem 6, AD cells tend
to extinction (Figure 1(c)); If we set σ1 = 0.9, σ2 = 0.7,
then we get P − (Q1 +Q2) <

σ2
1
2 , r2−

σ2
2
2 < 0, Theorem

6 (2) states that androgen-independent cells go to
extinction. A comparison of the four subfigures in
Figure 1 reveals that when the random perturbation
intensity reaches a certain threshold, the proliferation
of both AD and AI cells will be effectively suppressed
and ultimately lead to their complete eradication.

In Figure 2, we fix α = 0.7, β = 0.9, σ1 = 0.03 and
σ2 = 0.02, the other parameter we set as same as
Figure 1, then modified the parameter δ to assess its
influence on the progression of AD and AI cells under
IAD therapy. The condition r2−

σ2
2
2 > 0 guaranteed by

this parameter set, together with the analytical results
from Theorems 6(3) , implies that AI cells persist
regardless of the chosen δ, confirming that complete
tumor eradication via IAD is unattainable in this
scenario. The simulations reveal a critical dependence
of tumor severity and controllability on δ. For 0.1 ≤
δ ≤ 0.5, both AD and AI cells coexist. In this regime,
AD cells act as stronger competitors, suppressing AI
cells to a manageable level and maintaining the tumor
in a controllable state. In contrast, for δ > 0.5 , a drastic
shift occurs: AD cells tend toward extinction, while AI
cells proliferate rapidly. This transition signifies the
progression to a more lethal, treatment-resistant form
of the disease: metastatic castration-resistant prostate
cancer. Therefore, the simulations identify δ = 0.5
as the approximate optimal value to control AD and
AI cells. A treatment strategy with δ ≤ 0.5 produces
superior results by leveraging competitive suppression
to delay AI dominance, thereby extending the window
of disease controllability.

In Figure 3, we fix σ1 = 0.03, σ2 = 0.02, δ = 0.5
and the other parameters as set in Figure 1. By
comparing the two subgraphs in Figure 3, we find
that when T is very small (i.e., androgen deprivation is
performedwith high frequency), the average hormone
level within the cycle decreases. The net growth rate of
AD cells turns negative and is continuously converted
to AI cells, leading to rapid decline and eventual
extinction. However, once AD cells are almost extinct,
the pressure of resource competition eases and AI
cells will quickly approach the carrying capacity limit,
occupy a dominant position, and ultimately result
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(a) (b)

(c) (d)

Figure 1. The effects of white noise on AD and AI cells.
(a) δ = 0.1 (b) δ = 0.5 (c) δ = 0.9

Figure 2. Treatment effects under different IAD efficacy levels.

in the progression of cancer to mCPRC. In contrast,
when the interval T of androgen deprivation is long,
AD cells can be maintained and AI cells suppressed
through competition. Although AI cells accumulate

slowly, they are difficult to surpass, and eventually
AD cells and AI cells coexist. It can be seen that an
excessively high deprivation frequency will accelerate
the emergence of AI cells, while the appropriate
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(a) T = 7 (b) T = 100

Figure 3. Effect of Pulse Frequency on AD and AI Cells.
(a) α = 0.9, β = 0.1 (b) α = 0.9, β = 0.5 (c) α = 0.1, β = 0.9

(d) α = 0.5, β = 0.9 (e) α = 0.5, β = 0.5 (f) α = 0.8, β = 0.9

Figure 4. Population dynamics of AD and AI cells under different competition coefficients(α, β).

prolongation or adaptive adjustment of the deprivation
frequency to retain a certain population of AD cells is
expected to use ecological competition to delay drug
resistance and manage the total cell load in a more
controllable manner.

