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Abstract

Whale optimization algorithm (WOA) is a relatively
new population-based metaheuristic optimization
method, which has the advantage of fewer control
parameters, strong global optimization ability and
easy to implement. However, when being used for
high-dimensional problems, WOA may be trapped
in the local optimum. In this study, we propose
an effective whale optimization algorithm called
EWOA. Inspired by particle swarm optimization
(PSO), a modified position-updated equation by
introducing dynamic inertia weight parameter to
guide the search of new candidate individuals is
presented. In addition, in order to make full use
of and balance the exploration and the exploitation
of WOA, a nonlinear distance control parameter
strategy is proposed. The effectiveness of EWOA
is tested based on 26 traditional high-dimensional
benchmark problems (D = 30, 100, and 500)
and four real-world engineering applications. The
experimental and statistical test results demonstrate
that EWOA converges to the global optima faster
and provides more accurate results than the
classical WOA, variants WOA, and other considered
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population-based metaheuristic algorithms in
most cases, especially in solving an optimization
problem that has high dimensionality.

Keywords: whale optimization algorithm, inertia weight,
global optimization, high-dimensional complex problem,
engineering application.

1 Introduction

During the last two decades, many metaheuristic
optimization algorithms have been developed to
solve many numerical optimization and real-world
application problems which are highly nonlinear
and complex constraints [1]. The most prominent
and recent metaheuristic optimization algorithms
that have been proposed are differential evolu- tion
(DE) [2], particle swarm optimization (PSO) [3],
Fourier transform optimizer (FTO) [4], secretary bird

optimization algorithm (SBOA) [5], language
education optimization (LEO) [6], queuing
search algorithm (QSA) [7], prism refraction

search (PRS) [8], fire hawk optimizer (FHO) [9],
phototropic growth algorithm (PGA) [10], sailfish
optimization (SFO) [11], trees social relations
(TSR) [12], divine religions algorithm (DRA) [13],
crested porcupine optimizer (CPO) [14], Bezier
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curve-based optimization (BCO) [15], artificial
algae algorithm (AAA) [16], simplified swarm
optimization (SSO) [17], whale optimization
algorithm (WOA) [18], grey wolf optimizer
(GWO) [19], sine cosine algorithm (SCA) [20],
wave optics optimizer (WOO) [21], among other.

In this paper, we concentrate on whale optimization
algorithm (WOA), developed by Mirjalili and
Lewis [18] in 2016 based on mimicking the
bubble-net hunting mechanism of humpback
whales in nature. Experimental comparisons showed
that the performance of WOA is competitive to
that of other metaheuristic optimization algorithms
(i.e., PSO, GSA, and GWO) with an advantage
of employing fewer control parameters and
ease of implementation [18, 22]. Therefore,
WOA has been widely applied to solve many
real-world optimization design problems, such as
parameter estimation of photovoltaic cells [23, 24],
stock trend forecasting [25], flexible job shop
scheduling [26], feature selection [27], parameters
estima-tion in permanent magnet synchronous
motor [28], enginee-ring optimization [29], IoV
path planning [30], optimal placement of TCSC
and SVC [31], renewable energy prediction [32],
mobile robot scheduling [33], closed-loop supply
chain network design [34], system identification [35],
resource allocation [36], and so on.

Although the classical WOA algorithm has shown
strong competitiveness compared with some
representative metaheuristic optimization algorithms
(i-e., PSO, GSA, and GWO), however, as the growth
of the search space dimension, it still has some
drawbacks such as slow convergence, and easily
trapped into local optimum [18, 37]. Therefore,
accelerating convergence speed and avoiding the
local optima have become two most important and
appealing goals in WOA research. A number of variant
WOA algorithms have, hence, been developed to
achieve these two goals. Ling et al. [37] presented an
improved version of WOA (denoted as LWOA) based
on levy flight trajectory to accelerate convergence and
get rid of local optimum. Luo et al. [38]proposed an
enhanced version of WOA by introducing a chaotic
initialization, a chaotic local search and Gaussian
mutation strategies. Hu et al. [39] introduced inertia
weights and developed an improved WOA for solving
global optimization problems and forecasting air
quality index. In order to speed up the convergence
and enhance the ability of jumping out of local
optimum, Sun et al. [40] proposed a modified WOA
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for large-scale global optimization problems. Chen
et al. [41] presented a balanced WOA with Lévy
flight and chaotic local search for solving constrained
engineering design problems. Wang et al. [42]
developed an opposition-based multi-objective whale
optimization algorithm with global grid ranking to
accelerate convergence and improve solution diversity.

It is well-known that both global exploration and
local exploitation are necessary for metaheuristic
optimization algorithm. However, the two aspects
contradict each other. In order to reach good
performances on problem optimizations, they should
be well coordinated [43]. While the position-updated
equation of WOA, which is applied to produce
new candidate individuals based on the information
of previous global best individual, and is good
at local search, which results in the above two
insufficiencies. In order to improve the performance
of WOA, one active research trend is to investigate
its position-updated equation. Therefore, in this
paper, an improved version of WOA based on a
modified position-updated equation and a nonlinearly
distance control parameter strategy is proposed and
is called EWOA, whose purpose is to accelerate
convergence and improve precision of standard WOA.
The EWOA algorithm is tested on 26 traditional
high-dimensional complex benchmark problems with
dimensions ranging from 30 to 500 and four real-world
engineering applications. The statistical results
demonstrate that EWOA is effective and feasible, and,
most notably, has superior convergence abilities in
high-dimensional space.

The remainder of this study is organized as follows. In
Section 2, the classical WOA algorithm is summarized.
The improved version of WOA (EWOA) is proposed
based on two modified characteristics in Section 3.
Section 4 tests, compares and analyzes the performance
of the proposed EWOA with other algorithms based
on a set of benchmark functions and real engineering
problems. Finally, the conclusion of this paper is
summarized in Section 5.

2 Whale Optimization Algorithm

The whale optimization algorithm (WOA) is a novel
and efficient metaheuristic optimization technique
developed by Mirjalili and Lewis in 2016 [18]. WOA
is inspired by the bubble-net hunting mechanism
of humpback whales in nature. The classical WOA
composed of three consecutive stages which are the
encircling prey, the bubble-net attacking, and the
search for prey. In the encircling prey stage, the
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Table 1. 26 Widely used benchmark test functions.
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Function Search range
hle) = o [~100,100]
falw) = Y20 iaf (10, 10]
fa(x) =220 ol + TTi g [l [—10,10]
i) = Sy (Sia ) (100,100
f5(z) = max;{|z|,1 < i < n} [—100,100]
fo(x) = 370, [100(zig1 — 23)* + (2 — 1)?] [—30, 30]
fr(@) =30 (|2 +0.5))? [—100, 100]
fs(z) =0 ia} [—1.28,1.28]
fo(x) =Y iz} + random|[0, 1) [—1.28,1.28]
fro(x) = Yo7 [a|0HY [—1,1]
fii(@) =exp (0.5- >0 ;) — 1 [—1,1]
fra(w) = S0 (109) DD g2 [~100, 100)
fis(z) = Y0, [27 — 10 cos(2ma;) + 10] [—5.12,5.12]
fia(w) = ~20exp (~0.2¢/1 Y 2) — exp (4 S0 cos(2ray)) + 20+ [—32,32]
fi5(2) = 35 Sy @2 — Ty cos (2) +1 [~600, 600]
fie(z) =30 (@ — 1)?[1 + sin®(37zi41)] + sin?(37z;) + |2 — 1][1 + sin?(37ma;))] [—10,10]
fir(z) =570 |z - sin(z;) + 0.1 - 2 [—10, 10]
fis(z) =0.1n — (0.1 37 cos(bmra;) — Yoir | xF) [—1,1]
fio(w) = 320y af + (07, 0.520)° + (37, 0.5iz:)" 5, 10]
fao(z) = Z?=2 (0'5 + 1+S(i)l.1;(§1(;;ffigjiz:i;)?) [—100, 100]
for1(z) = 0.1(sin?(3ma;) + Y00, (v — 1)?(1 + sin®(3mzi41)) + (2, — 1)2(1 + sin?(272,))) [—5, 5]
faa(z) = (—1)" T T, cos(a;) - exp (— Doiy (z; — m)?) [~100, 100]
fas(@) =1 = cos (2my /3001 22) + 0.1y /S0 @2 [~100,100]
faa(z) = 0.5 + (igﬁzﬁgf [~100, 100]
fos(z) =31 (0.227 + 0.127 - sin 2z;) [~10,10]
fao(w) = X0y (af4 + x%)o.% [SiUQ (50(7_; + 51312)0'1)2 + 11 [—10, 10]

mathematical model of the encircling mechanism is
formulated as follows:

