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Abstract

A class of multi-age group SEQ3IHR chickenpox
epidemic models with effective vaccination in a
different subpopulation size, is considered, in this
paper. It is assumed that individual members of the
subpopulations who recovered from the disease,
may be re-infected by the disease. The models
comprise of six infectious classes of subclasses and
three distinct infected stages of subclasses. We
establish that the global dynamics of the epidemic
models are determined entirely by the basic
reproduction number. In this paper, we determine
that the disease-free and endemic equilibrium
states, and carry out a stability analysis of the
disease-free as well as the endemic equilibrium
points of the model. The findings show that age
heterogeneity and vaccination rate play prominent
roles in the determination of epidemic spread and
control of chickenpox disease in the population
and also serve as the factors that influenced the
basic reproduction number. We found numerically
that re-infections have little or no influence on
the basic reproduction number but contribute
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tremendously to the reduction and/or increase in
the number of individuals in incubation, prodromal
and active stages, as well as treatment compartment
of chickenpox infection over time.

Keywords: chickenpox, multi-age group SEQ3IHR,
mathematical epidemic models, effective vaccination,
re-infection, subpopulation.

1 Introduction

The virus disease known as chickenpox (or varicella),
is a highly contagious disease caused by the
varicella-zoster virus. Chickenpox is a member
of the herpesvirus family, and common among
humans worldwide. Usually, individuals will only get
chickenpox once in their lifetime. After recovery from
the chickenpox infection, the body develops immunity
to the virus. But, it is imperative to note that after
chickenpox recovery, the virus becomes inactive in the
nerve cells of the hosts, which may be reactivated later
in future, and may lead to a painful condition known
as shingles (or herpes zoster). The virus is an airborne
and can be contracted and spread through coughs
or sneezes from an infected person. Individuals of
any age group can contract chickenpox disease. It is
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usually very serious in the following groups of persons:
babies, children, adults, pregnant women, and persons
with compromised or weak immune systems. It is
important to note that anyone can contract chickenpox
disease if they have not had it before, or if they are
unvaccinated against varicella-zoster virus, or they
have compromised immune systems.

There are primarily three categories of chickenpox
infections, which include: (i) varicella, or primary
infection, which is the initial outbreak of chickenpox
disease. It is most common in children and
is characterized by rash, fever and malaise,
(ii) breakthrough varicella, which occurs among
individuals who have been vaccinated against
chickenpox disease, but still contract the disease, and
(iii) herpes zoster or shingles, which is a reactivation
of the varicella-zoster virus. That is, after the initial
chickenpox infection, the virus remains inactive in
nerve tissue of individuals, and can reactivate later
in life, as such individual grow old or has weakened
immune systems, see Medicover Hospitals [1].

Chickenpox has three distinct infection stages: the
first stage is the incubation stage, which takes 7-21
days. At this stage, the virus enters the body and start
to reproduce, without visible symptoms, the infected
individual may feel normal, but has the tendency of
infecting other susceptible persons. Second stage is the
prodromal stage, which take 1-2 days. At this stage,
there will be early symptoms, and it depends on how
the immune system reacts to the varicella infection.
The symptoms at this point, include mild fever (100°F
to 102°F or higher than that, in some cases), headache,
body pains, loss of appetite, fatigue and weakness. It
is important to note that at this stage of the infection,
it might be mild or absent in young children. The
third is the active stage of the infection, which take 3-7
days. At this stage, chickenpox rash begins to develop,
and spread around on the face, chest, back, and to
the rest parts of the body. The itching can range from
mild to severe, fever may persist or worsen as the rash
continue to develop, see Sehattak [2]. There is also
the final stage of chickenpox infection, which is the
recovered stage.

The incidence of chickenpox varies among different
age groups in a population, referred to multi-group
models. Varicella disease commonly affects children
less than 10 years old with the highest incidence among
children between 1-4 years old. Hence, chickenpox
multi-group models are epidemiological models that
divide the given populations into subgroups, so
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as to study the spread of the disease within the
subpopulation over time. In this paper, we categorize
the population into different age groups of chickenpox
infections. The subgroups considered in this paper are
groups below one year of age, 1-4 years of age, 5-14
years, 1544 years, and 45 years and above.

Several researchers have studied the spread dynamics
of chickenpox via mathematical modelling approach.
Guo et al. [3] considered a class of multi-group
SIR epidemic models with varying subpopulation
sizes. They established that the global dynamics
are completely determined by the basic reproduction
number. Sun [4] established the global stability of
a multi-group epidemic model involving nonlinear
incidence. They established that global dynamics
of the model are determined entirely by the basic
reproduction number, and they showed that, the basic
reproduction number is a global threshold parameter,
if it is less than or equal to one, the disease free
equilibrium is globally stable and the disease dies
out, and there is a unique endemic equilibrium,
which is globally stable and the disease will persist
in the population, if it is larger than one. Zhang
and Guo [5] formulated a multi-stage SEIR model
for infectious diseases with continuous age structure
for each successive infectious stage during a long
infective period. In their model, they described disease
progression through multiple infectious stages as in
the case of HIV, hepatitis B and hepatitis C. They
carried out mathematical analysis of their model
and showed that the global dynamics are completely
determined by the basic reproductive number. They
also ascertained that if the disease-free equilibrium
is globally asymptotically stable and the disease dies
out, and if a unique endemic equilibrium is globally
asymptotically stable, and the disease persists at the
endemic equilibrium.

Ayoola et al. [6] examined a mathematical modeling
of a nonlinear differential equation to investigate the
effect of vaccination on the spread of chickenpox
in a population. They carried out the existence
and uniqueness of the positive solution.  The
disease-free and endemic equilibrium states and the
stability analysis of the disease-free and endemic
equilibrium states of the model were studied. They
found that the rate of vaccination and precaution
for the spread of chickenpox serve as a factor that
influenced the basic reproductive number. The
forecasts made in their paper was via numerical
simulation using the Laplace Adomian Decomposition
method.  Nkeki and Mbarie [7] considered a
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mathematical model and stability analysis of the
transmission dynamics of chickenpox in the presence
of treatment, quarantine, precaution, and vaccination
as control measures are presented. The control
measures and vaccine efficacy on the spread of
chickenpox were studied in their paper, to see the
role of the control measures in influencing the basic
reproduction number. It was found that adopting
the four control measures plays a prominent role in
reducing the chance of contracting and the spread of
chickenpox in the population. Almuallem ef al. [8]
present a comprehensive mathematical analysis of the
chickenpox transmission model, including positivity,
existence, invariant region, and uniqueness of the
solution. They introduced optimal control measures
using two time-dependent control variables, which
include, vaccination and quarantine. Ibrahim et
al. [9] investigated the dynamics of chickenpox that
incorporates intervention in the form of isolation
and treatment. They considered the positivity and
boundedness of the solution of their chickenpox model,
also they ascertained the existence of disease and
equilibria points. The effective reproduction number
was computed using the next-generation operator
method. They carried out sensitivity analysis and
found that natural recovery and isolation are very
sensitive in reducing the control reproduction number
and effective contact rate was found to be very sensitive
in increasing the effective reproduction number. Nkeki
and Mbarie [10] examined mathematical modelling
and stability analysis of chickenpox disease model
in the presence of vaccination in a homogeneous
population. The model was structured into eight
compartments, which represents the actual structure
of chickenpox transmission dynamics. The basic
reproduction number and the stability analysis of
their model were determined. In their numerical
simulations, they determined the role of vaccination
and recovery rate in the control and prevention of the
spread of chickenpox in a public primary school in a
Central City of China. It was found that individual
students who are unvaccinated against chickenpox
are exposed to higher risk of chickenpox infection
at the incubation, prodromal and active stages of
the infection periods. They also found that recovery,
treatment and vaccination rates played vital roles in
the control and prevention of the spread of chickenpox
among the school children. They also established
that vaccination against chickenpox will reduce the
spread of the virus up to 90%, which is in line with
WHO estimation of 87% to 95%. For the case of
compartmental Disease Models with Heterogeneous

Populations, see Mohapatra et al. [11].

The contribution of this paper is sevenfold: first,
this paper consider SEQ3/H R multi-group model
for the transmission dynamics of chickenpox in a
heterogeneous population with sub-infection stages:
incubation, prodromal and active stages; second,
effect of vaccination against chickenpox infection is
studied; third, chickenpox re-infection among the
sub-population is studied; fourth, the sub-group basic
reproduction numbers for chickenpox model that
captured the impact of having distinct incubation,
prodromal and active stages of the spread of virus are
determined; fifth, the stability analysis of SEQ3IHR
chickenpox models is studied; sixth, sensitivity
analysis of the chickenpox basic reproduction number
is carried out; finally, numerical simulations of our
multi-group SEQ3IHR chickenpox model, taking
Nineveh Province of Iraq as a case study, is considered.

