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Abstract

This paper develops a deliberately expanded
analytic program around the three-dimensional
incompressible Navier-Stokes equations.  The
exposition is intentionally heavy in algebra, index
notation, multilinear expansions, differentiated
hierarchies, and page-filling calculations. The
central idea is to organize the continuation problem
around a mixed pressure-vorticity-anisotropic
functional, while keeping visible every major
nonlinear channel: energy, Hessian growth,
high-order commutators, vorticity stretching,
elliptic pressure reconstruction, dyadic localization,
paradifferential splitting, kernel representation,
cylindrical-coordinate = geometry, and dense
symbolic closure systems. The rigorous portions are
clearly distinguished from the formal continuation
layer. Thus the text should be read as a strengthened
and heavily expanded attempt toward the global
smoothness, singularity exclusion, existence, and
uniqueness program in dimension three, rather
than as an unconditional claim of having resolved
the problem.
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Introductory declaration

This article is written in a maximal analytic style.
The purpose is not to hide the nonlinear structure
of the three-dimensional Navier-Stokes equations
behind compressed notation, but to display it. For
that reason, the paper repeatedly opens derivatives,
expands summations, writes full tensor blocks, and
includes long differential identities. The ambition of
the program is classical and extremely high: global
smoothness, exclusion of singularity, persistence of
existence, and uniqueness in three dimensions. The
paper maintains a classical standard of mathematical
honesty: the precise bottlenecks that remain formal
are explicitly identified. A substantial body of classical
and recent work on regularity criteria, global existence
for special classes, and conditional uniqueness informs
the broader context of this investigation.

Introduction

We consider the three-dimensional incompressible
Navier—Stokes system

O+ div(u @ u) + Vp — vAu = 0, divu =0, (1)
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or, equivalently,

Ju+ (u-V)u+ Vp —vAu =0, divu =0, (2)
for a velocity field u = u(x,t) € R3, pressure p =
p(z,t) € R, and viscosity v > 0; see [1-3]. Weak
finite-energy solutions are known in the Leray—Hopf
class; the unrestricted global regularity of smooth
solutions in three dimensions is one of the central
open problems in nonlinear PDE [3-6]. Significant
progress on global regularity for large classes of initial
data under special structural assumptions has been

achieved, for example, in the works of [7].

The continuation problem in the strong class is reduced
to the growth of the Lipschitz norm

T

| Ivu - 3)
Hence a genuine analytic attack on the
three-dimensional problem must isolate the

mechanisms that can force ||Vul|; . to diverge. The
present manuscript advances a mixed continuation
viewpoint based on three visible channels:

vorticity, pressure gradient,

(4)

anisotropic vertical derivatives.

The formal target estimate is

IVu@®)llpee ST+ 0@l + VPO Lo + 36| grm-1
(5)

for suitable ¢ > 3 and m > g

The philosophy is the following. The vorticity
channel isolates local rotation and the vortex-stretching
instability. The pressure channel encodes the nonlocal
elliptic back-reaction generated by the quadratic
transport tensor. The anisotropic channel records
the possibility that one direction may carry the true
continuation burden more transparently than a fully

isotropic norm. This is not presented as a final theorem.

It is presented as an explicit analytic route whose
precise closure point is kept visible.

1 Functional setting and local strong class

Let @ = R3 or Q = T3, and let m > 3. We explicitly
recall that

H™(Q) ={ue L*Q) : 9*ue L*(Q),
Vae N3, |af <m}.
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In fully expanded form,
fullyn = 3 [ 1070505 @) do
o] <m

3
:/ |u|2d:1:+2/ |0yu?da 7)
Q i /9

3
+ / |Osul*de +-- - .
Q

ij=1

For divergence-free initial data up € H™((2) satisfying

O1ug,1 + O2ug 2 + A3up3 = 0, (8)
we consider the strong class
we C0,T); ™) N Lioo (0, TRH™ Q). -

Ouy + Oaug + d3uz = 0.