X(t+1)=X*(t)—A-[C-X*(t) - X(¢)] (1)
where X is the position vector of the whales, ¢ is
the current iteration, X* is the position vector of
the global optima, | - | is the absolute value, - is

the element-by-element multiplication, A and C are
coefficient vectors and are formulated

A=2a-r—a, C=2-7 (2)

where 7 is the random vector in [0,1], a is called

distance control parameter. It should be noted that the
distance control parameter a decreases linearly from 2
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to 0 during the process of iterations, namely

a(t)=2—-2x

(3)

max

where tmay is the maximum number of iterations.

Whales have a special hunting behavior of spiral
bubble-net feeding as depicted in Figure 1.

Figure 1. Bubble-net hunting behavior of humpback whales.

In the bubble-net attacking stage, this behavior is
described by two mechanisms of shrinking encircling
and spiral updating position. The mathematical model
of spiral updating position mechanism is formulated
as:

X(t41) = X*(t) +|X*(t) — X (1)] - - cos(2xl) (4)

where b is a constant number, and [ is a random number
in [—1,1].

It should be noted that whales swim around the prey
within a shrinking circle and move with a logarithmic
spiral motion simultaneously. For simplicity, we
assume that there is a probability of 50% to select
between either the shrinking encircling mechanism
or the logarithmic spiral motion during optimization,
namely

X*(t)—A-|C-X*(t) - X(t)|, ifp<05

X(E+1) =9 X*(t) + |X*(t) - X (1)

-e? - cos(2nl),

ifp>0.5
(5)
where p is a random number in [0, 1].

In the search for prey stage, whales search randomly

according to the position of each other. The
mathematical model is formulated by
X(t+1)=Xanda — A+ |C - Xyana — X|  (6)
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where X.,q is a random candidate solution selected
from population.

3 Proposed EWOA Algorithm

The traditional WOA suffers from some shortcomings
such as trapping in local optima, slow convergence,
and time-consuming [18]. In this section, the
proposed EWOA is introduced which improve the
performance of traditional WOA. The No-Free-Lunch
(NFL) theorem [44] mentioned that an optimization
algorithm could not be used to solve all the
optimization problems. This is the main motivation
to develop the EWOA. The proposed algorithm does
not affect the configuration of canonical WOA and
improves the WOA through two modified strategies.
The two strategies are explained in details as follows.

3.1 Modified Position Updating Equation

According to the position-updated equations (1) or (4),
the right side of them is made up of two parts. The first
part of (1) or (4) represents the previous global best
position, and the second part of (1) or (4) is the one
contributing to the previous global best position. The
new candidate individuals are generated by equations
(1) or (4) based on the information of previous
global best position, which is good at local search.
Therefore, one active research trend of WOA algorithm
is to investigate its position-updated equation for
improving the performance of WOA. Luo et al. [38]
proposed a novel adaptive WOA (AWOA) based on
modified position-updated equation for solving global
optimization problems. However, AWOA still has
some drawbacks such as easily trapped into a local
optima, slow convergence and low precision.

Particle swarm optimization (PSO) is a popular
metaheuristic algorithm developed by Kennedy and
Eberhart in 1995 [45], which is inspired by collective
behavior of bird flocking or fish schooling. In 1998,
In 1998, Shi and Eberhart [46] proposed a modified
version of PSO by introducing the concept of inertia
weight for the original version of PSO to coordinate the
ability of global search and local search in the evolution
process. In addition, they pointed out that a larger
value of inertia weight is beneficial to global search
while a smaller value of inertia weight is conducive to
local search [46]. Therefore, by changing the values
of the inertia weight dynamically, the characteristics
of global search and local search of PSO algorithm are
dynamically adjusted.

For population-based metaheuristic optimization
algorithms, appropriate coordinate of global search
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and local search is vital to find the global best solution
effectively. Inspired by PSO, this work proposes a
modified position-updated equation by introducing
the parameter of inertia weight (denoted as w) for
the original position-updated equations (1) and (4)
to balance the ability of global search and local search
effectively. The proposed modified position-updated
equations are given as follows:

X(t+1)=wt) - X*(t)—A-[C-X*(t) - X(t)] (7)
X(t+1) = w(t)-X*(8)+ | X7 (£) — X (1)]-eresCD (8

where w is the inertia weight.

Generally, for metaheuristic optimization algorithms,
maintaining a high diversity of population is very
important in the early phase of the search [46].
The main purpose of this phase is to encourage
the candidate individuals to traverse through the
entire search space as possible. Therefore, in the
equations (7) and (8), the inertia weight should be
set to a relatively smaller value so as to achieve this
purpose. On the other hand, accelerate convergence
of population is also crucial in the latter phase of the
search. The main objective of this phase is to find the
global optimum effectively. Consequently, the inertia
weight of the equations (7) and (8) should be set to
a relatively larger value [43]. Based on the above
considerations, in this study, we present a linearly
increasing inertia weight throughout the course of
iterations, namely

t

9)

w(t) = Wmin + (wmax - wmin) X
tmax

where wmax and wmin are represent the maximum and
minimum values of the inertia weight, respectively.
From equations (7), (8), and (9), the global search
and local search of WOA are dynamically adjusted by
changing the values of the inertia weight dynamically.
Compared with reference [39], the position-updated
equations of EWOA (namely, Egs. (7), (8), and (6))
different from IWOA. In addition, unlike reference [39],
the inertia weight of EWOA increases non-linearly
during the process of iterations.

3.2 Nonlinear Distance Control Parameter

In the classical WOA algorithm, there are four main
parameters such as a, A, C, and b, and b. It is noted
that parameter a is crucial for balancing between
global exploration and local exploitation. When
|a| > 1, candidate individuals in the population tend

to diverge from the current optimal individual to
enhance the ability of global exploration; and when
la|] < 1, the candidate solutions in the population
converge towards the current optimal solution to
improve the ability of local exploitation. This goal is
achieved by adjusting the distance control parameter a.
However, from Eq. (3), the distance control parameter
a decreased linearly from 2 to 0 throughout the course
of iterations to transition between global exploration
and local exploitation.

Although the linear distance control parameter
strategy shows faster convergence and higher accuracy
in the early phase for most cases by empirical
investigations with some well-known problems [18].
However, the actual search process of WOA is
nonlinear and much more complicated, so it cannot
be truly reflected by the linearly decreasing adaptive
parameter a. Therefore, this study proposes a new
nonlinear distance control parameter strategy as

follows:
2
tr2nax )

(10)

a(t) = Ginitial + (Ginitial — Gfinal) X €XP <—)\ X

where @initia] and agina) are represent the initial and final
values of the distance control parameter a, respectively;
A is the nonlinear adjust factor.