Highlight of the Paper:

e A multi-group SEQ3I H R chickenpox epidemic
models with effective vaccination in a different
subpopulation sizes is considered;

e Three distinct infectious stages: incubation,

prodromal and active are studied;

e The global dynamics of the epidemic models is
established;

e Stability analysis of the disease-free and the
endemic equilibrium points are carried out;

e The roles of age heterogeneity, treatment,
re-infection, vaccination rates are determined.

The rest of the paper is structured as follows: In
section 2, we present the description of the model. The
stability analysis of our epidemic model is presented in
section 3. Section 4 presents numerical simulations of
our model. Finally, section 5 presents the concluding
part of the paper.

2 The Model Description

In this section, we present the construction and
description of SEQ3IHR chickenpox multi-group
model in a heterogeneous population. The population
is made up of group of susceptible individuals, S,
exposed individuals, E, quarantined individuals, @,
individuals in incubation stage, I;, individuals in
prodromal stage, I», individuals in active stage, I3,
hospitalized individuals, H and recovered individuals,
R. Welet N(t) be the total population of the individual
in the population at time ¢.
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Each of the classes of population is made up of
subgroups, defined as follows: S;(t) the number of
susceptible individuals for age group i at time ¢, £;(t)
the number of exposed individuals for age group 7 at
time ¢, Q;(t) the number of quarantined individuals for
age group i at time ¢, ;1 (t) the number of individuals
in incubation stage of the disease for age group i at
time ¢, I;2(¢) the number of individuals in prodromal
stage of the disease for age group i at time ¢, I;3(¢) the
number of individuals in symptomatic stage of the
disease for age group i at time ¢, H;(t) the number of
individuals undergoing treatment for age group ¢ at
time ¢, R;(t) the number infected that recovered from
the disease for age group i at time ¢, N;(t) the total
population of the individuals in age group i at time ¢.

Figure 1 represents the schematic diagram for
the SEQ3IHR model design for chickenpox from
which, we arrived the following nonlinear system of
differential equations:

dSi(t) _ Bij S,
dt Z . (Z i

+ojaHj(t) + o5 Ej(t) + ajﬁ@i(t))

— (p+0;)Si(1),

t>0,

(1)

0 Z&]; (Zaﬂk

(2)
o Hj(t) + ajs Ej(t) + e @;(t)

— (pir +vi +p)Ei(t), t>0,
dQ;(t
Qilt( ) _ pirEi(t) — (pi2 + piz + 1) Qi(t), t >0, (3)
dli(t)
— i Es (). D.
dt Yi z(t) + szQz(t) + (bsz(t) (4)
— (Wit + i1 + )i (t), t>0,
dlo(t)
= witlin () + &Rt
2 — L (8) + eiRi) )
— (w2 + Vi1 + pio + ) in(t), t >0,
dl3(t)
— (wiz + vio + pgz + ) Ii3(t), t >0,
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dH;(t
dt( ) = pizQi(t) + vinLio(t) + vieLiz(t) + Vi R;i(t)
— (Vi3 + paa + p)Hi(t), t>0,
(7)
dR;(t
dt() = kil\i + 0;5;(t) + visH;(t) + wizliz (8)
—(u+ ¢i +ei +0; +9;)Ri(t), t>0,
subject to the initial values S;(0) = S?, E;(0) = E?,
Qi(0) = Q7, In(0) = I§, k = 1,2,3, H;(0) = H,

R;(0) =

n 3
5,.
t) = Z ﬁ Z O‘jkIjk + Oéj4Hj + Ctj5Ej + aj(;Qj y
Jj=1 k=1

i=1,2,...,n,

RY, where

is the force of infection at time ¢.

3 Stability Analysis of SEQs;/HR Epidemic
Model

In this section, we consider the stability analysis of
our SEQ3I HR chickenpox epidemic model. We first,
determine the dynamics of the total subpopulation
which is structured according to age groups in the
population. From which, we deduce the dynamics of
the entire population of all the age groups at time ¢.
From now on, we replace H; with I;4 for simplicity.

Theorem 1. (Positivity of Solutions). Let the initial values
Sio > 0,Ei0 > 0,Qi0 = 0,Li10 = 0,Liz0 > 0, ;30 >
0,L40 > 0,R;0 > 0,i = 1,2,...,n. Then, the solutions
(51, El, Ql, Illy 112, 113, 114, Rl),i = 1, 2, Lo, n ofmodel
(1) are nonnegative for all t > 0 in RS..

Proof. Since all the parameters in our model are
positive, it then follows that the lower bounds can
be obtained for each equation in (1) - (8) and for
1=1,2,...,n as follows:

>3 B0 (S

+ajaHj(t) + ajs Ej(t) + aiﬁQj(t))

— (1 +6;)Si(2),
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Figure 1. The Schematic Diagram for Multi-Stage SEQ3/H R Model.

dEdit(t) > —(pi1 +7i + ) Ei(t),
d%‘t(t) > —(piz + pis + 1)Qi(1),
dI;lt(t) > —(wir 4 par + )i (t),
dfgt(t) —(wig + vi1 + pia + 1) Iin(t),
dlzst(t) —(wiz 4 vig + iz + p) Iz (t),
dlet(t) > —(vig + pia + 1) Lia(t),
dR;(t) —(u+ ¢i + € + o + 5;)Ri(t).

Solving the above resulting inequalities, we have (Si, B, Qi, Tin, iz, Lis,
(1) — (8) are bounded.

respectively:

S;i(t) > S;(0) exp <(M + 0;)t — / 51]

(Z a]kfjk

+(1j4Hj(u) + aj5E]-(u) +a;6Q; (u))du) >0,

Jﬂ_.
ol A, .
s e NN
| ", '
Vo) iy Gk,
| 1'-. "_‘?
1 ¥ E
i2 f
I . R,
R ~ 1'} m jL.
# "'\- ]
f / 'IlI ¥
J"-H L L ﬂ?) G o |':II yu
| \ | _!'f I||||I
Er I "‘f ", I|'II'I
| L)
[ S ,'
II'. £ g _."'I."l
u' 74
) \ER i i3 .#/j
e S _ — . B _*’_ —— -:___./
Ei(t) > E;(0) exp((pi1 + v + p)t) > 0,
>0,

Lin(t) > Iin (0) exp((wit + pa1 + p)t) >

Iiz(t) > I;3(0) exp((wiz + vi2 + piz + p)t) > 0,

R;i(t) > R;i(0) exp((p + ¢ + € + 03 + 6;)t) > 0

Hence, for all ¢ > 0, the solutions
(S1, E1,Q1, I11, T2, I3, 114, Ry )i = 1,2,...,n of
O

model (1) are nonnegative in RY..

Theorem 2. (Boundedness of Solutions). The solutions
Lia,R;), 1 = 1,2,...,n of model

) Proof. We are to determine the boundedness of
solution of model (1) in a positively invariant set D
and in an invariant subset D;, fori = 1,2, ..., n. Now,

the dynamics of N;(t) is given as:
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Ni(t) = Si(t) + Ei(t) + Qi(t +2Lk
1=1,2,...,n
It then follows that:
Nt =Y (Sz-() 0+ Qilt +2Lk )
=1

The derivative of N;(t) can be obtained as:

Ni(t) = Ay — uSi(t) — () — pQi(t)
4
— > (4 par) T (8) — R (1)
k=1
Simplifying, we have:
' 4
Ni(t) = A; — pNi(t) = > paeLin(t)
k=1

Now, for Zizl wirLir(t) < 0, we have:

Ni(t) < Ai — uN;(2).

From (9), we have that lim;_, sup N;(t) < %, for ¢
1,2,...,n and when N;(t) > %,Ni(t) < 0.

Similarly, it follows from (1) — (8) that

(9)

(1 — I@)AZ

lim su S<7
P = ,Uz+91

t—o00

So the feasible region D; of (1) — (8) is, for ¢
1,2,....n,

(Si Ei, Qiy Li, Ri) € RY [ 0 < Si(t) + Ei(t) + Qi(t)
i —Ki)Ai
D= + 30 Ln(t) + Ri(t) < Ni(t) < L 8= (1%6)1_ 7

Si ZanlZonl20712k207k:1527374’R2 20

Similarly, for A =" | Ay, S=>" S, E=>" | E;,
Q = 2L Qi Iy = YLy Iikand R = 3770, R; we

have,

D=+ In(t) + R(t) < N(t) < A A 50 _ (1,”»2/\’

SZO7EZO?QZO)IZkZO7k:172?3)47R20
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Since all solutions of (1) — (8) will remain or allow to
tends to the field of D; and the sum tends to the field
D, it is easy to see that the feasible region D; and D are
the positive invariant sets for the system of differential
equations (1) - (8).