In expanded derivative form, this means that for every
multi-index a with |a] < m,

o%u(t,-) € L*(Q), Vte0,T), (10)
and additionally
T
/ > l0%u(s)]7s ds < oo (11)
O JaJ<m+1

By the classical local theory [1, 2, 9-11], there exists a
maximal strong solution on [0, T*) satisfying

T" <oo = limsup Z |0%u(t)]| ;2 = +oo.

" om

(12)

Now we expand the differential inequality in full
multi-index form:

d 2 _ d o, 12
GOl =5 3 [ o

|o|<m
=y ;i/ |0%uf*dz
lo|<m @
=2 ) /aau.aa(atu)dx. (13)
la|<m @
Thus an inequality of the form
d
— lu®lm < GO [u®lm (14)
corresponds explicitly to
> /aau.aa(atu)ga(t) > /ya%y? (15)
Q Q

lor|<m |a|<m
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2 The full
system

componentwise Navier-Stokes

We now expand the nonlinear term fully before writing
components.

3 3 3
(u-V)u= (Z u;0juq, ZujajUQ, Zuj(?ju?,)
j=1 j=1 j=1

(16)
Thus the system reads
3 3
Oru; + Z Ujajui + Oip — v Z ajju,- =0. (17)
j=1 J=1
Now fully expanded:
Opu1 + u101ug + ug0uy + uzdsug
+ 81p — I/anul — 1/022’111 — V833U1 = 0, (18)
Opug + u101ug + ugdaug + ugdsus
+ 82p — 1/811UQ — V822U2 — V@gg’dg = 0, (19)
Orug + u101u3 + uaOous + uzdsus
+ 83]? - V811u3 — V@ggu;g — V833U3 =0. (20)
The divergence constraint expanded is
Ovuq + Ooug + O3ug = 0. (21)

We now expand the gradient matrix entry by entry:

61u1 82u1 83u1
Vu= 61'&2 82U2 8311,2 . (22)
a1“3 82u3 a3“3
The symmetric part:
1 201wy Oour + Orug  Ozur + Orus
S(U) = 5 O1ug + Oy 209u9 O3ug + Oous | .
O1uz + Ozuy  Gous + O3uz 203u3
(23)
The antisymmetric part:
1 0 82U1 — 8111,2 (93U1 — 81U3
A(u) = 5 31u2 — agul 0 63U2 — 82u3
81U3 — (93'&1 82U3 — 83’11,2 0
(24)

Special algebraic structures in the nonlinearity,
including self-dual reductions that may admit
particular classes of solutions, have been investigated
in [8].

3 L? energy identity fully expanded

We now expand every contraction index explicitly.

/ﬂ -V uds =33 /Q ()

i=1 j=1

3 3
= Z/ Uj (Z uﬁﬂ%) dx
j=1"7¢ i=1
3 / 13
= Z u;0; ( Zu?) dx
j=17% 2
13
= 22/ u;0j|ul*dx. (25)
j=1"%

Now integrate by parts term by term:

[ wioiuds = - [ @us)iuPdr.  j=1.23
Q Q

(26)

Summing:

3
Z/ uj(?j]u\?dx: —/(81U1+82U2+83U3)‘u’2d.%'
ol Q

(27)

—/(divu)\u|2d:c =0.
Q

Thus the nonlinear term cancels exactly.

Finally we obtain, in fully expanded dissipation form:

3 3
v||Vul3. = VZZ/Q |0ju;|*dx

i=1 j=1

:V(/|81u1|2+/|32u1|2+/|33u1|2
+/]81u2]2+/]82u2\2+/\83u2\2
+/|51U3|2+/|32U3|2+/|33U3|2>-

(28)

. 4 First-order differentiated energy chain

We begin by differentiating the incompressible

Navier—Stokes system
Oru; + Ujajui + O;p — I/ajjui =0, O;u; = 0, (29)

with respect to the spatial variable z;, where k €
{1, 2, 3} is fixed for the moment.
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Applying 0, to each term, we obtain

Ok (Oru;) + 0k (w;0u;) + 0k (0;p) —v0k(9j5ui) = 0. (30)
Since partial derivatives commute, this becomes

04 (O ui) 4Ok (ujOju; ) +0; (Orp) — 0 (Opui) = 0. (31)
Reassembling the vector notation,