In Figure 4, we clearly reveal three typical outcomes
of the competition between AD and AI cells

through random dynamical simulations under six
different parameter sets: When α/β > 1, AI cells
ultimately dominate and induce resistance; when α
is significantly smaller than β, AD cells can maintain
a long-term advantage, effectively delaying disease
progression and when the competition strengths of
both are comparable, the system exhibits long-term
coexistence. Therefore, the competition ratio α/β is a
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key factor in determining the fate of cancer cells and
the onset of clinical resistance. Thus, increasing β and
decreasing α is a core therapeutic strategy for delaying
the onset of mCRPC.

6 Discussion
This study develops a stochastic pulsed dynamical
model to elucidate the synergistic regulatory
mechanisms of noise perturbations, therapeutic
parameters and cellular competition on the evolution
of prostate cancer under intermittent androgen
deprivation therapy. We first prove the existence
and uniqueness of a global positive solution for the
stochastic system and analyze its stochastic ultimate
boundedness. The results indicate that both types
of cancer cells can be effectively controlled within a
finite range without unlimited growth during prostate
cancer treatment.

Using Itô’s formula and the strong law of large
numbers for local martingales, we establish precise
threshold conditions for the extinction and mean
persistence of both AD and AI cells. Theoretical
analysis shows that when the conditions P −
(Q1 + Q2) < σ21/2 and r2 < σ22/2 are satisfied,
both types of cancer cells tend toward extinction.
Conversely, when P − (Q1 +Q2) > σ21/2 and specific
competition conditions aremet, the systemmay exhibit
a coexistent state. These threshold conditions clearly
delineate the dual role of stochastic noise in tumor
evolution: appropriate noise intensity can promote
tumor regression, whereas insufficient noise may lead
to drug resistance.

Compared to existing studies, the theoretical
innovation of this work lies in simultaneously
considering pulsed therapeutic effects and stochastic
noise disturbances, for the first time establishing
analytical threshold conditions for cell survival
and extinction, providing a quantitative basis for
understanding the evolution of tumor drug resistance.
The study finds that stochastic noise intensity
exhibits a critical threshold effect. When noise
exceeds a critical value, both AD and AI cells can be
driven to extinction, offering a novel perspective for
utilizing therapy-induced stochastic fluctuations to
achieve tumor eradication and breaking through the
traditional cognition of deterministic models.

Furthermore, the competition coefficient ratio α/β is
identified as a core factor determining therapeutic
outcomes. When α/β < 1, AD cells can persistently

suppress AI cells through ecological competition,
significantly delaying the onset of drug resistance. This
finding suggests that therapeutic strategies should
not only focus on androgen suppression but also
pay attention to modulating the competitive balance
between cell populations.

The parameter δ also emerges as another key
modulator of tumor controllability. Simulations in
Figure 2 identify δ = 0.5 as the approximate optimal
value. Below this threshold, AD cells persist and
competitively suppress AI populations, maintaining
the tumor in amanageable state. Conversely, when δ >
0.5, AD cells are rapidly driven to extinction, releasing
AI cells from competitive pressure and accelerating
progression to mCRPC. This nonlinear response
underscores the risk of over-treatment and aligns
with clinical observations that excessive androgen
suppression may hasten drug resistance.

This study has initially revealed the stochastic dynamic
characteristics of prostate cancer under intermittent
androgen suppression, yet limitations remain, which
also point out directions for future in-depth research.
Future studies should focus on integrating the
metabolic interaction mechanisms between AD and
AI cells, and quantifying the role of the resource
compensation effect in tumor evolution. Meanwhile,
it is necessary to construct a multi-dimensional
model that incorporates immune cell infiltration and
treatment heterogeneity to simulate the efficacy of
combined ADT and immune checkpoint inhibitors.
Such integrated models will serve as a key bridge
for translating theories into the practice of precise
combined therapy.