The progression through
is illustrated in Figure 1. New infections in
compartment FE; arise by contacts between
susceptible in compartments S;, and infected
individuals in compartments Q; and Iy, at a rate

S B (Shoy ainin() + ass B (h) + 4604 (1))

The system has a unique disease-free equilibrium for
the system of differential equations (1) — (8),

the compartments

Py = (5¢,0,0,0,0,0,0,0,59,0,0,0,0,0,0,0,.. .,
Sn.,0,0,0,0,0,0,0)

where S? = (1_::"9)‘ iin D;, i = 1,2,...,n, is the

equlhbrlum of the §; populatlon in the absence of
disease. An endemic equilibrium for the system of
differential equations (1) — (8) is

:(Sik:ETaQiI;{laIE:H{B?Iﬂv 1 ngE;’Q;v
151,152,153,154,]%;,...,SZ,E* an nls n27
37 n4aR*)
in D;, where S} > 0,E > 0,Q7 > 0,1} > 0,17 >
0,I5>0,1I}, >0,R; >0,i=1,2,...,n

Taking the infected compartments to be F;, Q;, and
Lik,t=1,2,3,4 gives

n 5S4 :
i G {Zi:l ajrlk(t) + ajaHj(t) + ajs Ej(t) + aj6Q7‘(t)]

n iS5
i B [Zizl ajilin(t) + ajaH;(t)

+ajs Ej(t) + ajeQ;(t)]
0

P =

0
0
0

and
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(pir + 7 + ) Ei(t) — pin Ei(t) + (piz
+piz + p)Qi(t) — viEi(t) — pi2Qi(t)
—¢iRi(t) + (wit + pin + 1) Lin () — winLin ()
—€iR;i(t) + (wiz + vi1 + piz + ) Lin(t)
—wigfig (t) — UZ'RZ‘ (t)
+(wiz + Vi + iz + p) Ii3(t)
—pi3Qi(t) — virlin(t) — viali3(t)

—0iRi(t) + (vis + pia + p) Hi(t)
Hence,
i ;5850 (t) Z aBi;SY(t) Z a;18;50(t) Z a;28;S0(t) Z ;3889 (t) Z ;a3 S0 (t)
= N0 ZTND = N0 & NG = N0 = N0
0 0 0 0 0 0
Fi= 0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
pitt i+ p 0 0 0 0 0
—pil piz +piz +p 0 0 0 0
V= it —Pi2 wil + pi1 + 1 0 0 0
! 0 0 —wi1 wig + Vi1 + pi2 + 4 0 0
0 0 0 —Wwi2 Wiz + Vig + i3 + 4 0
0 —pi3 0 Vi1 —Viz Vig + fia +

and using the next generation matrix, we have the basic
reproduction number for our chickenpox model for
the transmission of infection between compartments
S; and the infection classes j, that is, F;, Q;, I, k =
1,2, 3, 4 is obtained as follows:

a1 (Vi Poi + pinpi2)si
Py Py; Ps;

i O5iSi | Q6iPi15;
Ro= Py; Py Py; *
Goiwit (ViPoi + pi1piz)si

Py Po; P Py
Qziwitwiz (Vi Poi + pi1piz)si
Py Py P3; Py; Ps;
g [wit (wiaViz + Vi1 Psi) (Vi Pai + pi1pi2)) si
Py Po; P Py; Ps; Pg;
Guai [Psi Pyi Psipi1pis] si
Py Py; P3; Py Ps5; Ps;

_'_

(10)

/~L(1 - ’iz) ) N
o = zouy -

n
E aj2Bij, Q3i = E a;3Bij, Oy = E aj4fBij,
j=1 j=1 j=1

where s; =

n
iy = Zaj6/8ij/ Py = pi+itp,
=1
Py = wir + pin + 1,

n
G = Z a;j58ij,
=1
Py = pio + piz + 1,

Py = wio +vin + pio + 1, Psi = wiz + vio + i3 + 1,

Psi = viz + pia + p.

(10) is the basic reproduction number of the
sub-groups of the system, and it represents the number
of secondary infections produced by an index case
within the same age group, as well as between
different age groups. The six terms of R? are the
number of secondary infections produced by an index
case initially in compartment F;. To interpret these
terms, recall that j3;; is the transmission coefficient
between compartments S; and the infection classes
J, thatis, F;,Q;, I;,k = 1,2,3,4 for introducing a
single infected individual into a population of S;, the
susceptible individuals in age group 7 with probability
si. The ratio %51 in the first term, is the expected
duration of the infectious period of individual in
compartment E; that progresses to compartments
Q; and I;; over the course of its infection. The
ratio j’;fjl’;;’ in the second term, is the expected
duration of the infectious period of individual in
compartment @; that progress to compartments I
and ;4 over the course of its infection. The ratio
% in third term, is the expected duration
1i472¢ 7370744

of the infectious period of individual in compartment
I;; that progress to compartments I;j; over the
course of its infection. The ratio d”“ﬁ;’f}fgjﬁg’) i2)
in the fourth term, is the expected duration of the
infectious period of individual in compartment I;;
that progress to compartments /;3 and I;4 over the
course of its infection. The ratio O‘31°’]},ﬁ”]§2g;31;2;4j]§512” i2)
in the fifth term, is the expected duration of the
infectious period of individual in compartment I;3
that progress to compartment I, and immunized
stage over the course of its infection. The ratio

Qg [wﬂ(wizl/z'2+1/z'1P5z‘)(’YiP2i+p1¢P¢2)+P3iP4iP5iPi1Pi3] in sixth
. Py Py P3i Py Psi Psi . )
term, is the expected duration of the infectious

period of individual to progress compartment I;4 to
immunized stage.

It then follows from (10) that the basic reproduction
number of the entire system is obtained as:

n
Ry=) R
i=1
We now determine the equilibrium points

* * * * * * * * * * * *
P :(SlvE17Q17IH’[127]137[147 527E2ﬂQ27

* * * * * * *
121; I227 12371247 R27 ] Snv E an nly n27
£
n37 n4ﬂR )
in D;,i=1,2,...,n, for endemic case as follows:
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Fip = vil(wiidi + €P3) | visfu | gi
S* — (1 - ’iz)Az _ Ple: 2 Pgip4iP6i Pﬁi Ph"
! p+0; p+ 6
UV1E] + o Ef +1p3 = 0, fis = wiiwiz (VP + p1ip12)
«  PuE; ' Py; P3; Py; Ps; ’
Qi = Py fir = wiz(w1iPi + €Pyi)
‘ P3; Py; Ps; ’
®; = Pr; — 113 fi2 — w13 fia,
. _ Pikil\; n $i0;(1 — ki) A
T Py Py®i(u+ 6;) Pri=p+ ¢i+ € +0i + gi
Poi + prip12 | ¢i(f1i + f13) @i P »
+ | v — E7, ]
Py Ps; P3;®; P3;®; (10 + 0;)
Theorem 3. If R! < 1, then the disease-free equilibrium
- Ai(wiigi + €iPs:) </€i + 0:(1 — ’%)> Py is globally asymptotically stable in D;, and if R > 1,
3
P3; Py ®; p+0; Py will be unstable in D;, i =1,2,...,n
n <w11(%’P2¢ + prip12) | (wiidi + € P3;) (Fui + fis
Py P3; Py; P53 Py ®;

0;Py; ))E*
,u+9

o Jfia(l— k)N Piifia\
AL\ Vi B Er,
i3 M‘l‘@' + fS +0i

Proof. Let {ﬁij}zjzl be a matrix and C;; the cofactor
of the i-th, 1 < ¢ < n, diagonal entry of {Bij}Zj:1~
Again, let ¢; = Cy, 1 = 1,2,...,n. We now construct
a Lyapunov function for our system of differential

equations (1)—(8) as follows:

P®; \ Ps; P3; Py; Ps;

7j=1

o Jio(L— ki) < Pu‘fn) x &
I = =5 =t (fa - B}, V=Y ¢85S +E—EWE +Q
* 1+ 0; fo= 0; ZZ; e i n Q
4 .