01 (Ott) + O ((u- V)u) + V (9kp) — vA(Ou) = 0. (32)

We now test this differentiated equation against dyu
and integrate over (2

0= / O (Ou) - Opudx + / 8k((u . V)u) - Opu dx
0 0

+/ V(0kp) - Opudr — 1// A(Opu) - Opu dx.
Q Q

(33)
We now expand each term separately.
Expansion of the time term
First,
3
Q pai9)
3
3
1d 9
1d 2
“odt [[Okull 72 (34)
Expansion of the differentiated nonlinear term
We now expand
O ((u-V)u). (35)

Recall that

3
(u . V)ui = u101u; + uadou; + uszdsu; = Z ujajui.
j=1

(36)
Therefore,

8k((u . V)U,Z) = 0O (ulﬁlui + ugGou; + u383uz-)
= Ok (u101u;) + O (u202u;) + Ok (uzd3u;).
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Applying the product rule term by term,

Ok(ulalui) = (akul)((?luz) + ulﬁkalui, (37)
ak(UQagui) = (6ku2)(82u1) + U900, (38)
8k(U383ui) = (8kU3)(83ul) + u30L031;. (39)
Summing these three identities,
+ (Okus)(O3ui) + u101(Opu;)  (40)
+ u202(0ku;) + uz03(Oku;).
In summation notation,
8k((u . V)uz) = (8ku])8juz + ujﬁj(ﬁkul) (41)
Returning to vector notation, this is
O ((u-Vu) = (Opu-V)u+ (u-V)(Opu).  (42)

Now test against Jju:

/ Ok ((u-Vu) - dpude = / ((Oru - V)u) - Opudx
Q Q

+ /Q ((u-V)(0kw)) - Opudz.
(43)

We now expand the second integral:

/ ((u-V)(Okw)) - Opuda
Q

3
- ;/Q ((u : V)(ak’uz)) Opu; dx

3

3
- ;/ﬂ (]Z:ujaj(akui)>8kui dx

1

3 3
_ZZ/Qujaj(akui>akuid$- (44)

i=1 j=1
Using the identity
1 2
0 (5100wi?) = 0,(Ohus) s, (45)
we get
3 3
i=1 j=17%
1 3.3
-1 ZZ/ u; 0 (|0us]?) da
i=1 j=1"79
13 3
= 5 Z/ Uyj aﬂ(z |6kul|2> dz
j=179 i=1
1 2
=— [ u-V|Ogu|*dx. (46)
2 Ja
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Integrating by parts, Integrating by parts term by term,
1 ol L [ v 10 3 3
3 QU.V] U] dac:—i Q(dlvu)\ pul” dx =0, _VZ/allakuiakuidl':VZ/ 101 Oy |2 di,
(47) i=1 7% i=1 7%

(55)
because divu = 0. Therefore,

3 3
- D220k u; Opu; dr = DoOpu;|? du,
/((U'V)(akU))'ﬁkud:vzo. (48) V;/Q 220k i Ok i 4% V;/Q| hOpui|” dx
O

56
Thus ; 3 (56)
_ 12
/ Ok ((u-V)u) - Opude = / ((Opu - V)u) - dpudz. _VZ /Q 0330k i Opui dv = v Z/Q |030ui|” da.
Q Q i=1 i=1
(49) (57)
Expansion of the pressure term Summing,
Now consider 3.3
—1// A(Oku) - Opudr = I/Z Z/ yajakuiﬁ dx
/ V(Okp) - Oxudzx. (50) Q i=1 j=1"%
N = v | Vol (58)

Expanding componentwise,

Conclusion of the first-order estimate

3
/Q V(0kp) - Opudr = /Q 9i(Okp) Oguidx.  (51)  Substituting (34), (49), (52), and (58) into (33), we
=1 obtain

Integrating by parts in z;, 1d
% | Opu]| 2+ || VOul|32 = —/Q ((Oru-V)u)-Opu dz.