Different from Eq. (3), the Eq. (10) is a nonlinear
distance control parameter (a) strategy which
increases from 0 to 2 during the process of iterations.
The reasons for proposing this nonlinear increasing
strategy are as follows. In general, at the early phase
of WOA, the population has a higher diversity. The
higher population diversity means that the ability to
explore the global space is stronger. The purpose of
this phase is to accelerate convergence. Therefore, the
value of a should be set to a smaller value and the
increasing trend is faster. On the contrary, all of the
whales are attracted to the current global optima at the
latter phase, and they maybe converge prematurely
without enough exploration of the search space. This
will lead the whales trap into a local optimum. The
purpose of this phase is to avoid falling into local
optima, and encourage further exploration. Thus,
the value of a should be set to a larger value and
the increasing trend is slower. In other words, the
main reasons for making this modification is that
the smaller values of @ at the beginning facilitate
“local exploitation” and larger values of a afterward
facilitate “global exploration”.

We conducted several experiments on WOA with a

129



Journal of Mathematics and Interdisciplinary Applications

ICJK

Initialize the parameters

b

Generate randomly the population
in search space, set =0

»
Lol

Y
Compute the fitness of each
individual and find the best
individual (denoted as X°*)

Output X*

Compute the value of a by
using Eq. (13)

v

‘ Update C, 4.7 and p

4 \ 4
Update the position Update the position Update the position
by using Eq. (8) by using Eq. (7) by using Eq. (6)

Figure 2. The flow chart of EWOA algorithm.

nonlinear modulation index A in the interval [0.1, 1.0]
on average exhibited better performance on average,
but a larger A(> 1.0) resulted in more failure in
convergence. Especially, the performance of EWOA
with A = 0.1 is the best. Therefore, the value of \ is set
to 0.1.

With the descriptions above, the flow chart of EWOA
algorithm is shown in Figure 2.

To verify the performance of our algorithm, EWOA
is compared with the classical WOA, the WOA with
nonlinear distance parameter strategy (abbreviated as
NWOA), and the WOA with dynamic inertia weight
strategy (abbreviated as DWOA). For making a fair
comparison, we take the same parameter settings for
all algorithms. The control parameters’ setting is given
in Table 2.

All source codes are written in MATLAB 7.11.0 (win64)
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Table 2. Parameters settings.

Parameters’ description Parameters’ settings

Population size N =30
Maximum number of iterations tmax = 500
Number of fitness evaluations NFEs = 15,000

Initial and final values of a
Maximum and minimum of w
Nonlinear modulation index

Ginitial = 2.0, Afinal = 0.0
Wmax = 1, Wyin =0

A=0.1

and executed in an Apple iMac computer with 2.8
GHz Intel Core i5, 8 GB 1867 MHz DDR3 under
MAC OS operation system. The mean and standard
deviation results of 26 benchmark tests functions with
D = 30 after 30 trials are shown in Table 3. In
Table 3, Wilcoxon’s rank sum test at a 0.05 significance
level is performed between EWOA and other three
WOA variants. “+”, “~”, and “~” denote that the
performance of EWOA is better than, worse than,
and similar to that of the corresponding approach,
respectively. To attract attention, the best results are
marked in boldface.

From Table 3, EWOA is able to find the global optima
value 0 on nineteen functions (i.e., fi—f2, f1, f1—fs,
J10=f13, fis=f16, fis—f22, foa—f26) with fixed number
of FEs 15000. For the functions f3, f5, fi7, and fa3, the
mean values obtained by EWOA are 1e-217, 1e-198,
1le-210, and 1e-173, respectively, which show their
solutions are highly near global optimum. Compared
with WOA, NWOA finds better results on fifteen
functions (i.e., fi—f1, fs—fio, fi2, fie—fir, fao—fo1,
fas—f26) and similar results on eleven functions (i.e.,
f5, f7, f11, f13—f15, fls—flg, fgg). With respect to WOA,
DWOA can provide better results on nineteen test
functions (i.e., fi—fs, fs—fio0, fi2, fia, fie—fi7, fro—fa1,
fas—fa6) and similar results on seven functions (i.e.,
fe, fr, fi1, f13, fi5, fis, f22). Compared with WOA,
EWOA finds better and similar results for nineteen
and six functions, respectively. However, for function
fe, the better result obtained by WOA. Compared to the
NWOA algorithm, EWOA is able to obtain better and
similar results on eighteen (i.e., fi—f5, fs—fo, fi2, f14,
Ji6=f17, fio=fa1, f23—f26) and eight (i.e., fo—f7, fro—f11,
fis, fis, fis, fa2) test functions, respectively. With
respect to DWOA, EWOA gets better and similar results
onseven (i.e., f3, f5, fo, fi7, fio—f20, f23) and eighteen

(i.e., fi=fa, fa, fr=fs, fro=fi6, f18, fai—fa2, foa—fo6) test

functions, respectively. However, the better result is
obtained by DWOA on test function f.

Figure 3 shows the convergence curves of WOA,
NWOA, DWOA, and EWOA on some representative
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Table 3. Comparisons of EWOA with WOA, NWOA, and DWOA on 26 benchmark functions with 30 dimensions.

Functions WOA (Mean + St.dev) NWOA (Mean + St.dev) DWOA (Mean + St.dev) EWOA (Mean + St.dev)
fi 1.60E-73 £+ 7.91E-74 +6.96E-120 + 1.80E-119  4+0.00E+00 + 0.00E+00 = 0.00E+00 + 0.00E+00
fo 7.34E-81 + 1.51E-80 +2.74E-124 £ 4.30E-124  4+0.00E+00 + 0.00E+00 = 0.00E+00 + 0.00E+00
f3 2.16E-52 £+ 4.65E-52 +5.95E-73 + 1.73E-72 +1.09E-193 £ 0.00E+00 +4.26E-217 £+ 0.00E+00
fa 5.29E+04 £ 5.37E+03  +2.25E+04 + 4.09E+03  +0.00E+00 &+ 0.00E4+00  ~ 0.00E+00 + 0.00E+00
5 3.68E+01 £ 2.66E+01 +3.68E+01 4+ 3.90E+01 +1.38E-184 £ 0.00E+00 +4.49E-198 £ 0.00E+00
fe 2.80E+401 + 6.00E-01 —2.87E+4+01 + 9.89E-02 ~ 2.80E+01 £+ 1.75E-01 —2.87E+01 £ 6.96E-02
fr 0.00E+00 £ 0.00E+00  ~ 0.00E+00 £ 0.00E+00 = 0.00E+00 #+ 0.00E4+00 ~ —0.00E+00 4 0.00E+00
fs 8.23E-119 + 1.05E-118  +5.99E-224 + 0.00E+00  +0.00E+00 =+ 0.00E+00 ~ 0.00E+00 =+ 0.00E+00
fo 1.92E-03 + 1.91E-03 +8.48E-04 £+ 9.79E-04 +1.10E-04 + 4.82E-05 +4.98E-05 £ 3.69E-05
f1o 1.51E-118 + 2.84E-118  +0.00E+00 + 0.00E+00  ~ 0.00E+00 =+ 0.00E+00 ~ 0E+00 + 0.00E+00
m 0.00E+00 + 0.00E+00 = 0.00E4+00 £ 0.00E+00 = 0.00E+00 + 0.00E+00 = —0.00E+00 % 0.00E+00
fi2 7.86E-72 £+ 8.24E-72 +6.18E-120 + 6.55E-120  4-0.00E+00 £ 0.00E+00 ~ 0.00E+400 + 0.00E+00
f13 0.00E+00 £ 0.00E+00  ~ 0.00E+00 £ 0.00E+00 ~ 0.00E+00 4+ 0.00E4+00 ~ —0.00E+00 £ 0.00E+00
f14 5.86E-15 £+ 1.94E-15 +5.15E-15 + 2.97E-15 +8.88E-16 + 0.00E+00 ~ 8.88E-16 + 0.00E+00
f1s 0.00E+00 + 0.00E+00 = 0.00E+00 £ 0.00E+00 = 0.00E+00 + 0.00E+00 = —0.00E+00 4 0.00E+00
f16 7.24E-81 + 6.57E-81 +5.17E-124 + 6.00E-124  +0.00E+00 £ 0.00E4+00 = 0.00E+00 + 0.00E+00
fir 2.75E-52 £+ 3.22E-52 +2.71E-73 + 3.03E-73 +3.06E-194 £+ 0.00E+00 +3.88E-210 £+ 0.00E+00
f1s 0.00E+00 £ 0.00E+00 =~ 0.00E4+00 £ 0.00E+00 ~ 0.00E+00 4+ 0.00E4+00 =~ —0.00E+00 £ 0.00E+00
f19 4.76E+02 £+ 8.72E+01 +4.72E4+02 £+ 6.75E+01 +1.14E-322 £+ 0.00E+00 +0.00E+00 £ 0.00E+00
J20 1.97E-03 + 4.36E-03 +2.09E-01 + 4.64E-01 +2.80E-03 £+ 6.26E-03 +0.00E+00 £ 0.00E+00
fa1 4.20E-81 + 4.66E-81 +1.57E-122 £ 2.52E-122  4+0.00E+00 + 0.00E+00 = 0.00E+00 + 0.00E+00
fa2 0.00E+00 + 0.00E+00 = 0.00E+00 £ 0.00E+00 = 0.00E+00 + 0.00E+00 = —0.00E+00 =+ 0.00E+00
fa3 1.40E-01 + 8.94E-02 +7.99E-02 + 8.36E-02 +2.00E-02 + 3.66E-02 +1.64E-173 £+ 0.00E+00
fou 1.52E-02 £ 1.23E-02 +1.13E-02 + 1.52E-02 +0.00E+00 4 0.00E+00 ~ 0.00E+00 £ 0.00E+00
Jas 1.12E-79 + 1.05E-79 +5.12E-122 + 6.17E-122  4-0.00E+00 £ 0.00E+00 ~ 0.00E+00 £ 0.00E+00
f26 4.23E-30 + 4.47E-30 +9.47E-37 £+ 1.97E-36 +0.00E+00 &+ 0.00E4+00 =~ 0.00E+00 =+ 0.00E+00