s | B0 - RN | (fut s P ~QimQi+ Y (- :klnfz-ww—Rz‘lnRz-)-

R* — 142 7 7 1 K2 A >‘|<. k=1
) +< o u+9¢> '
where Differentiating with respect to ¢, we have
higbiPri — PulRg V= Zc ( 5 S +E -2 E4Q -2 Q
— hZ — —_ , ) 7 ~i 7 A
¢1 1 o+ 92 ,U(l — Hz)Az Ez Qz
; hi20; Py R*
1/)2:Rz+hi1+hi2/iiAi— zk T N » )
0 M+0i +Z Izk + R; RiRZ .
+ M — 1’
e+ 0;
hoifi(1 — ki) A Using (1)—(8) and the equilibrium equations, we have
Y3 = hgikil\; + —————,
w0
l S* * *

M= 5 <ah¢l + i [win(win i + €iPi) + 0iPsiPui] (1 — w;)A; = Z B]]\f (Z il + ajsEf + %’6Qj>

+ d4ifi2>v

diwi i-l-éiPiSi
hii = (fui + fi3) M, hio = M; + 2i(wind )

Py P3; Py ®; ’
fi = pitpiz  viwil(ViPei + piipie)  v2ifis
’ Py Ps; Py; P3; Py; Pe; Psi '
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Using (1), we have have that
. S S
) n n 65* 4 Si(ﬂ+9i)<51+5*_2>
V= Zci{2z % (Z il + ajs B + CVjGQ;) g ngogr [
=1 J=1 k=1 + <SZ > ZJJV : <ZO¢ kT B+ OZjGQ;) >0

* v 1 k=1
(89S (S S "
S S
Hence,

85 0O, n
Z Z ajplip + a5 By + ajeQ) V=_ Z .
k=1 =

n ﬁS*Q 4 * n /3 S 4
_ Zigj\zf (Z a]k_[k +Oé]5E +a36Q ) (j—l) Z]]Vi <Zajklk+aJ5E —|—0z]<)Q >] 0.
j=1 "t k=1 ’

—(pir +vi + W E;

IfE =Q; =1 = I}, = I)5 = I, = 0, we have that

@jES !
_ il + aisEi + aisQ . -
E (E irlje + s By + aj6Q; V:_E ciS;‘(u—l—Oi)(g —l—S—?) <0.

k=1 9
Q* =1
+ <1 Q) pzlEz + (/012 + Pi3 + N)(Q Qz)
It is observed that V' = 0 if and only if S} = S;. By
I
+ (1 Li1 > (VB + pioQi + ¢iRy) adopting LaSalle’s (19.76). extension to Lyapu.nov.s
I; method, we see the limit set of each solution is
+ (wir + pin + p) (I — Iin) contained in the largest invariant set D, we obtain that
I, Py is globally asymptotically stable in D, thatis, R, < 1
+{1- T (wirlin + i R;) and unstable in D, if R} > 1. O
3
+ (wiz + vir + paz + p) (L5 — Li2) Theorem 4. If RY > 1, then the unique endemic
i ( _ [L)) > (winlio + 04 R;) equilibrium point,
i3
* =(S1, BT, Q1, 111, I1a, I3, 11y, RY, S5, B3, Q3, I3y,
+ (wis + iz + piz + ) (L3 — Lis) ( v ' '

I* I;2¢I;37[;4>R§7--'1
(1 B Iii) (pl?’Ql + VilIiQ + Vi2[i3 + ﬂZRl) S;;, E* Qrw nl> n27 n37 n47 R*)
(2
+ (vig + pia + ) (I — Lig) in D, where S; > 0, Ef >0,Q; > 0,1 >0,I%5 >0,
R: I;})>OI4>0R*>01—12 ., n is globally
(1 — R) (kil\i + 0;S; + vislis + wizl;3) asymptotically stable in D for our system of differential
' equations (1)—(8).

_l’_

_l’_

Proof. We commence by expressing

- “( Si S
vy alsiosn (-3 -5)

+(p+ di+ei+oi +9) (R} —Ri)}.

Setting £ = E;, Q7 = Q;, I}} = Ij1, I}y = Iio, I3 = I3,

I, = L4, R} = R;, it then follows that N (1 3 %) 3 ﬁzj\f* (Z Tl + @Bl + )]
=1 k=1
: - Sy S n sr S
V==Y e | S+ 6 (2 + ot -2 stre (2- 2 -5
2 s (55 -2) <[t (-5 -5

« [ 4 = 55\ o= Bi;S;
Bi;S; * * + Ci<1**> - ( i +&5E+046Q>
() (St aor sy ) |2 (S R (et e
Sx ;

7j=1 k=1

* SEN BigSt
Since <‘; +S—2> > 0 and <Sl—1> > 0, we +_ZCi(1—§i ﬁjv (Z WLk + s B +ajeQ>

S*

)
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Denote

Zp = Zn(St, Ev, Q1, 111, L2, I3, 14, Ry, . ...
Inlaln251n331n4aR )

Eefrene-§-3)
S¥\ Bi;SF [
+ Z C; (1— ) Z] (Zajk k+aJ5E;+onbQ;> .

) Sn7 En7 Qn7

1,5=1 k=1
We now show that Z, < 0 for all
Zn(ShElvQ1711111127[137II47R17'"7Sn>En7Qn7[n17

Ino, In3, Ina, Ry) € D. Since the proof for the general
case is somehow complicated, we consider proofs for
n = 2 and n = 3. Then, we show the major steps of
the proof for arbitrary n > 2 is given.

Case n = 2: We have

Zo = Z3(51, E1, Qu, 1, T2, Ins, Iia, Ry, S2, Eo, Q2, 1,

122,1237124732)
Sy S
B “ MJ’_ 0 < *>:|
z st %-5
5*59 !
+ Z ¢ (1 - = ” (Z il + ajs B + Oéj6Q;> .

k=1
Expanding, we have

ST 5
To — * e S
el 3)

51151
N

51251
+ C1 1 51> N kzl OéQkIQk + 0525E2 + a26Q2
Sa S
+ 6 [S;wwz) ( - sz - 2)]
2
/62152
+ co (1 SQ) N ; alk[lk + a15E1 + Osz
Sa
+ co (1 - 5,2) F25 (Z aorlyy, + as E5 + agsQs
k=1
Since
S S
[Sl(,u—i-91) ( — Sfi — S’lk>] <0,
1
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(Z alkllk + a15E1 + ()116@1)

)

) +c3 (
)Agam since

cr [S5(u+02) (2 -

2 [S;(u+ 62) <

S5
c2 2155 (Zizl ayplyy, + a5 B + alGQT) <0
52 N
and
S S
c2 ( — Si) 62]2\7 2 (Ziﬂ aoply, + aos B3 + Q%Q;> <0,

we obtain Z2 < 0 for all ZQ(Sl,El,Ql,IH,IlQ,
Iz, L4, Ry, S2, Ean, Q2, I21, I, Io3, Io4, R2) € D.

Thus, V = 0 if and onlyif S} = 5;,i=1,2and Z, = 0.
Case n = 3: We have

Z3 = Z3(51, E1, Qu, In1, L2, 13, T4, R1, S2, Eo, Q2, In1,
[22,12371247 Ry, S5, FE3,Qs3, 131, I3z, I3, I34, R3)

SE S
0i)(2— =+ ——
{ it (2-5 - )]
ﬁUS* ! * * *
17— ZajkfijrajsEj +a;eQj | -

k=1
Expanding, we have

;

Zs = Z3(51, Ev, Q1, 111, Tha, 113, 14, R1, S2, Eo, Qo Io1,

Inz, In3, I24, R2, S3, E3, Q3, I31, I32, I33, I34, R3)
) s:
=c [Sl(u—l—Gl) < =L S’l‘)}
1

Si
4
( ) Z (Z ajkl;‘k -+ Oéj5E;-< + CKjGQ;)
k=1

51J31
2 _ 52
53

4

S* - S* * * *
(&) (1 - SZ) Z ﬁQJTZ (Z ajkIjk + Oéj5Ej + ajGQj)

k=1

3

S\ Ca B8t [
379 * * *

_ Si) Z de (Z ajelly + o Ef + OchQj> .
j=1 k=1

+c3 {S (M+03)<

C1

s+

+C1(

S5
S, S

S\ v BuSE (v . . .
-5 Z ~ Zajkljk + aj5E; + a;6Q; | <0,
i=1 k=1

S5

9 _ %
S, S

52755
222 Zaakljk+a]5E +Oz]6Q] <0,
k=1

(-3
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and

S; S
o [Situ+ ) (2- 5 - 2

Sz S5
+03<

we obtain Zg < 0 for all Z3(S1,E1,Q1,In,[12,[13,
1147R17S2aE27Q2,12131227123a1247R25537E37Q3al317
I3, I33,I34, R3) € D.

Thus, V = 0 if and only if S} = S;, 1 =
Z3=0.