3 3
Z/ 0;(Okp) Ou; do = —Z/ Okp 0i(Oku;) dx (59)
i=1 7% i=1 7%

Summing over k = 1,2, 3,

3 3 3
— . . 1d 2 2
- /Q p 3 0Wdeus b 3t 22 Il + v 39

3
— _/Qakpak(;aiui) dzx - —;/ﬂ((aku-V)u) - Opu d. (60)

= —/ Okp Ok(divu)dxr = 0.  Thatis,
Q

(52) 14 5
5o [Vl | Aul3s = —Z/Q (8w V) -Dpu e
Expansion of the diffusion term h=1 (61)
Now expand Finally, estimate the right-hand side:
3
— Ja
Componentwise, b=t 5
< Oru| |Vu| |Ogu|d
—V/A(aku)~8kudx —;/Q| kul [Vul |Ogul dx
0 =
3 3
= —IJZ/ A(Opu;) Opu; dx = Z [Vull oo / |Orul? da
— Ja k=1 {
3 3
2
= _”Z/ (O110kui + D220ku; + 0330 u;) Ou; dx. = [Vull Z 1Osullz2
=174 k=1
(54) = [Vl oo [Vl 72 - (62)
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Therefore,

d
7 IVulfe +2v[|Au|72 < 2(|Vu o [VullZ2 . (63)

5 Second-order differentiated chain and

Hessian matrix expansion

The transition from first-order to second-order
estimates is not merely a mechanical differentiation of
the energy inequality. The new terms that appear are
the Hessian of the velocity field, which is controlled by
the L2 norm of second derivatives, and the commutator
between the transport operator and the second-order
derivative. These interactions are made explicit below.

We now pass to second-order derivatives and
deliberately expand the algebra more heavily.

Define the Hessian block

Onur Orpur  O13u1
D?u = | Ooyuy  Oogu1  Oozuy
O31ur  Ozup  O33uq
Onuy  Opuz  O13us
@ | O21ug  Oxug  O23us (64)
O31uz  Ospu  O33us
Onus Opus  O13us
@ | O21uz  Ooouz Oazus | .
O31u3  Ospuz  Os3us

Fix two differentiation indices k, ¢ € {1,2,3}. Apply
Oy, to

Oyu; + ujajui + 0;p — VOmmu; = 0. (65)
Then

at(agkui)-i—agk(u]'ajui)—l-@i@gkp—yammagkui =0. (66)
We now expand the nonlinear term carefully:

(9gk(uj‘ajui) =0y <8kuj 8jul- + u; 6k6jui>
= 0p(Ou;) Ojui + (Opuy) Opdjus
+ (agu]‘) 8k8jui + u; 858k8jui

= (8gkuj)8jui + (8ku]')8gjui

+ (8guj)8kjui + Ujagkjui. (67)
Thus the twice-differentiated equation is
Ot (Oprui) + u;0; (Ouui) + 0iOump — VOmmOprusi
= —(nguj)@ui — (8kuj)8gjui — (8gu]')8kjui.
(68)
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Now multiply by Jg,u; and integrate:
/Q&g(ﬁgkui)agkui d:U+/Quj8j(84kui)agkui dx
+/93i8gkp84kui d:p—y/ﬂammagkui Opu; dx
= —/Q(nguj)(‘)jui Opru; dx

- / (8kuj)85jui 8gku,- dr — / (8guj)8kjui ngu,; dx.
Q Q
(69)

We now expand the left-hand side term by term.

For the time derivative,

1d
For the transport term,

1
/ Ujaj(agkui) 8gkui dr = 2/ ujaj(|8gkui‘2) dx
Q Q
1
= —5 / (8juj)\8gkui|2da: =0.
Q
(71)
For the pressure term,

/ 0;Opp Oprwi dr = — / Oekp O;Oprw; d
Q Q

= - / Doep Duro(O5u;) dx = 0. (72)
Q

For the diffusion term,

—V/ 8mm84kui ngui dr = I// |V8¢kui]2 dx
Q Q

3
=V Z /Q lamagkui|2dx.
m=1

(73)
Hence
1d ) )
2dt Q|8Zkui| dr + v QW%WI dr
= _/(aék“j)ajui Ogru; dx
Q
_/(8kuj)aéjui Opru; dx
Q
_/(aéuj)akjui Opui dx. (74)
Q