/)~ 19/6/1 18/8/0 7/18/1

benchmark test functions with D = 30. As can be
seen from Figure 3, EWOA can obtain higher precision
and faster convergence speed than the basic WOA and
the EWOA variant. In addition, DWOA is also able to
get faster convergence and obtain higher precision in
most test functions. This is because the dynamic inertia
weight strategy is beneficial for balancing convergence
speed and convergence precision.

In order to further verify the scalability of the proposed
algorithm, EWOA is applied to test higher-dimensional
functions (i.e., D = 100, 500). Tables 4 and 5 provide
the mean results (Mean) and the standard deviation
results (Std.dev) for 30 independent runs on the all
test functions in Table 1. In Tables 4 and 5, Wilcoxon’s
rank sum test at a 0.05 significance level is performed
between EWOA and other three WOA variants. “+”,

“-”,and “~” denote that the performance of EWOA
is better than, worse than, and similar to that of
the corresponding approach, respectively. To attract
attention, the best results are marked in boldface. It
is noted that these results are obtained with same
parameter settings for above experiments and that it
does not require any increase in population size or
number of function evaluations.

From Table 4, when growing the dimension of problem,
the success of EWOA continues to reach best results
except for function f39. Compared with WOA, EWOA
is able to find better results on 20 test functions
with D = 100 (ie., fi—fs, fs—fi2, fia, fie—fi7,
fio—f21, fas—fa6). For the testing functions, two
algorithms obtain similar results. EWOA significantly
outperforms NWOA on nineteen functions with D =
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Figure 3. Convergence graphs of EWOA and other three algorithms on some representative test functions with D = 30.

100 (i.e., fi=f5, fs=f12, J16=f17, fi9=f21, fa3—f26). Both
EWOA and NWOA can consistently provide similar

results on seven functions (i.e., fo—f7, fis—fi5, fis,
and fo2). With respect to DWOA, EWOA provides
better and similar results on seven and nineteen test
functions, respectively.

As given in Table 5, for functions with D
500, EWOA has shown very good scalability to
the search dimension, i.e., the performance did not
deteriorate seriously as the dimension increased.
EWOA significantly outperforms WOA on 21 test
functions with D 500. With respect to NWOA,
EWOA obtains better and similar results on 19 and
seven test functions, respectively. Compared with
DWOA, EWOA provides better and similar results
on seven and eighteen functions with D 500,
respectively.
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For further illustration, the convergence curves of
WOA, NWOA, DWOA and EWOA on some typical
functions with D = 100 and D = 500 are shown in
Figures 4 and 5. As seen from Figures 4 and 5, EWOA
has better higher precision and faster convergence
speed than WOA and NWOA in most functions.
Additionally, with respect to DWOA, EWOA provides
faster convergence speed on all the test functions.

For a better evaluation of the metaheuristic algorithms,
not only the solution quality and the computational
times should be investigated [20]. Under the same
program run environment, Table 6 provides the mean
CPU execution time results (in seconds) obtained by
the WOA, NWOA, DWOA, and the EWOA on 30, 100,
and 500 dimensions benchmark functions respectively
in Table 6.

From Table 6, for 26 test functions with different
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Table 4. Comparisons of EWOA with WOA, NWOA, and DWOA on 26 benchmark functions with 100 dimensions.