7 Conclusion
This study proposed and analyzed a stochastic
impulsivemodel for prostate cancer under intermittent
androgen deprivation therapy, incorporating
environmental noise, periodic treatment pulses,
and asymmetric competition between AD and AI
cells. We established the existence and uniqueness
of a global positive solution and derived sufficient
conditions for cell extinction and mean persistence.
Theoretical analysis reveals that stochastic noise
exhibits a threshold effect: when intensities
exceed critical values, both cell types can be
driven to extinction, suggesting that appropriately
harnessed fluctuations may contribute to tumor
control. Numerical simulations yield key clinical
insights: (i) moderate noise suppresses tumor
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growth; (ii) treatment intensity δ exhibits nonlinear
effects—moderate suppression (δ ≤ 0.5) preserves
AD cells to competitively delay AI dominance, while
over-treatment (δ > 0.5) accelerates AD depletion
and hastens castration-resistant progression; (iii)
excessively high-frequency deprivation impairs
AD recovery and promotes AI outgrowth; (iv) the
competition ratio α/β is decisive—lower values favor
AD persistence and delay resistance. These findings
provide a quantitative framework linking IAD
parameters, stochastic fluctuations, and intercellular
competition to prostate cancer outcomes, suggesting
that moderate, well-timed androgen suppression may
be more effective than maximal continuous blockade.

Future work should incorporate immune dynamics,
metabolic interactions, and combination therapies to
enhance translational potential toward personalized,
evolution-informed cancer treatment.

Data Availability Statement

Data will be made available on request.

Funding
This work was supported by the National Natural
Science Foundation of China under Grant 12271068
and Grant 12301618.

Conflicts of Interest
The authors declare no conflicts of interest.

AI Use Statement

The authors declare that no generative AI was used in
the preparation of this manuscript.

Ethical Approval and Consent to Participate

Not applicable.

References
[1] Kimura, S., & Kimura, T. (2021). Diagnosis and

treatment of prostate adenocarcinoma.Cancers, 13(15),
3660. [CrossRef]

[2] Rawla, P. (2019). Epidemiology of prostate cancer.
World journal of oncology, 10(2), 63. [CrossRef]

[3] Liu, S., Jiang, A., Tang, F., Duan, M., & Li, B.
(2025). Drug-induced tolerant persisters in tumor:
mechanism, vulnerability and perspective implication

for clinical treatment. Molecular cancer, 24(1), 150.
[CrossRef]

[4] Siegel, R. L., Miller, K. D., Wagle, N. S., & Jemal, A.
(2023). Cancer statistics, 2023. CA: a cancer journal for
clinicians, 73(1), 17-48. [CrossRef]

[5] West, J. B., Dinh, M. N., Brown, J. S., Zhang, J.,
Anderson, A. R., & Gatenby, R. A. (2019). Multidrug
cancer therapy in metastatic castrate-resistant prostate
cancer: an evolution-based strategy. Clinical Cancer
Research, 25(14), 4413-4421. [CrossRef]

[6] Lonergan, P. E., & Tindall, D. J. (2011). Androgen
receptor signaling in prostate cancer development and
progression. Journal of carcinogenesis, 10, 20. [CrossRef]

[7] Suzuki, H., Ueda, T., Ichikawa, T., & Ito, H. (2003).
Androgen receptor involvement in the progression of
prostate cancer. Endocrine-related cancer, 10(2), 209-216.
[CrossRef]

[8] Feng, Q., &He, B. (2019). Androgen receptor signaling
in the development of castration-resistant prostate
cancer. Frontiers in Oncology, 9, 858. [CrossRef]

[9] Perera, M., Roberts, M. J., Klotz, L., Higano, C. S.,
Papa, N., Sengupta, S., ... & Lawrentschuk, N. (2020).
Intermittent versus continuous androgen deprivation
therapy for advanced prostate cancer. Nature Reviews
Urology, 17(8), 469-481. [CrossRef]

[10] Ideta, A. M., Tanaka, G., Takeuchi, T., & Aihara,
K. (2008). A mathematical model of intermittent
androgen suppression for prostate cancer. Journal of
nonlinear science, 18(6), 593. [CrossRef]