ICJK

Journal of Mathematics and Interdisciplinary Applications

Now sum in 2, £, k:

/’agkul| dx +v Z /’V@gklﬂ dz

i0,k=1

1d <
2dt

= — Z / (Ouruj)Oju; Opru; d

i,0,k=1

— Z / (Ok;)0pjwi Opu; dx

il,k=1

— Z / (Opt) Okju; Oppus de.

il,k=1

(75)

Therefore,
d 2 112 2 112 2 112
Z[D%ulle + 20 [[ VD, < CIVull o || D*u[f -
(76)
6 Third-order differentiated chain

Now let us expand one order further. Apply Og. to
the componentwise equation:

I/ammaabcui =0.
(77)

0t (Oabetti) + Oape(ujOju;) + 0;0upep —

We now open the cubic Leibniz rule one layer at a time:

Oabe(uj05u;) = Oy <6bc(ujajui)>
= O ((Duey)Oyi + (Oy11g) g
+ (Ocuj) Opjui + Ujabcjui>
= (Oubettj)Oju; + (Opetif) Dt

+ (Oaptj)Ocjui + (Optj) Oacjui
+ (Oacttj)Opjrt; 4 (Octij) Ogpju;

+ (Oatj)Opejtti + 1jOgpejui-  (78)
Therefore,
Ot (Ogperi) + Uja (Oabetti) + 0iOabeP — VOmmOabethi
= —(Oabettj)0jui — (Opetj) Ot
- (aabuj)acjui - (aij)aachi
- (aacuj)abguz - (acuj)aabjui
- (aauj) bej Ui - (79)

Testing against Jyp.u; and summing gives

2dt Z /|8abcul| dr +v Z /|V8abcul| dx

i,a,b,c=1 i,a,b,c=1
< OVl g [| D%l + € | Dl | Dl 1
(80)

7 High-order differentiated and

multi-index commutators

system

We finally write the high-order differentiated equation
in a more expanded way.

Start from
owu; + ujajui + O;p — l/ajjui =0. (81)
Apply 0%:
8“(8,5%) + Oa(ujajui) + aa(aip) — y@a(ﬁjjui) =0.
(82)
Using commutation of derivatives,
0:0%u; + 80‘(uj8jul-) + 81-80‘;9 — I/aj]’aaui =0. (83)
Now expand the nonlinear term:
o
0 (u;Oju;) = 0 u;)0° P oju;
o) = 3 () @uper=e
= ujajaaui + Z <;> (85uj)8j8°‘_6u,».
0<p<La
(84)
Thus
0:0%u; + u;0;0%u; + 0;0%p — v0;;0%;
(85)

— Z ()8% 80‘6
0<fB<a

Multiply by 0“u; and integrate:
/8,58“1% 8°‘ui dx—i—/uj(’?j@aui 5‘°‘ui dx
Q Q
—|—/ 0;0%p 0%u; da:—l// 0;j0%u; 0%u; dx
Q
=- > < > / (0°u;)0;0° Pu; 0%u; dx. (86)
0<fB<La

Summing over i = 1,
1d
2 dt

SIPY

2,3 gives

10%ul[Z2 + v [V ul 72

< >/ 8 uj)aj@a_ﬂuiﬁauidgc.

=1 0<B<a
(87)
Finally sum over all o] < m:
o S LR Sl 22
la|<m la|<m
=— Z Z Z ( )/ (0%u;)9;0° Pu; 8%u; da.
la|<m i=1 0<B<a
(88)
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That is,
ld
2dt

-- ¥ 23: 3 (g) /Q(aﬁuj)ajaa—ﬁui 0%u; da.

la|<m i=1 0<B<a
(89)

2 2
[l zrm + v [V ullzm

We denote this multilinear quantity by

Sa= 30 (O‘) /Q (0%;)0,0°Pu; 0w . (90)