Functions WOA (Mean + St.dev) NWOA (Mean + St.dev) DWOA (Mean + St.dev) EWOA (Mean + St.dev)
fi 5.80E-70 £+ 1.81E-69 1.02E-115 + 1.27E-115 0.00E+00 &+ 0.00E+00 = 0.00E+00 £ 0.00E+00
fo 7.00E-75 + 7.08E-75 9.59E-120 £ 1.52E-119 0.00E+00 &+ 0.00E+00 = 0.00E+00 £ 0.00E+00
f3 4.73E-49 £ 2.71E-49 3.31E-69 £ 4.16E-69 4.05E-187 + 0.00E+00 ~ 1.26E-206 4+ 0.00E+00
fa 1.18E+406 + 5.45E+04 8.59E+05 £ 5.52E+04 0.00E+00 &+ 0.00E+00 = 0.00E+00 £ 0.00E+00
s 5.06E+01 £ 3.92E+01 5.19E4+01 £+ 2.23E+00 1.64E-178 = 0.00E+00 ~ 1.65E-192 £ 0.00E+400
fe 9.83E+01 + 1.41E-01 ~ 9.82E+01 £ 5.17E-02 9.80E+01 + 1.81E-01 ~ 9.82E+01 + 4.96E-02
fr 0.00E+00 =+ 0.00E+00 0.00E+00 £+ 0.00E4+00  ~ 0.00E+00 £ 0.00E+00 ~ 1.00E+00 =+ 0.00E+00
fs 1.97E-115+ 1.78E-115  8.71E-216 + 0.00E+00 0.00E+00 &+ 0.00E+00 = 0.00E+00 £ 0.00E+00
fo 4.15E-03 £ 3.93E-03 2.44E-03 + 4.22E-03 4.73E-05 £ 2.33E-05 ~ 7.70E-05 £ 8.12E-05
fio 3.82E-112 £ 1.17E-112 1.05E-215 + 0.00E+00 0.00E+00 & 0.00E4+00  ~ 0.00E+00 + 0.00E+00
Ji1 4.44E-17 £ 9.93E-17 4.44E-17 £ 9.93E-17 ~ 0.00E+00 £ 0.00E4+00 ~ 0.00E+00 % 0.00E+00
fi2 3.38E-68 + 5.36E-68 5.31E-116 £ 5.51E-116 ~ 0.00E+00 £+ 0.00E+00 ~ 0.00E+00 % 0.00E+00
fi3 0.00E+00 % 0.00E+00 0.00E+00 £ 0.00E+00  ~ 0.00E+00 £ 0.00E+00 = 1.00E+00 =+ 0.00E+00
fia 4.44E-15 + 2.51E-15 3.73E-15 £+ 2.97E-15 ~ 8.88E-16 + 0.00E+00 = 8.88E-16 + 0.00E+00
fis 0.00E+00 =+ 0.00E+00 0.00E+00 £+ 0.00E4+00  ~ 0.00E+00 £ 0.00E+00 ~ 1.00E+00 =+ 0.00E+00
fie 3.26E-77 £ 5.58E-77 1.38E-119 + 2.31E-119 =~ 0.00E+00 &+ 0.00E+00 ~ 0.00E+00 £ 0.00E+00
fir 1.02E-48 + 8.58E-49 4.04E-68 £ 9.91E-69 ~ 3.42E-188 + 0.00E+00 ~ 5.87E-204 £ 0.00E+00
fis 0.00E+00 =+ 0.00E+00 0.00E+00 £+ 0.00E4+00  ~ 0.00E+00 £ 0.00E+00 ~ 1.00E+00 =+ 0.00E+00
f19 1.84E+03 £ 2.71E+02 1.61E+03 + 2.00E+02 ~ 2.16E-230 + 0.00E+00 ~ 1.75E-233 £+ 0.00E+00
J20 9.29E-01 £ 1.40E+00 7.35E-02 + 1.64E-01 ~ 4.46E-03 £ 3.85E-03 ~ 3.53E-06 £ 2.05E-06
fa1 1.78E-75 + 1.50E-75 6.56E-117 £ 7.06E-117  ~ 0.00E+00 & 0.00E+00 ~ 0.00E+00 + 0.00E+00
fa2 0.00E+00 =+ 0.00E+00 0.00E+00 £ 0.00E4+00  ~ 0.00E+00 £ 0.00E+00 = 1.00E+00 =+ 0.00E+00
fa3 1.60E-01 £ 5.48E-02 1.40E-01 4+ 1.34E-01 ~ 2.00E-02 £ 4.47E-02 =~ 5.36E-155 £+ 0.00E+00
fou 2.07E-02 £ 1.51E-02 1.95E-02 + 3.31E-02 ~ 1.94E-03 + 4.35E-03  ~ 0.00E+00 % 0.00E+00
f2s 4.95E-74 £ 6.39E-74 1.90E-116 + 2.36E-116 ~ 0.00E+00 £ 0.00E4+00 ~ 0.00E+00 % 0.00E+00
J26 1.08E-28 £+ 1.64E-28 2.34E-36 + 3.99E-36 ~ 0.00E+00 £+ 0.00E+00 ~ 0.00E+00 % 0.00E+00

)~ - 20/0/6 19/7/0 7/19/0

dimensions, the mean CPU execution times of four
algori-thms are very close to each other. In other
words, there is no significant difference among four
algorithms on 26 functions in terms of the mean CPU
execution times.

3.3 Compared with Other Algorithms

In this section, EWOA is also compared with
six well-known population-based algorithms:
nonlinear inertia weight particle swarm optimization
(NIW-PSO) [47], multi-verse optimizer [48]
(MVO), teaching-learning-based  optimization
(TLBO) [49], grey wolf optimization (GWO) [19], elite
opposition-based differential evolution (EODE) [50],
and improved WOA (IWOA) [27]. 26 test functions
provided in Table 1 were used to investigate the

performance of EWOA and other six population-based
algorithms. The parameter settings for all of the
algorithms are set as follows, i.e., the number of fitness
evaluations (NFEs) is 15,000. Table 7 shows the results
obtained by EWOA and other six population-based
algorithms for 26 functions with D = 30, where “Mean”
indicates the mean best fitness value and “St.dev”
represents the corresponding standard deviation
value. The best results are highlighted in bold.

From Table 7, with respect to NIW-PSO, EWOA can
find better results for all of the test functions including
fa2. Compared with MVO, EWOA obtains better and
similar results for twenty-four and two (f7 and f22)
test functions, respectively. Compared to the TLBO
algorithm, EWOA is able to provide better and similar
results for twenty-two and three ( f7, fi5, and fa2) test
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Table 5. Comparisons of EWOA with WOA, NWOA, and DWOA on 26 benchmark functions with 500 dimensions.

Functions WOA (Mean + St.dev) NWOA (Mean + St.dev) DWOA (Mean + St.dev) EWOA (Mean + St.dev)
fi 1.50E-68 + 1.92E-68 +1.27E-114 +1.33E-114  +0.00E+00 £ 0.00E+00  ~ 0.00E+00 = 0.00E+00
fo 1.53E-68 + 9.21E-69 +2.19E-114 + 2.42E-114  4+0.00E+00 &+ 0.00E+00 = 0.00E+00 % 0.00E+00
f3 2.43E-46 + 3.26E-46 +1.05E-65 £ 1.48E-65 +7.16E-186 £ 0.00E4+00  +7.40E-202 £ 0.00E+400
fa 3.12E+07 £ 1.33E+07  +3.46E+07 £ 9.35E+06  +1.07E-295 4+ 0.00E+00  +1.44E-299 £ 0.00E+00
fs 8.70E+01 £ 1.26E+01  48.30E+01 4+ 9.44E+00  +6.28E-176 & 0.00E+00  +1.06E-185 & 0.00E+00
fe 4.96E+02 + 6.31E-01 ~ 4.95E4+02 + 1.91E-01 ~ 4.95E+02 + 1.14E-01 ~ 4.95E+02 + 2.26E-01
fr 0.00E+00 £+ 0.00E+00  ~ 0.00E+00 + 0.00E+00 = 1.00E+00 £+ 0.00E+00 ~ 0.00E+00 + 0.00E+00
fs 5.26E-107 £ 9.68E-108  +3.18E-210 = 0.00E+00  40.00E+00 4+ 0.00E+00 =~ 0.00E+00 4 0.00E+00
fo 6.17E-03 £ 9.28E-03 +2.56E-03 £ 1.81E-03 +8.06E-05 £ 8.12E-05 ~ 1.07E-04 £ 8.48E-05
fio 6.39E-108 £ 8.15E-108  +2.69E-203 + 0.00E+00  +0.00E+00 £ 0.00E4+-00  ~ 0.00E+00 +£ 0.00E400
fin 1.33E-16 4+ 1.22E-16 +4.44E-17 £ 9.93E-17 +0.00E+00 + 0.00E+00  ~ 0.00E+00 =+ 0.00E+00
fi2 4.41E-63 £ 2.45E-63 +1.27E-113 £1.75E-113  4+0.00E+00 + 0.00E4+00 =~ 0.00E+00 % 0.00E+00
f13 0.00E+00 & 0.00E4+00 = 0.00E+00 & 0.00E4+00  ~ 1.00E+00 £ 0.00E+00 = 0.00E+00 =+ 0.00E+00
fia 5.15E-15 + 2.97E-15 +4.44E-15 + 3.55E-15 ~ 8.88E-16 + 0.00E+00 = 8.88E-16 + 0.00E+00
fis 7.50E-01 + 1.68E-01 +0.00E4+00 £ 0.00E4+00  ~ 0.00E4+00 £ 0.00E4+00 ~ 1.00E+00 % 0.00E+00
f16 2.29E-71 £ 2.43E-71 +1.72E-114 £ 1.61E-114  4+0.00E+00 &+ 0.00E+00 = 0.00E+00 % 0.00E+00
Jir 1.41E-46 + 1.11E-46 +1.44E-66 £+ 1.92E-66 +2.75E-186 £ 0.00E4+00  +1.73E-197 £ 0.00E+4-00
fis 0.00E+00 &+ 0.00E+00  ~ 0.00E+00 + 0.00E+00 = 1.00E+00 &+ 0.00E+00 ~ 0.00E+00 + 0.00E+00
f19 8.23E+03 + 1.86E4+03  +7.40E+03 &+ 1.43E4+03 +2.92E-62 + 6.53E-62 —3.38E-21 + 7.56E-21
J20 2.29E+00 £+ 4.31E+00 +8.07E-01 £ 1.76E+00 +1.26E-02 + 2.82E-02 +1.30E-04 + 2.89E-04
fo1 3.36E-72 £ 5.43E-72 +1.33E-114 + 2.71E-114  +0.00E+00 £ 0.00E+00  ~ 0.00E+00 % 0.00E+00
fa2 0.00E+00 &+ 0.00E+00 = 0.00E+00 + 0.00E+00 = 1.00E+00 & 0.00E+00 ~ 0.00E+00 + 0.00E+00
fa3 2.44E-01 + 2.29E-01 +2.00E-01 + 1.96E-01 +9.98E-02 + 6.55E-02 +4.20E-82 + 1.16E-81
fou 2.89E-02 £ 3.00E-02 +2.07E-02 + 1.51E-02 +9.73E-03 + 4.92E-03 +0.00E+00 + 0.00E+00
f2s 2.31E-70 £ 2.27E-70 +1.09E-115 + 1.40E-115  +0.00E+00 4+ 0.00E+00 =~ 0.00E+00 = 0.00E+00
f26 1.59E-28 + 1.82E-28 +1.60E-35 + 1.87E-35 +0.00E+00 + 0.00E4+00  ~ 0.00E+00 + 0.00E+00