)

TS5 > N Zo‘ﬂk ik T s B+ ael | <0,
j=1 k=1

1,2,3 and

Case n > 2: We have

n

7 =Y {s;(wea (2—?9‘5)}

i=1

+ch<1f7> BigSi

2,j=1

4
(Z ajk];k; + Oéj5E; + Oéj(;Q

k=1

)

Expanding, we have

Si

Zn =C |:Sik(ﬂ + 91) < Sl

S
+c (1) Zﬁlj L <Za]k1k+aJ5E +OZJ6Q >
+ c2 |:S; w+ 62) (
S5\ <= P28
SZ) Z LZ;V 2 <Z Olj]cl;k + Otj5E; + Oéj()Q;>
j=1 k=1

o sir o (-5 5
s (252 )

Sn S
+cp (1 ) E
j=1

Bn ] S .
In a similar manner, since

1-—-

+ c2

(
n(
Sn

+c1 <1 — 7) Z Bljsl (Z a]kI [ Oéj5E + QJGQ )

S; S
s (2 5 2)

S*
<1 — 7) Z B2;57 (Z kI, + s Ef + aj6Q37> <0,...,

(Z Oé]k k -+ Oéj5E?< + a]'GQ;) .

Cn |:S;;(/L +6p) (2 - g—n - %)}

S5\ o B S*
+cn <1 — an) Z ﬂ’ﬂ]Tz (Z Oé]'k[;k + Oéjg')E;-K + OéjﬁQ;) <0,
n/i=1 k=1

we have that Z,, < 0 forall Z,, € D. Thus, V = 0 if and
onlyif Y =S5;,i=1,2,...,nand Z, = 0.

Hence, the only compact invariant subset of the set
where V 0 is the singleton P*. By LaSalle’s
Invariance Principle, P* is global asymptotically stable
in D if R, > 1.

O]

4 Numerical Results

In this section, we present the numerical results of
our model. Table 1 presents the baseline values of
the parameters for the SEQsIH R chickenpox disease
model for multi-dimensional age groups. Table 2
presents the initial values for model’s state variables
for the SEQ3I HR chickenpox disease model, using
Nineveh Province of Iraq as a case study. We have
that the total population of Nineveh Province of Iraq
as of 2021, according to the United Nations-World is
4,030,006. Hence, in this paper, the total population
N = 4,030,006, of which 201,500 is the population
infants below one year old, 403,001 is a population
of age group 14 years, 806,002 is a population of
age group 5-14 years, 2,015,003 is a population of
age group 15-44 years, and 604,500 is a population
16f age group 45 years and above. It is imperative to
note that most of the parameter values are derived and
estimated from Dawood [12]. Again, the age group
i = (below 1 year, 1-4 years, 5-14 years, 15-44 years,
above 45 years), and n = 5.

Using the above data and information, we have that the
basic reproduction number for each of the subgroups is
obtained as Rg1 = 0.0535, Ro2 = 0.0007, Ro3 = 0.0031,
Ros = 0.0024, Ros = 0.0050. It simply implies that for
age group below 1 year, the basic reproduction number
is 0.0535, for 1-4 years, the basic reproduction number
is 0.0007, for 5-14 years is 0.0031, for 15-44 years is
0.0024 and for 45 years and above is 0.0050. It is obvious
from the results that, it is possible to eradicate the
chickenpox disease in the subpopulation. Again, the
basic reproduction number for the entire population
is obtained as the sum of the basic reproduction of
the subpopulation, which is Ry = 0.0647, showing
that chickenpox can be eradicated from the entire
population.
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Table 1. The baseline values of the parameters for the SEQ3I H R disease model for different age groups.

Parameter Baseline values for i = (1,2,3,4,5) and j = (1,2,3,4,5,6) References
Bri (0.00017448, 0.000152, 0.0001, 0.00012, 0.042, 0.4) day—* Dawood [12]
Boi (0.0015, 0.00134, 0.001, 0.0001, 0.142, 0.4) day ! Dawood [12]
Bai (0.0044, 0.00411, 0.0038, 0.0002, 0.142, 0.4) day~* Dawood [12]
Buai (0.00071382, 0.0007, 0.00068, 0.0005, 0.7, 0.2) day ! Dawood [12]
Bsi (0.00013942, 0.000114, 0.0001, 0.0003, 0.9, 0.2) day—* Dawood [12]
K (0.01, 0.45, 0.15, 0.20, 0.19) day ! Estimated
0; (0.01, 0.50, 0.20, 0.20, 0.05) day ! Estimated
Oi (0.05,0.02,0.01, 0.01, 0.03) day ! Estimated
€ (0.09, 0.06, 0.02, 0.04, 0.12) day—* Estimated
Ior (0.1,0.25,0.30,0.12, 0.4) day ! Estimated
9 (0.05, 0.08, 0.10, 0.6, 0.20) dayfl Estimated
11 (0.001, 0.001, 0.001, 0.001, 0.001) day—* Dawood [12]
Lia; (0.024, 0.02, 0.02, 0.01, 0.02) day Dawood [12]
143 (0.03,0.03, 0.03, 0.02, 0.04) day ! Dawood [12]
b4 (0.02, 0.01, 0.01, 0.002, 0.04) day—* Dawood [12]
o1 (0.90, 0.95, 0.95, 0.95, 0.85) [13]

9 (0.95,0.97,0.97,0.97, 0.90) [13]

os3; (1.0,1.0,1.0, 1.0, 1.0) Estimated

ol (0.80, 0.85, 0.85, 0.90, 0.95) [13]

Qs (0.75,0.78, 0.80, 0.85, 0.95) [13]

QG (0.12, 0.16, 0.20, 0.25, 0.30) Estimated

w15 (0.2079, 0.1313, 0.0745, 0.2382, 0.7661) day—* Dawood [12]

wWo; (0.12,0.12,0.125, 0.5, 0.3) day* Dawood [12]

w3 (0.15,0.256, 0.27, 0.4, 0.15) day ! Dawood [12]
p1i (0.6, 0.6,0.62, 0.65,0.7) day* Assumed

p2i (0.15,0.2,0.1,0.2,0.1) day ! Assumed

03i (0.10, 0.12, 0.10, 0.08, 0.15) day—* Assumed

Vil (0.041, 0.035, 0.030, 0.025, 0.050) day—* Dawood [12]
Vio (0.050, 0.045, 0.040, 0.035, 0.060) day~* Dawood [12]
Vi3 (0.080, 0.085, 0.090, 0.095, 0.070) day ~* Dawood [12]
Yi (0.041, 0.211, 0.695, 0.041, 0.012) day_l Dawood [12]
I 0.004677 day ! [13]

Figure 2 shows the number of people who will possibly
be in incubation stage of chickenpox infection for
different age groups: below 1 year, 1-4 years, 5-14 years,
15-44 years and 45 years and above for a period of 0-50
days. It is observed that individuals at age 15-44 years
will experience more chickenpox infection for the first
15 days, and gradually declined as time evolves. In the
first five days, the number of individuals who are at
the age of 5-14 years and number of individuals who
are 45 years and above intersect. Also intersect at day
12, is number of individuals who are 1-4 years and
number of individuals who are 45 years and above. At
day 18, the number of individuals who are 15-44 years
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and number of individuals who 45 years and above,
attained the same number. At day 22, the number of
individuals who 5-14 years and number of individuals
who are below 1 year, intersect. Similarly, at day 35,
number of individuals who are below 1 year and 1-4
years, intersect. At day 42, number of individuals
who are below 1 year and 15-44 years, intersect. Also
intersect at day 42, are individuals who are age 1-4
years and 5-14 years. In day 47, number of individuals
who are 5-14 years and 15-44 years, intersect as well.
The result shows that if incubation stage is to last for
50 days, individuals at age 45 years and above, will
experience more chickenpox infection, and those who
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Table 2. Initial values for model’s state variables for the SEQsI H R disease model.