0<B<La 6
Split it as
Yo =320 + 53, (91)
where
E&l) = Z <g> /(8Buj)8j8a_ﬂui aaui dCL‘,
1<I81<|m/2] @
(92)
and
21(342) = Z (;) /(aﬁuj)é?j@"‘_ﬁui 8°‘ui dz.
lm/2)+1<|8|<]al @
(93)
Therefore,
S0l < Con VUl poo llull7m - (94)
Hence
d
p [l Frm + 20 |V ul[3pm < Con [Vl oo ull7m - (95)

8 Vorticity channel and stretching hierarchy

Define the vorticity by
w=curlu =V xu. (96)
Writing all components explicitly, we have
w1 = daug — J3ug, (97)
w = d3u1 — drus, (98)
w3 = 61’&2 — 62’&1. (99)
Hence
82U3 — 83162
w = 8311,1 — 81U3 (100)
81U2 — 82u1

We now derive the vorticity equation from the
componentwise Navier-Stokes system

Orui + ujOju; + 0ip — vOjju; = 0. (101)
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Take the curl of the velocity equation. Since

curl(Vp) =0, (102)
and since
curl(Au) = A(curlu) = Aw, (103)
we obtain
dw + curl ((u- V)u) — vAw = 0. (104)
Using the vector identity
curl ((u-V)u) = (u- Viw — (w- V)u, (105)
we arrive at
Ow + (u-Vw — vAw = (w - V)u. (106)
We now expand the transport term:
(u - V)w; = u101w; + u202w; + uzdzw;. (107)
We also expand the stretching term:
(w- V)u; = wi01u; + wadau; + w303u;. (108)

Therefore the three scalar vorticity equations are

0w + u101wy + usdowi + uzfswy — vo1wi
— V0w — 1033w
= w101u1 + wa0auy + w3dsuq, (109)
Oiwso + u101wa + ugdows + uzd3ws — vo11wa
— vOyawo — v033w2
= w10 U2 + wodstiy + w303us, (110)
Osws3 + u10 w3 + usdows + uzdzws — vo11ws
— vOopw3 — vO33w3

= w101u3 + waOausz + w3daus. (111)

We now test (106) against w and integrate over (2:

/8tw-wdx+/((u'V)w)'wdm—u/Aw-wd:C
Q Q Q

= / (w-V)u) - wdz. (112)
Q
We expand each term one by one.
For the time derivative:
3
/ Oyw - wdx = Z/ Orwj w; dx
Q pEY)
3
1d / 9
= —— w;|“ dx
23 [
1d
T odt ”W||%2 (113)
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For the transport term:

/Q(@.V)w) wdz
3

= ;/ ((u- V)w;)w; da:

Q
3 3

:ZZ/ujajwiwidx
Q

i=1 j=1
3 3
1

_ 222/916]-3]-(@2) dz

i=1 j=1

3 3
:;ZLu]aj(Z’wl’2> dx
j=1 =1

1
:/U'V|w2daz
2 Jo

1
= —/(divu) lwdz =0. (114)
2 Ja

For the diffusion term:

—I//Aw-wdac
Q

3
:VZ/Awiwidm
=18

3
= —v Z /Q(anwi + Ogow; + 833%)% dzx
i=1

3 3
= VZZ/Q |8jwi\2da:

i=1 j=1

= v || Vw2 . (115)

For the stretching term:

3
/Q((w.v)u) .wdxzzzz;/g((wv)ui)widx
3 3
:ZZ/QUJ]- Oju; widx. (116)

i=1 j=1

Thus

3 3
1d 9 9
3 el w1Vl = 3°3° [ vy unde

i=1 j=1
(117)

Estimating the right-hand side:

3 3
ZZ/ Wy ajuiwi dx
Q

i=1 j=1

3 3
szz/ oy By4] ]
i=1 j=17%
3 3
<Vl 3% /Q oy e

i=1 j=1
< C |V oo @] 75 - (118)
Hence
1d 2 2 2
ST, w7z +v[[Vwllze < IVullpe (w72 (119)

High-order differentiated vorticity equation

We now apply 0%, with || < m — 1, to the scalar
vorticity equation

Oyw; + u;0jw; — v0jjw; = w;0ju;. (120)

Then

8,58%% + 8a(uj8jwi) - 1/8]-]-8"‘% = 8a(wj8jui). (121)
Expand the transport term:

Oa(ujajwi) = Ujajaawi + Z
0<fB<La

<g> (8Buj) @-80‘_5%.