4/~ ) 21/5/0 19/7/0 7/18/1

functions, respectively. However, the better result of
f6 is obtained by TLBO. Compared with GWO, EWOA
gets better and similar results on twenty-two and three
(f7, fis, and fa2) functions, respectively. However,
GWO provides better result on function fs. EWOA
significantly outperforms EODE on 23 test functions.
For fs, fi0, and fo2, EWOA and EODE find similar
results. With respect to the IWOA, EWOA can get
better and similar results on eight and 16 test functions,
respectively. However, IWOA obtains better values on
two functions (i.e., f3 and f7). Based on the above
comparisons, the total performance of EWOA is best.

3.4 EWOA for Engineering Design Problems

In this section, the efficacy of EWOA was evaluated
using four constrained real-world engineering
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applications: a welded beam, a pressure vessel, a
three-bar truss, and a tension/compression spring.
These engineering applications were used to show
the validity and effectiveness of the proposed
method in the real-world problems. The detailed
information of these applications could be found
in their original papers. Since the engineering
applications of this section have different constraints.
We need to use a constraint-handling technique.
Deb’s feasibility-based rule [51] is one of the most
common constraint-handling tech-niques. The
advantage of this technique is simplicity and ease of
implementation. However, this technique does not
utilize the information of in-feasible solutions. For
the sake of simplicity, we equip the EWOA with the
Deb’s feasibility-based rules in this section to handle
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Table 6. Mean CPU execution time (in seconds) obtained by WOA, NWOA, DWOA, and EWOA on 26 test functions with
30D, 100D, and 500D.

Func WOA NWOA DWOA EWOA

D=30 D=100 D=500 D=30 D=100 D=500 D=30 D=100 D=500 D=30 D=100 D =500
fi 1.038370 3.012480 14.66778 1.026556 2.878610 13.71042 1.032491 2971574 14.34531 0.993139 2.845417 13.45688
fo 1.071700 3.052560 14.71461 1.065136 2916122 13.82436 1.064504 3.011702 14.45284 1.033194 2.871549 13.55964
f3 1.059627 3.041608 14.70697 1.041499 2.900056 13.75940 1.044141 2991836 14.40076 1.004750 2.867264 13.50959
fa 1715728 4.072717 29.06811 1.710539 3.976532 28.28050 1.731120 5.334957 28.82784 1.667934 5.213205 26.39784
fs 1.079576 3.071014 14.65019 1.073819 2.903967 13.78883 1.076633 3.017077 14.47623 1.038609 2.884643 13.56921
fe 1.148665 3.098953 14.84192 1.116761 2973821 13.93086 1.117027 3.066769 14.51019 1.073114 2.929476 13.63469
fr 1.043159 3.016907 14.73099 1.050150 2.895541 13.72988 1.064028 3.004039 14.48548 1.017031 2.843878 13.59719
fs 1156800 3.260351 15.65425 1.114514 3.122054 14.77796 1.130635 3.193373 15.39298 1.084445 3.065536 14.44867
fo 1.134958 3.263768 15.65914 1.122139 3.106055 14.76279 1.149117 3.219957 15.50015 1.080886 3.079999 14.53041
fio 1132054 3.240423 15.36324 1.110051 3.073150 14.43642 1.123284 3.173115 15.11602 1.084627 3.034107 14.28630
fir 1.041492 3.033796 14.63141 1.034343 2.877978 13.70887 1.051978 2.963892 14.34653 1.021500 2.836354 13.49793
fiz 1142042 3.271977 15.63488 1.120814 3.117549 14.76651 1.144873 3.210436 15.46604 1.080996 3.084687 14.56201
fiz 1.089659 3.081776 14.75626 1.070065 2.928015 13.77987 1.092840 3.030924 14.47914 1.040055 2.896815 13.65602
fia 1128897 3113128 14.78601 1.110585 2.969123 13.81281 1.130345 3.076043 14.56350 1.083997 2.932189 13.64773
fis  1.100728 3.090928 14.78180 1.078725 2.945028 13.85080 1.103817 3.051214 14.55664 1.051627 2.909915 13.66388
fie 1119384 3.113406 14.79106 1.106915 2967685 13.86635 1.113533 3.066363 14.60351 1.076312 2911805 13.47781
fir 1.067215 3.040821 14.67590 1.046176 2.900791 13.76864 1.065883 3.008708 14.40689 1.013964 2.872994 13.51672
fig 1.090083 3.077235 14.71559 1.063903 2934664 13.76806 1.093465 3.047069 14.50605 1.033209 2.887334 13.60201
fio 1125138 3.096443 14.75113 1.095944 2.955568 13.80967 1.104385 3.052168 14.52264 1.075981 2.918973 13.62490
foo  1.195568 3.214548 15.01701 1.175390 3.065069 14.07260 1.187097 3.164337 14.78657 1.143919 3.014710 13.86535
for 1121239 3.090465 14.75511 1.085034 2.939718 13.84259 1.099847 3.051028 14.54321 1.049252 2911616 13.62072
foo 1175441 3.163483 14.99110 1.127322 3.040320 14.01318 1.143956 3.138462 14.67568 1.100603 2.998801 13.82264
foz 1115322 3.075925 14.74467 1.105250 2.959920 14.03826 1.111565 3.056898 14.55078 1.099735 2.931785 13.58749
foa 1101000 3.073900 14.74108 1.078764 2.947219 13.98021 1.093489 3.041965 14.48588 1.051020 2.905130 13.54963
fos 1.074246 3.065386 14.73708 1.065096 2.918773 13.95371 1.071149 3.021457 14.52801 1.030965 2.873838 13.62819
foe 1253069 3.596493 16.67026 1.239766 3.407728 15.98762 1.242712 3.479621 16.49671 1.204986 3.364898 15.68911

constraints. EWOA parameters for these real-world
engineering applic-ations were set as follows, i.e., the
number of fitness evaluations (NFEs) was set 50,000.

Tables 8,9, 10 and 11 compare the optimization results
obtained by EWOA with those of other optimization
methods reported in the literature on pressure vessel
design, tension/ compression spring design, three-bar
truss design, and welded beam design problems,
respectively. Please note that the results of other
methods are taken from their original papers. “NFEs”
indicates the number of function evaluation. Note that
“N/A” denotes the results are not available in Tables 8§,
9,10 and 11.