[11] Tanaka, G., Hirata, Y., Goldenberg, S. L., Bruchovsky,
N., & Aihara, K. (2010). Mathematical modelling of
prostate cancer growth and its application to hormone
therapy. Philosophical Transactions of the Royal Society
A: Mathematical, Physical and Engineering Sciences,
368(1930), 5029-5044. [CrossRef]

[12] Rutter, E. M., & Kuang, Y. (2017). Global dynamics
of a model of joint hormone treatment with
dendritic cell vaccine for prostate cancer. Discrete
and Continuous Dynamical Systems-Series B, 22(3),
1001–1021. [CrossRef]

[13] Zazoua, A., & Wang, W. (2019). Analysis of
mathematical model of prostate cancer with androgen
deprivation therapy. Communications in Nonlinear
Science and Numerical Simulation, 66, 41–60. [CrossRef]

[14] Yang, H., & Tan, Y. (2021). Dynamic behavior of
prostate cancer cells under antitumor immunity and
pulse vaccination in a random environment. Nonlinear
Dynamics, 105(3), 2645-2664. [CrossRef]

[15] Maitland, N. J. (2021). Resistance to antiandrogens in
prostate cancer: is it inevitable, intrinsic or induced?.
Cancers, 13(2), 327. [CrossRef]

[16] Jiang, D., & Shi, N. (2005). A note on nonautonomous
logistic equation with random perturbation. Journal of
Mathematical Analysis and Applications, 303(1), 164-172.
[CrossRef]

52

https://doi.org/10.3390/cancers13153660
https://doi.org/10.14740/wjon1191
https://doi.org/10.1186/s12943-025-02323-9
https://doi.org/10.3322/caac.21763
https://doi.org/10.1158/1078-0432.CCR-19-0006
https://doi.org/10.4103/1477-3163.83937
https://doi.org/10.1677/erc.0.0100209
https://doi.org/10.3389/fonc.2019.00858
https://doi.org/10.1038/s41585-020-0335-7
https://doi.org/10.1007/s00332-008-9031-0
https://doi.org/10.1098/rsta.2010.0221
https://doi.org/10.3934/dcdsb.2017050
https://doi.org/10.1016/j.cnsns.2018.06.004
https://doi.org/10.1007/s11071-021-06614-w
https://doi.org/10.3390/cancers13020327
https://doi.org/10.1016/j.jmaa.2004.08.027


Journal of Mathematics and Interdisciplinary Applications

[17] Ceder, Y., Bjartell, A., Culig, Z., Rubin, M. A., Tomlins,
S., & Visakorpi, T. (2016). The molecular evolution of
castration-resistant prostate cancer. European Urology
Focus, 2(5), 506-513. [CrossRef]

[18] Culig, Z., & Santer, F. R. (2014). Androgen receptor
signaling in prostate cancer. Cancer and Metastasis
Reviews, 33(2), 413-427. [CrossRef]

[19] Choi, E., Buie, J., Camacho, J., Sharma, P., & de
Riese, W. T. (2022). Evolution of androgen deprivation
therapy (ADT) and its new emerging modalities in
prostate cancer: an update for practicing urologists,
clinicians and medical providers. Research and reports
in urology, 87-108. [CrossRef]

[20] Baez, J., & Kuang, Y. (2016). Mathematical models of
androgen resistance in prostate cancer patients under
intermittent androgen suppression therapy. Applied
Sciences, 6(11), 352. [CrossRef]

[21] Li, D., Xu, W., Guo, Y., & Xu, Y. (2011). Fluctuations
induced extinction and stochastic resonance effect in
a model of tumor growth with periodic treatment.
Physics Letters A, 375(5), 886-890. [CrossRef]