-
(9]
T

-
T

3

Variable Initial values, for i = (1,2,3,4,5) References
A; (6095, 1050, 918, 373, 120) Estimated
N; (201500, 403001, 806002, 2015003, 604500) [13]
S; (200604, 401262, 802535, 2006461, 601927) Computed
E; (752, 1478, 3101, 7513, 2475) [13]
Q; (100, 225, 305, 1002, 80) [13]
I (8,5,10,2,1) Dawood [12]
Lo (15,12,20,9,5) Dawood [12]
I (20,18, 30, 15, 11) Dawood [12]
H; (1,1,1,1,1) Assumed
R; (0,0,0,0,0) Assumed
5 10* | | | | | | | | L1100 | |
LM—H—'—'—!—-H- —HB— Below 1 year r
% 45r —B&— Below 1 year ) % —— T4 years
K] —»— 14 years @ 101 —<&— 5-14 years 4
.é ar —4— 514 years 7 g —&— 1544 years
_(g“ 35¢F —&— 1544 years _g —+— 45 years and above
= S —+— 45 years and above . g
£ 3t R j { 2
§ 25 > %
RN
g I A A
z z

e
o
T

20 25 3
Time, t (in days)
Figure 2. The number of people who are in incubation stage
of chickenpox infection for age groups below 1 year, 1-4
years, 5-14 years, 15-44 years and 45 years and above for a
period of 0-50 days.

are 1-4 will have low chickenpox infection. Practically,
during incubation stage of chickenpox infection, which
last from 7-21 days, groups mainly affected at this
period are 45 years and above, follow by 15-44 years
of age, then 1-4 years, and then age groups below 1
year and 5-14 years, of which they have almost equal
number of infections at this stage.

Figure 3 shows the number of people who are in
prodromal stage of chickenpox infection for age groups
below 1 year, 1-4 years, 5-14 years, 15-44 years and 45
years and above for a period of 0-50 days. It is observed
that individuals who are 45 years and above will be
more infected, follow by individual group who are
between the ages of 15 and 44 years. It is lower at other
age groups, as we can see in Figure 3.

30
Time, t (in days)

Figure 3. The number of people who are in prodromal stage
of chickenpox infection for age groups below 1 year, 1-4
years, 5-14 years, 15-44 years and 45 years and above for a
period of 0-50 days.

Figure 4 shows the number of people who are in active
stage of chickenpox infection for age groups below 1
year, 1-4 years, 5-14 years, 15-44 years and 45 years
and above for a period of 0-50 days. It is observed
that individuals who are 45 years and above will be
more infected at the active stage, follows by individual
group who are between the ages of 15 and 44 years,
though between 0 and 49 days, since at 49 day upwards,
individuals at age range 5-14 happened to be higher,
when compare with individuals of age 15-44 years. It
is lower at other age groups, as we can see in Figure 4,
but at day 33, individuals who are at age range of
5-14 years, experience a sudden increase of chickenpox
infection at the active stage of the virus.

Figure 5 shows the number of people who are
hospitalized of chickenpox infection for age groups
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Figure 4. The number of people who are in active stage of
chickenpox infection for age groups below 1 year, 1-4 years,
5-14 years, 15-44 years and 45 years and above for a period

of 0-50 days.
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Figure 5. The number of people who are hospitalized of
chickenpox infection for age groups below 1 year, 1-4 years,
5-14 years, 15-44 years and 45 years and above for a period

of 0-50 days.

below 1 year, 1-4 years, 5-14 years, 15-44 years and
45 years and above for a period of 0-50 days. It is
found that individuals who are 45 years and above
will be more at the hospitalization stage, also follows
by individual group who are between the ages of 15
and 44 years. It is lower for other age groups.

Figure 6 shows the number of people who recovered of
chickenpox infection for age groups below 1 year, 1-4
years, 5-14 years, 15-44 years and 45 years and above
for a period of 0-50 days. It is observed that higher

104

—<«— Below 1 year
6 —B— 1-4 years
—— 5-14 years
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Figure 6. The number of people who recovered of
chickenpox infection for age groups below 1 year, 1-4 years,
5-14 years, 15-44 years and 45 years and above for a period

of 0-50 days.

recovery are experience by individuals in age group
15-44, between day 0 and 40, and declined thereafter.
Individuals of age 45 years and above continue to
experience high recovery. Also, individuals who are
of age 5-14 years. It is imperative to mention that
there is a continuous reduction of number of recovered
individuals of age group 1-4 years.

Table 3 presents the basic reproduction numbers for
the five different age groups. The table is made
up of five compartments. The first compartment
comprises of changes in basic reproduction numbers
for the five different age groups for varying value
of wi. The second compartment involves changes in
basic reproduction numbers for the five different age
groups for varying value of wy. The third compartment
comprises of change in basic reproduction numbers
for the five different age groups for varying value of ~.
The fourth compartment comprises of change in basic
reproduction numbers for the five different age groups
for varying value of p2. And the last compartment
comprises of change in basic reproduction numbers
for the five different age groups for varying value of 6.

We observed in Table 3 from the first compartment that
as the rate of chickenpox progresses from age groups
in incubation stage to age group in prodromal stage,
w1, the basic reproduction number for individuals
below 1 year, R} decreases from 0.0749 to 0.0478 as
wi increases over time, from 0.05 to 0.90. For age group
of individuals 14 years, for the first compartment,
R% decreases from 0.0010 to 0.0005, and thereafter
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Table 3. The basic reproduction numbers for the five age groups for varying values of w1, ws, v, p2, and 6.

Compartment Parameter Value R} R2 R} R} R}
0.05 0.0749 0.0010 0.0039 0.0040 0.0063

010 0.0612 0.0007 0.0026 0.0031 0.0056

_ 030  0.0513 0.0005 00016 0.0024 0.0051
First w1 050  0.0492 0.0005 0.0014 0.0022 0.0050
070  0.0483 0.0005 0.0013 0.0021 0.0050

090  0.0478 0.0005 0.0013 0.0021 0.0050

010  0.0535 0.0007 0.0031 0.0026 0.0050

Second W 020  0.0535 0.0007 0.0030 0.0026 0.0050
0.60  0.0533 0.0006 0.0030 0.0024 0.0050

0.05 0.0538 0.0006 0.0018 0.0025 0.0050

Third . 010  0.0552 0.0006 0.0020 0.0025 0.0050
070  0.0636 0.0007 0.0031 0.0030 0.0050

0.05 0.0493 0.0006 0.0030 0.0021 0.0049

010 0.0514 0.0006 0.0031 0.0022 0.0050

Fourth . 015 0.0556 0.0007 0.0032 0.0024 0.0051
020  0.0577 0.0007 0.0033 0.0026 0.0052

025 0.0599 0.0007 00034 0.0027 0.0053

0.05 00144 00060 00115 0.0092 0.0050

010  0.0075 0.0032 0.0060 0.0048 0.0026

Fifth 9 020 0.0038 0.0016 00031 0.0024 0.0013
030  0.0026 0.0011 0.0021 0.0016 0.0009

050  0.0016 0.0007 0.0012 0.0010 0.0005

remain constant as wj increases over time, from 0.05 to
0.90. For age group of individuals 5-14 years, for the
first compartment, Rg decreases from 0.0039 to 0.0013,
and thereafter remain constant as w; increases over
time, from 0.05 to 0.90. For age group of individuals
15-44 years, for the first compartment, R decreases
from 0.0040 to 0.0021, and thereafter remain constant
as w; increases over time, from 0.05 to 0.90. For age
group of individuals 45 years and above, for the first
compartment, RS decreases from 0.0063 to 0.0050, and
thereafter remain constant as w; increases over time,
from 0.05 to 0.90. We then conclude that, the rate
at which chickenpox move from the incubation stage
to the prodromal stage will decrease the spread of
chickenpox in the population over time.

Also in Table 3, first compartment, it is observed that

for all values of wi, individuals who are below a
year old have the highest tendency of spreading the
chickenpox disease, followed by individuals in age
group of 45 years and above, followed by individuals
in age group 15-44 years, then individuals in age group
of 5-14 years of age, and the least are individuals in
age group of 1-4 years.

It is observed in Table 3 from the second compartment
that as the rate of chickenpox progresses from age
groups in prodromal stage to age group in active stage,
wo, the basic reproduction number for individuals
below 1 year, R} remains constant at the value 0.053 as
ws increases over time, from 0.10 to 0.60. For age group
of individuals 1-4 years, for the second compartment,
R?% decreases from 0.0007 to 0.0006 as ws increases over
time, from 0.10 to 0.60. For age group of individuals
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5-14 years, for the second compartment, R} decreases
from 0.0031 to 0.0030 as w9 increases over time, from
0.10 to 0.60. For age group of individuals 1544 years,
for the second compartment, R{ decreases from 0.0026
to 0.0024 as wy increases over time, from 0.10 to 0.60.
For age group of individuals 45 years and above, for the
second compartment, R remains constant at 0.0050 as
w9 increases over time, from 0.10 to 0.60. We therefore
conclude that, the rate at which chickenpox moves
from the prodromal stage to active stage will trigger
the spread of chickenpox in the population over time.