From Table 8, for the pressure vessel design problem, it
is seen that in terms of the best index (i.e., f(best)), the
results obtained by EWOA were the same as the results
found by SCPSO, CS, and HPSO, but superior to those
obtained by the remaining algorithms. In terms of
the mean, worst, and st.dev indices, EWOA get more

promising results than most algorithms. In addition,
the number of FEs by EWOA (50,000) is moderate
among the compared algorithms.

For the tension/compression spring design problem,
the best index in Table 9 shows that the results obtained
by EWOA was inferior to SCPSO, CSA, EEGWO, and
HPSO. In terms of the mean, worst, and st.dev indices,
the results obtained by EWOA were better than those
obtained by the other algorithms except for GWO,
EEGWO, and CSA. As far as the number of FEs is
concerned, AATM had the minimum number of FEs
(25,000), while CPSO had a considerable number of
FEs (200,000). EWOA had the moderate number of
FEs (50,000).

As it can be seen in Table 10, the best results for the
three-bar truss design problem were found by EWOA,
SC, AATM, DEDS, and HEAA. For the mean, worst,

and st.dev results, EWOA is better than SC, SCA, GSA,
and WOA and inferior to the remaining algorithms.
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Table 7. Comparisons of EWOA and other six algorithms on 26 benchmark functions with 30 dimensions.

Functon 00" NIWPSO MVO  TLBO ~ GWO ~ EODE  IWOA  EWOA
Mean 5.46E-09 7.42E-08 7.03E-120 1.18E29 1.20E-178 0.00E+00 0.00E+00

h Stdev  2.81E-09 1.54E-07 1.00E-119 1.93E-29 0.00E+00 0.00E+00 0.00E+00
Mean 327E-10 1.02B-07 4.45E-121 2.92E-30 5.00E-180 0.00E+00 0.00E+00

fa Stdev  2.69E-10 8.28E-08 4.50E-121 3.35E-30 0.00E+00 0.00E+00 0.00E+00
Mean 283E-04 2.70E-04 144E-60 4.49E-18 1.02E-94 0.00E+00 4.26E-217

I Stdev  3.00E-04 1.67E-04 6.76E-61 2.86E-18 2.28E-94 0.00E+00 0.00E+00
Mean 950E-11 3.23E-06 6.97E-119 1.17E-07 6.00E-177 1.03E+00 0.00E+00

Ja Stdev  1.06E-10 5.04E-06 8.00E-119 1.16E-07 0.00E+00 6.96E-01 0.00E+00
Mean  431E+00 1.39E-04 4.75E-51 2.14E-07 896E-73 6.37E-01 4.49E-198

fs Stdev  6.41E-01 7.47E-05 279E-51 2.10E-07 2.00E-72 4.98E-01 0.00E+00
Mean  5.22E+01 2.89E+01 2.64E+01 2.76E+01 2.92E+01 2.88E+01 2.87E+01

fo Stdev  3.51E+01 1.44E-02 8.00E-01 1.14E+00 1.63E-01 3.13E-01  6.96E-02
Mean  1.20E+00 0.00E+00 0.00E+00 0.00E+00 6.00E-01 0.00E+00 0.00E+00

J7 Stdev  837E-01 0.00E+00 0.00E+00 0.00E+00 5.48E-01 0.00E+00 0.00E+00
Mean 1.23E-15 8.69E-21 3.42E-238 5.68E-56 0.00E+00 0.00E+00 0.00E+00

Js Stdev  148E-15 8.68E-21 0.00E+00 5.08E-56 0.00E+00 0.00E+00 0.00E+00
Mean 2.49E-02 2.81E-04 875E-04 294E-03 223E-03 4.65E-02 4.98E-05

fo Stdev  6.16E-03 3.93E-04 198E-04 1.03E-03 198E-03 190E-02  3.69E-05
Mean 551E-28 1.22E-19 2.86E-277 2.34E-103 0.00E+00 0.00E+00 0.00E+00

ho Stdev  9.86E-28  1.74E-19 0.00E+00 5.20E-103 0.00E+00 0.00E+00 0.00E+00
Mean 3.06E-07 198E-02 459E-09 6.54E-07 4.00E-02 0.00E+00 0.00E+00

n Stdev  0.00E+00 5.09E-03 0.00E+00 7.18E-07 3.83E-02 0.00E+00 0.00E+00
Mean 332E-05 7.57E-03 155E-115 1.05B25 220E-174 0.00E+00 0.00E+00

he Stdev  292E-05 1.28E-02 220E-115 9.25E-26 0.00E+00 0.00E+00 0.00E+00
Mean  6.19E+01 2.63E-07 1.89E+01 1.59E-13 1.24E+02 0.00E+00 0.00E+00

hs Stdev  1.34E+01 292E-07 1.93E+01 1.68E-13 9.95E+01 0.00E+00 0.00E+00
Mean 1.14E-05 9.35E-05 222E-15 7.05E-14 355E-15 8.88E-16 8.88E-16

ha Stdev  4.73E-06 5.06E-05 0.00E+00 6.45E-15 1.99E-15 0.00E+00 0.00E+00
Mean 292E-02 2.39E-06 0.00E+00 3.04E-03 2.95E-02 0.00E+00 0.00E+00

hs Stdev  6.52E-02 3.89E-06 0.00E+00 6.80E-03 6.59E-02 0.00E+00 0.00E+00
Mean  1.70E+01 1.33E-09 1.36E-120 253E-30 1.72E+02 0.00E+00 0.00E+00

he Stdev  197E+01 1.29E-09 2.00E-120 2.96E-30 3.16E+02 0.00E+00 0.00E+00
Mean  4.48E-03 3.62E-05 1.14E-60 1.85E-04 1.34E+01 0.00E+00 3.88E-210

fr Stdev  8.65E-03 2.19E-05 1.40E-60 2.93E-04 1.55E+01 0.00E+00 0.00E+00
Mean 7.09E-01 252E-10 4.23E-123 0.00E+00 2.40E-185 0.00E+00 0.00E+00

hs Stdev  2.19E-01 3.36E-10 6.80E-123 0.00E+00 0.00E+00 0.00E+00 0.00E+00
Mean  3.61E+00 3.78E+08 287E-18 7.44E-08 6.95E+08 1.71E+01 0.00E+00

ho Stdev  1.02E+00 3.69E+08 4.69E-18 1.59E-07 1.07E+09 8.34E+00 0.00E+00
Mean  1.12E+01 3.82E-05 6.04E+00 1.09E+01 1.02E+01 5.47E-02 0.00E+00

fao Stdev  4.66E-01 3.61E-05 1.25E+00 9.54E-01 2.60E+00 5.06E-02 0.00E+00
Mean  4.39E-03 5.24E-10 155B-121 1.58E-32 1.40E-183 0.00E+00 0.00E+00

Far Stdev  6.02E-03 8.09E-10 3.40E-121 241E-32 0.00E+00 0.00E+00 0.00E+00
Mean  0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00

fa2 Stdev  0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00
Mean 6.20E-01 2.88E-05 9.99E-02 1.80E-01 2.00E-01 1.80E-01 1.64E-173

fas St.dev 1.30E-01  2.39E-05 0.00E+00 4.47E-02 0.00E+00 1.30E-01 0.00E+00
Mean 147E-01 4.86E-07 9.72E-03 3.17E-02 7.23E-02 9.72E-03 0.00E+00

fas Stdev  2.81E-02 5.69E-07 0.00E4+00 1.23E-02  7.63E-02 0.00E+00 0.00E+00
Mean 199E-11 2.68E-12 523E-121 121E-31 1.20E-186 0.00E+00 0.00E+00

fos Stdev  2.13E-11 857E-13 1.10E-120 2.05E-31 0.00E+00 0.00E+00 0.00E+00
Mean  1.28E+01 8.64E-02 6.25E-29 7.70E-08 2.13E-47 0.00E+00 0.00E+00

fas Stdev  6.87E+00 9.27E-02 277E-29 3.49E-08 3.31E-47 0.00E+00 0.00E+00
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Figure 4. Convergence graphs of EWOA and other three algorithms on some representative test functions with D = 100.