[22] Li, D., Xu, W., Sun, C., & Wang, L. (2012). Stochastic
fluctuation induced the competition between
extinction and recurrence in a model of tumor growth.
Physics Letters A, 376(22), 1771-1776. [CrossRef]

[23] Yang, J., Tan, Y., & Cheke, R. A. (2019). Thresholds
for extinction and proliferation in a stochastic
tumour-immune model with pulsed comprehensive
therapy. Communications in Nonlinear Science and
Numerical Simulation, 73, 363-378. [CrossRef]

[24] Yang, H., Tan, Y., Yang, J., & Liu, Z. (2021). Extinction
and persistence of a tumor-immune model with white
noise and pulsed comprehensive therapy. Mathematics
and Computers in Simulation, 182, 456-470. [CrossRef]

[25] Liu, M., Wang, K., & Wu, Q. (2011). Survival
analysis of stochastic competitive models in a polluted
environment and stochastic competitive exclusion
principle. Bulletin of mathematical biology, 73(9),
1969-2012. [CrossRef]

[26] Huang, Z. Y. (1984). A comparison theorem for

solutions of stochastic differential equations and its
applications. Proceedings of the American Mathematical
Society, 91(4), 611-617. [CrossRef]

[27] Koralov, L., & Sinai, Y. (2012). Theory of Probability and
Random Processes (2nd ed.). Springer. [CrossRef]

[28] Brady-Nicholls, R., Nagy, J. D., Gerke, T. A., Zhang,
T., Wang, A. Z., Zhang, J., ... & Enderling, H. (2020).
Prostate-specific antigen dynamics predict individual
responses to intermittent androgen deprivation.
Nature communications, 11(1), 1750. [CrossRef]

[29] Sciarra, A., Cattarino, S., Gentilucci, A., Alfarone,
A., Innocenzi, M., Gentile, V., & Salciccia, S. (2013,
July). Predictors for response to intermittent androgen
deprivation (IAD) in prostate cancer cases with
biochemical progression after surgery. In Urologic
Oncology: Seminars and Original Investigations (Vol. 31,
No. 5, pp. 607-614). Elsevier. [CrossRef]

Bingting Chang received the B.S. degree in
Mathematics and Statistics from Chongqing
Jiaotong University, Chongqing 400074, China,
in 2024. (Email:1613549530@qq.com)

Yuanshun Tan received his Ph.D. in
Fundamental Mathematics from Nanjing
Normal University in 2005 and conducted
postdoctoral research in Applied Mathematics
at Dalian University of Technology from 2006
to 2008. In 2014, he served as a Senior Visiting
Scholar at the University of California, San
Diego, USA. He is a reviewer for Mathematical
Reviews (USA) and a council member of
the Chinese Society of Biomathematics. His

research interests include the theory and application of differential
equations, the construction and analysis of biomathematical
models, as well as disease transmission and control. (Email:
tanys625@163.com)

53

https://doi.org/10.1016/j.euf.2016.11.012
https://doi.org/10.1007/s10555-013-9474-0
https://doi.org/10.2147/RRU.S303215
https://doi.org/10.3390/app6110352
https://doi.org/10.1016/j.physleta.2010.12.066
https://doi.org/10.1016/j.physleta.2012.04.006
https://doi.org/10.1016/j.cnsns.2019.02.025
https://doi.org/10.1016/j.matcom.2020.11.014
https://doi.org/10.1007/s11538-010-9569-5
https://doi.org/10.1090/S0002-9939-1984-0746100-9
https://doi.org/10.1007/978-3-540-68829-7
https://doi.org/10.1038/s41467-020-15424-4
https://doi.org/10.1016/j.urolonc.2011.05.005

	Introduction
	Mathematical model
	Model formation
	Preliminaries

	Analysis of deterministic model
	Analysis of stochastic model
	Existence and uniqueness of the solution
	Persistence in mean and extinction

	Numerical simulations
	Discussion
	Conclusion
	Bingting Chang
	Yuanshun Tan