Also in Table 3, second compartment, it is observed
that for all values of ws, individuals who are below a
year old have the highest tendency of spreading the
chickenpox disease, followed by individuals in age
group of 45 years and above, followed by individuals
in age group 5-14 years, then individuals in age group
of 15-44 years of age, and the least are individuals in
age group of 1-4 years.

We observed in Table 3 from the third compartment
that as the rate of chickenpox progresses from age
groups in exposed class to age group in incubation
stage, 7, the basic reproduction number for individuals
below 1 year, R} increases from 0.0538 to 0.0636 as y
increases over time, from 0.05 to 0.70. For age group
of individuals 14 years, for the third compartment,
R2 increases from 0.0006 to 0.0007 as v increases over
time, from 0.05 to 0.70. For age group of individuals
5-14 years, for the third compartment, R increases
from 0.0018 to 0.0031 as ~ increases over time, from
0.05 to 0.70. For age group of individuals 15-44 years,
for the third compartment, R} increases from 0.0025
to 0.0030 as +y increases over time, from 0.05 to 0.70.
For age group of individuals 45 years and above, for
the third compartment, Rj remains constant at 0.0050
as « increases over time, from 0.05 to 0.70. It then
follows that, the rate at which chickenpox moves from
the exposed class to incubation stage will increase the
spread of chickenpox in the population over time.

Furthermore, in Table 3, third compartment, it is
observed that for all values of 7, individuals who
are below a year old have the highest tendency
of spreading the chickenpox disease, followed by
individuals in age group of 45 years and above,
followed by individuals in age group 15-44 years, then
individuals in age group of 5-14 years of age, and the
least are individuals in age group of 14 years.

We observed in Table 3 from the fourth compartment
that as the rate at which quarantined individuals from
age groups move to incubation stage, ps, the basic
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reproduction number for individuals below 1 year, R}
increases from 0.0493 to 0.0599 as p, increases over
time, from 0.05 to 0.25. For age group of individuals
1-4 years, for the fourth compartment, R3 increases
from 0.0006 to 0.0007 as p2 increases over time, from
0.05 to 0.25. For age group of individuals 5-14 years,
for the fourth compartment, R increases from 0.0030
to 0.0034 as p, increases over time, from 0.05 to 0.25.
For age group of individuals 15-44 years, for the fourth
compartment, R{ increases from 0.0021 to 0.0027 as ps
increases over time, from 0.05 to 0.25.

For age group of individuals 45 years and above, for
the fourth compartment, R} increases from 0.0049 to
0.0053 as ps increases over time, from 0.05 to 0.25. Thus,
the rate at which quarantined individuals move to
incubation stage will increase the spread of chickenpox
in the population over time.

Furthermore, in Table 3, fourth compartment, it is
observed that for all values of py, individuals who
are below a year old have the highest tendency
of spreading the chickenpox disease, followed by
individuals in age group of 45 years and above,
followed by individuals in age group 5-14 years, then
individuals in age group of 15-44 years of age, and the
least are individuals in age group of 1-4 years.

We observed in Table 3 from the last compartment that
as the rate at which individuals from age groups are
vaccinated changes, 6, the basic reproduction number
for individuals below 1 year, R} decreases from 0.0144
to 0.0016 as ¥ increases over time, from 0.05 to 0.50.
For age group of individuals 1-4 years, for the last
compartment, R% decreases from 0.0060 to 0.0007 as o/
increases over time, from 0.05 to 0.50. For age group
of individuals 5-14 years, for the last compartment,
R} decreases from 0.0115 to 0.0012 as o increases over
time, from 0.05 to 0.50.

For age group of individuals 1544 years, for the last
compartment, R} decreases from 0.0092 to 0.0010 as
¥ increases over time, from 0.05 to 0.50. For age
group of individuals 45 years and above, for the last
compartment, Rj decreases from 0.0050 to 0.0005
as 9 increases over time, from 0.05 to 0.50. Hence,
vaccination goes a long way in reducing the spread of
chickenpox in the population.

Furthermore, in Table 3, last compartment, it is
observed that for all values of #, individuals who
are below a year old have the highest tendency
of spreading the chickenpox disease, followed by
individuals in age group 5-14 years, then individuals
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Table 4. The basic reproduction numbers for the five age groups with varying values of o,5 = 1,2,...,6.

Compartment Parameter 1 Parameter 2

Ry Ry Ry Ry R

a; = 0.20 ag = 0.95
a; = 0.40 as = 1.00
First a1 = 0.60 ay = 0.95
a1 = 0.80 as = 0.95
a1 = 0.90 ag = 0.30

0.0478 0.0005 0.0016 0.0021 0.0049
0.0496 0.0005 0.0020 0.0022 0.0049
0.0515 0.0006 0.0025 0.0023 0.0049
0.0533 0.0006 0.0030 0.0024 0.0050
0.0542 0.0007 0.0032 0.0025 0.0050

az = 0.20 a1 = 0.95
as = 0.40 as = 1.00
Second as = 0.60 as = 0.95
as = 0.80 as = 0.95
as = 0.90 ag = 0.30

0.0532 0.0007 0.0031 0.0024 0.0049
0.0536 0.0007 0.0032 0.0024 0.0049
0.0539 0.0007 0.0032 0.0025 0.0050
0.0543 0.0007 0.0033 0.0025 0.0050
0.0545 0.0007 0.0033 0.0025 0.0050

a3 =020 a3 =095
a3 =040  as =097
Third a3 =0.60  as=0.95
a3 =080  as=0.95
a3 =090  ag=0.30

0.0545 0.0007 0.0033 0.0024 0.0050
0.0545 0.0007 0.0033 0.0024 0.0050
0.0546 0.0007 0.0033 0.0025 0.0050
0.0546 0.0007 0.0033 0.0025 0.0050
0.0546 0.0007 0.0033 0.0025 0.0050

ay =020 ;=095
ay = 0.40 az = 0.97
Fourth a4 = 0.60 asz = 1.00
as =080  as=095
a; =090  ag=0.30

0.0331 0.0005 0.0028 0.0019 0.0024
0.0388 0.0005 0.0029 0.0020 0.0031
0.0446 0.0006 0.0031 0.0022 0.0038
0.0503 0.0006 0.0032 0.0024 0.0045
0.0532 0.0007 0.0033 0.0025 0.0048

as = 0.20 a; =0.95
as = 0.40 ag = 0.97
Fifth as = 0.60 as = 1.00
as = 0.80 ag = 0.95
as = 0.90 ag = 0.30

0.0435 0.0006 0.0031 0.0019 0.0041
0.0464 0.0006 0.0032 0.0020 0.0043
0.0494 0.0006 0.0032 0.0022 0.0046
0.0524 0.0007 0.0033 0.0024 0.0048
0.0539 0.0007 0.0033 0.0025 0.0049

ag =020 o =0.95
ag = 0.40 ag = 0.97
Sixth ag = 0.60 as = 1.00
ag = 0.80 ay = 0.95
ag =090  as=0.30

0.0537 0.0007 0.0033 0.0024 0.0049
0.0555 0.0007 0.0033 0.0025 0.0051
0.0573 0.0007 0.0033 0.0026 0.0052
0.0590 0.0007 0.0034 0.0028 0.0054
0.0599 0.0007 0.0034 0.0028 0.0055

in age group of 1544 years of age, then individuals
in age group of 14 years of age, and the least are
individuals in age group of 45 years and above.

Table 4 shows the basic reproduction numbers for
the five age groups with varying values of a;,j =
1,2,...,6. The table is made up of six compartments,

each for varying values of o;.

In the first compartment of Table 4, for a fixed value of
the proportion of infectious individuals in infectious
classes, aj,j = 2,...,6, and varying values of a, we
have that individuals below a year have the highest
tendency of spreading the disease, while individuals
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Table 5. Sensitivity analysis of re-infections on the incubation, prodromal, active and treatment stages of chickenpox

disease.
Parameter Value I; x 10* Iy x 10* I3x10* I, x 10°
0.10 5.0321 1.8469 1.0569 1.1447
¢ 030 8.7735 23088  0.80797 1.1541
0.50 10.639 2.5454 0.69051 1.1648
0.10 3.3554 1.7246 1.5650 1.1574
€ 0.15 3.2261 2.1033 1.1224 1.2363
0.20 3.1208 2.4308 1.0942 1.3059
0.10 3.0211 1.4904 1.0659 1.0200
o 0.30 2.8113 1.2709 2.3163 1.3032
0.50 2.7284 1.1379 3.1791 1.5126
0.20 2.9975 1.3884 9.5721 1.3820
¥ 0.40 2.7543 1.2005 7.9546 1.6431
0.60 2.5954 1.0716 6.8323 1.8314

in age group 14 years have the least tendency of
spreading the disease over time. We observed that
as o increases, Ry, ¢ =1,2,...,5 increases alongside.