Table 8. Comparison of EWOA and other ten algorithms for pressure vessel design problem.

Algorithm  x1(Ts) 22(Th) 3(R) x4(L) f(best) f(mean)  f(worst)  St.dev NFEs
GA [52] 0.8125 0.4375 40.3239 200.00 6288.7445 6293.8432 6308.497  7.4133 900,000
CPSO [53]  0.8125 0.4375 42.0913 176.7465 6061.0777 6147.1332 6363.8041  86.45 240,000
CDE [54] 0.8125 0.4375 42.0984 176.6377 6059.734 6085.2303 6371.0455 43.013 204,800
SCPSO [55] 0.8125 0.4375 42.0984 176.6366 6059.7143 6358.157 7332.8415 37271 70,650
CS [56] 0.8125 0.4375 42.0984 176.6366 6059.714  6447.736  6459.347  502.693 15,000
CSA [57] 0.8125 0.4375 42.0984 176.6366 6059.7144 6342.4991 7332.8416 384.9454 250,000
EEGWO [58] 13.0929 6.7922 42.0976 176.6495 6059.8704 6066.722 6091.0922 10.64121 50,000
HPSO [59]  0.8125 0.4375 42.0984 176.6366 6059.7143 6099.9323 6288.677 86.2 81,000
SPGA [60] 0.8125 0.4375 42.0974 176.654 6059.9463 6177.2533 6469.322 130.9297 80,000
WOA 0.8125 0.4375 42.0983 176.639  6059.741 6319.7386 6679.8199 244.7956 50,000
EWOA 0.8125 0.4375 42.0984 176.6366 6059.7143 6100.6204 6185.589  51.1511 50,000

Additionally, EWOA had a considerable number of
FEs (50,000).

For the welded beam design problem, in terms of
the best index in Table 11 shows that result found
by HEAA was superior to those obtained by the
remaining algorithms. In addition, the mean, worst,
and st.dev results obtained by EWOA is better than all

of the algorithms except for HEAA and EEGWO. For
the number of FEs, EWOA had the moderate number
of FEs (50,000).

4 Conclusion

In this paper, a novel variant of WOA, called EWOA,
was developed based on two modifications. In
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Figure 5. Convergence graphs of EWOA and other three algorithms on some representative test functions with D = 500.

Table 9. Comparison of EWOA and other eleven algorithms for tension/compression spring design problem.

Algorithm x1(d) x2(D) x3(P) f (best) f(mean)  f(worst)  St.dev NFEs
SSO [17] 12.004032  0.345215  0.051207 0.0126763 N/A N/A N/A 30,000
SC [61] 10.6484423 0.3681587 0.0521602 0.012669  0.012923  0.016717 5.92E-04 30,000
CPSO [53] 11.244543  0.357644  0.054728 0.0126747  0.01273 0.012924  5.20E-05 200,000
GWO [19] 12.04249 0.344541  0.051178 0.0126723 0.0126971 0.0127208 2.10E-05 30,000
SCPSO [55]  11.289687  0.356705  0.051688 0.0126652 0.0127576 0.0146117 2.70E-04 40,000
AATM [62] 11.119253  0.051813 0.35969  0.0126683 0.0127081 0.0128614 4.50E-05 25,000
CSA [57] 11.289012  0.356717  0.051689  0.0126652  0.012666 0.0126702 1.36E-06 50,000
EEGWO [58]  11.3113 0.35634  0.051673  0.012665 0.012685  0.01272  2.22E-05 50,000
HPSO [59]  11.265038  0.357126  0.051706 0.0126652 0.0127072 0.0127191 1.58E-05 81,000
MVO [48] 14.22623 0.315956 0.05 0.0128169 0.0144644 0.0178397 1.62E-03 30,000
WOA 11.1029 0.360405 0.0518539  0.012698 0.0129066 0.013191  2.27E-04 50,000
EWOA 11.3695 0.355461 0.0516393 0.0126673 0.0127021 0.012866  8.38E-05 50,000
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Table 10. Comparison of EWOA and other eleven algorithms for three-bar truss design problem.

Algorithm T T f (best) f(mean) f(worst)  St.dev NFEs
SSO [17] 0.7886654 0.40827578 263.895843 N/A N/A N/A 30,000
SC [60] 0.788621 0.408401 263.8958  263.9033 263.9697 1.30E-02 17,610

AATM [61]  0.788682 0.408229 263.8958  263.8966 263.9004 1.10E-03 17,000

GWO [19] 0.788409 0.409403 263.8959  263.8966 263.898  4.37E-04 30,000

MVO [62] 0.788993 0.407351 263.8959  263.8961 263.8971 2.49E-04 30,000

DEDS [63] 0.788651 0.408316 263.8958  263.8958 263.8958 9.70E-07 15,000
SCA [22] 0.789086 0.407162 263.8984  263.9356 263.9951 2.88E-02 30,000

EEGWO [57] 0.78841 0.40899 263.896 263.8963 263.8966 2.19E-04 50,000

GSA [64] 0.777662 0.448853 264.8299  271.0348 279.7925 4.13E4+00 30,000

HEAA [65] 0.78868 0.408234 263.8958  263.8959 263.8961 4.90E-05 15,000

WOA 0.78915 0.40691 263.897 2639143 263.9298 1.32E-02 50,000

EWOA 0.78863 0.40834 263.8958  263.8979 263.9006 1.70E-03 50,000
Table 11. Comparison of EWOA and other eleven algorithms for welded beam design problem.

Algorithm  z1(h)  x2(l)  x3(t) x4(b) f(best) f(mean) f(worst) St.dev  NFEs
FSA [66] 0.2443 6.2158 8.2939 0.2443 2.3811  2.4042 2.489 N/A 56,243
SC [61] 0.2444 6.238 8.2886 0.2446 2.3854  3.2551 6.3997  9.60E-01 33,095

AATM [62] 0.2441 6.2209 8.2982 0.2444 2.3823 2.387 23916  2.20E-03 30,000
HEAA [65] 0.2444 6.2175 8.2915 0.2444 23810 2.3810 2.3810  1.30E-05 30,000
GWO [19] 0.2444 6.2069 8.3036 0.2444 23822  2.3831 2.3846  9.37E-04 50,000
EEGWO [58] 0.2444 6.217 82928 0.2444 23813  2.3817 2.3824  4.18E-04 50,000
WOA 0.2447 6.2078 8.2892 0.2448 2.3839  2.3916 24031  8.08E-03 50,000
EWOA 0.2443 6.2144 8.2982 0.2443 2.3814  2.3823 23834  7.60E-04 50,000
EWOA, as inspired by particle swarm optimization, problems.

a modified position-updating equation was proposed
by introducing a dynamic inertia weight to enhance
the search ability. In addition, a modified distance
control parameter strategy based on the exponential
function was presented to achieve a trade-off between
exploration and exploitation. The 26 widely used
benchmark test functions and four well-known
engineering applications were utilized to investigate
the effectiveness and efficiency of EWOA. The
experimental results demonstrate that the proposed
EWOA algorithm could provide very competitive
results compared to well-known and state-of-the-art
population-based optimization algorithms in most
cases.

Although EWOA is efficient, it has some shortcomings
that should be addressed in future studies. One of the
limitations in EWOA is that finding an optimal solution
isnot 100% guaranteed (such as f5). In future work, we
would investigate how to extend the EWOA to handle
constrained single- and multi-objective optimization,
and combined optimization. The application of
EWOA is desirable to solve more complex real-world
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