In the second compartment of Table 4, for a fixed value
of the proportion of infectious individuals in infectious
classes, aj,j = 1,3,4,5,6, and varying values of ay,
we have that individuals below a year have the highest
tendency of spreading the disease, while individuals
in age group 14 years have the least and constant
tendency of spreading the disease over time. We
observed that as as increases, R, i = 1, 3,4, 5 increases
slightly, and R% remains constant over time.

In the third compartment of Table 4, for a fixed value
of the proportion of infectious individuals in infectious
classes, aj,j = 1,2,4,5,6, and varying values of a3,
we have that individuals below a year have the highest
tendency of spreading the disease, while individuals
in age group 1-4 years have the least and constant
tendency of spreading the disease over time. We
observed that as «3 increases, Ré,z’ = 1,4 increases
slightly, and R3,i = 2, 3,5 remain constant over time.

In the fourth compartment of Table 4, for a fixed value
of the proportion of infectious individuals in infectious
classes, a;,j = 1,2,3,5,6, and varying values of ay,
we have that individuals below a year have the highest
tendency of spreading the disease, while individuals
in age group 14 years have the least tendency of

108

spreading the disease over time. We observed that
as ay increases, Ry, 1 = 1,2, ..., 5 increases alongside.

In the fifth compartment of Table 4, for a fixed value of
the proportion of infectious individuals in infectious
classes, a;,j = 1,2,3,4,6, and varying values of as,
we have that individuals below a year have the highest
tendency of spreading the disease, while individuals
in age group 1-4 years have the least tendency of
spreading the disease over time. We observed that
as aj increases, RY,i = 1,2, ..., 5 increases alongside.

In the sixth compartment of Table 4, for a fixed value of
the proportion of infectious individuals in infectious
classes, a;,j = 1,2,3,4,5, and varying values of «g,
we have that individuals below a year have the highest
tendency of spreading the disease, while individuals
in age group 1-4 years have the least and constant
tendency of spreading the disease over time. We
observed that as «ag increases, Ri1 increases sharply
while RY,i = 3, 4,5 increase slightly, and R? remains
constant over time.

Table 5 shows the sensitivity analysis of effect of
re-infection of chickenpox disease on the number
of individuals in incubation stage, prodromal stage,
active stage and treatment compartment for a period
of 50 days. It is observed that as the rate at
which re-infected individuals move to incubation
stage, ¢ increases, the number of individuals who
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are in incubation, prodromal stages, and treatment
compartment will increase, but decreases the number
of individuals in the active stage. Hence, re-infection
into the incubation stage has the tendency of reducing
the number of individuals in the active stage, and
increasing the number of individuals in the incubation
stage, prodromal stage as well as the number of
individuals in the treatment compartment over time.

Also observed in Table 5 is that as the rate at which
re-infected individuals move to prodromal stage, €
increases, the number of individuals who are in
prodromal stage and treatment compartment will
increase, while the number of individuals in incubation
stage and active stage decreases. Thus, re-infection
into the prodromal stage has the tendency of reducing
the number of individuals in incubation and active
stages of chickenpox, and increasing the number of
individuals in the prodromal stage and treatment
compartment.

Again, it is observed in Table 5 that as the rate at which
re-infected individuals move to the active stage, o
increases, the number of individuals who are in active
stage and treatment compartment increases, while
the number of individuals in incubation stage and
prodromal stage decreases. We therefore conclude
that re-infection into the active stage of chickenpox
infection has the tendency of reducing the number of
individuals in the incubation and prodromal stages,
and increasing the number of individuals in active
stage and treatment compartment of chickenpox
infection.

It is observed in Table 5 that as the rate at
which re-infected individuals move to the treatment
compartment, ¥ increases, the number of individuals
who are in incubation stage, prodromal stage, and
active stage decreases, whereas the number of
individuals in the treatment compartment increases.
Hence, re-infection into the treatment compartment
has the tendency of reducing the number of
individuals in incubation, prodromal, and active stages
of chickenpox infection, and increasing the number of
individuals in the treatment compartment over time.

5 Conclusion

This paper constructed a class of multi-group

chickenpox epidemic models that put into
consideration the effectiveness of vaccination
in an age-classified subpopulation. = The basic

reproduction numbers of the subpopulation are

obtained. Also determined are the disease-free and
endemic equilibrium states. We found that vaccination
rate plays a prominent role in reducing the spread
of chickenpox disease in the population. We found
that the basic reproduction number is higher in
the age group below 1 year and lower in the age
group 1-4 years. It was also found that the rate at
which chickenpox moves from the incubation stage
to the prodromal stage will decrease the spread of
chickenpox in the population over time. Also found
is that the rate at which chickenpox moves from the
prodromal stage to the active stage will trigger the
spread of chickenpox in the population over time. We
found that the rate at which chickenpox moves from
the exposed class to the incubation stage will increase
the spread of chickenpox in the population over time.
It was further found that the rate at which quarantined
individuals move to the incubation stage will increase
the spread of chickenpox in the population over time.
Again, we found in this paper that vaccination goes
a long way in reducing the spread of chickenpox
in the population. Also, we found that chickenpox
re-infections have little or no effect on the chickenpox
reproduction number; that is, chickenpox re-infection
does not contribute to the spread of the disease, but
re-infection into the:

(i) incubation stage has the tendency of reducing
the number of individuals in the active stage,
and increasing the number of individuals in
the incubation stage, prodromal stage, as well
as the number of individuals in the treatment
compartment over time.

prodromal stage has the tendency of reducing
the number of individuals in incubation and
active stages of chickenpox, and increasing the
number of individuals in the prodromal stage and
treatment compartment.

(iii) active stage of chickenpox infection has the
tendency of reducing the number of individuals
in the incubation and prodromal stages, and
increasing the number of individuals in the active
stage and treatment compartment of chickenpox
infection.

(iv) treatment compartment has the tendency
of reducing the number of individuals in
incubation, prodromal, and active stages of
chickenpox infection, and increasing the number
of individuals in the treatment compartment over

time.

109



Journal of Mathematics and Interdisciplinary Applications ICJK

Notation
Parameter = Description
A; = influx of people into age group i
Ki = the fraction of the influx of immune people into age group ¢
0; = the fraction of the susceptible persons in age group 7 who are vaccinated
€ the rate at which recovered individuals in age group ¢ who are re-infected
of chickenpox disease and are moved to prodromal stage
of = the rate at which recovered individuals in age group i who are re-infected
of chickenpox disease and are moved to active stage
% = therate at which recovered individuals in age group ¢ who are re-infected
of chickenpox disease and are moved to incubation stage
V; = fraction of the recovered individuals in age group ¢ who are hospitalized
of chickenpox disease
1 = the natural death rate of the population
Bij = the transmission coefficient between compartments .S; and the subclasses
of the infectious classes F;, Q;, I1;, I2;, I35, H;
pil = the rate at which an exposed individual in age group ¢ move to quarantined class
pi2 = the rate at which a quarantined individual in age group i move to incubation class
pi3 = the rate at which a quarantined individual in age group ¢ move to
hospitalization or treatment class
Vi = the rate at which an exposed individual in age group ¢ move to incubation class
Bijat = the transmission rates for compartment /;1, 0 < o1 <1,
where o is the proportion of infectious individuals in incubation class
Bijojo = the transmission rates for compartment /3, 0 < ajo < 1,
where a3 is the proportion of infectious individuals in prodromal class
Bijos = the transmission rates for compartment ;3,0 < o3 < 1,
where a3 is the proportion of infectious individuals in active class
Bijotja = the transmission rates for compartment H;, 0 < ajy < 1,
where a4 is the proportion of infectious individuals in treatment class
Bijos = the transmission rates for compartment £, 0 < aj5 < 1,
where 5 is the proportion of infectious individuals in exposed class
Bijoe = the transmission rates for compartment Q);, 0 < ajg < 1,
where « is the proportion of infectious individuals in quarantined class
ik = the disease-induced relative death rate for age group i in infectious
compartment (i.e., [;x), k=1,2,3
Wik = the relative rate of disease progression for a person in age group 4
and infection compartment k£ = 1,2, 3
Vi1 = the relative rate of progression of a person in age group ¢
from compartment I;3 to compartment H;
Vi2 = the relative rate of progression of a person in age group i
from compartment I;3 to compartment H;
Vi3 = the relative rate of progression of a person in age group 4
from compartment H; to compartment R;
n 3
Ai = Z% (Zajkljk+aj4Hj+aj5Ej+Oéj6Qj>ri: 1,2,...,n

j=1 k=1
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