(122)
Expand the stretching term:

(07

8a(wj8jui) = wjﬁjé?o‘ui + Z <B

0<p<La

>(85Wj) 8j80‘_f3ui.

(123)

Therefore,
0;0%w; + Ujajaawi — l/ajjaawi
= wjajaaui — Z (g) (8’8u]') 8j8a_’8wi

0< <
+ 2

0<B<a

(g) (0%w;) 0;0° Puy. (124)
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Now multiply by 0°w; and integrate:
/ 8,58%)1- aawi dr + / ujﬁjﬁo‘wi Oawi dx
Q Q
- V/ ajﬁawi ao‘wi dr
Q

= / wjajé)aui 8%}1 dx
Q

— Z <a>/(8ﬁu]) 8j8°‘_5wi0awidx
Q

0<B<a B

@ B0 0:0% B, 8%;
+ Z (5) /9(8 w;) 0;0% Pu; 0%w; dx.

0< <
(125)

Summing in ¢ and then in |a| < m — 1, and using the
same transport cancellation as before, we arrive at

d
T ol g1+ | Ve[ s
2 2
< O [[@l] poo [ullzrm + Con V]| oo [l [rm—1
2
< Cn (IVullpoo + llwll oo ) lleellm - (126)

Refined regularity criteria based on vorticity and
related quantities have been studied extensively; see,
for example, [12] for critical regularity conditions
and [13] for recent Green’s function estimates in the
vorticity formulation.

9 Pressure as a nonlocal quadratic channel

We begin with the incompressible Navier-Stokes
system written componentwise:

Oyu; + uj(?jui + Oip — Vajjul' =0, O;u; = 0. (127)
We now take the divergence of the momentum
equation. Applying 0; to the i-th equation and
summing over ¢, we obtain

8,(&%) + 8¢(uj8jui) + 0;0;p — Vaiajjui =0. (128)
Since d;u; = 0, we have
Ot(&ul) = 0, (129)

and also
0;0ju; = 0;;0;u; = 0;(0) = (130)
Therefore
0i(ujoju;) + Ap = 0. (131)
Equivalently,
— Ap = 0;(u;0ju;). (132)
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We now expand the nonlinear term in detail:

0i(u;05u;) = (07u;)(05ui) + uj0;0;u;. (133)
But since 9;u; = 0, we also have
9;(05u;) = 0, u;0;(9iu;) = 0. (134)
Thus
u;0;05u; = u;0;0;u; = u;05(0) = 0. (135)
Hence
— Ap = (0;u;)(05u;). (136)
Another classical equivalent form is
— Ap = 0;0;(uju;). (137)
Indeed,
010 (i) = 0, (Oyus)u; + wi(Dyu;))
= 0, ((@yu)u; ) + 0 (wi(95))
= 0, ((@yu)us ), (138)
because dju; = 0. Then
3¢<(3juz’)ug‘> = (9i0jui)u; + (Ojuq) (Dyu;)
= u;0;(95ui) + (Ojui) (Dsu;)
= (Ojui)(9iu;), (139)

which matches (136).

We now expand (137) completely in Cartesian
coordinates:
—Ap = 011 (urur) + Or2(urug) + O13(uius)
+ 821(u2u1) + 822(u2ug) + 823(u2u;3)
+ 031 (usu1) + O32(ugug) + O033(usus). (140)
Since mixed derivatives commute and w;u; = wju;,
this becomes
—Ap = 811(@&%) + 322(16) + agg(ug)

+ 2312(U1U2) + 2813(U1U3) + 2823(11,2113).
(141)

We now open each one of these six blocks as slowly as
possible.

For the first diagonal block:

On1(uf) = 01 (01 (u))
= 81 (2u181u1)
= 2(81U1)(81U1) + QU1811U1

= 2(01u1)? + 2u1011u1. (142)
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For the second diagonal block:
B2 (u3) = D2 (02(u3))
= 0Oy (2u282u2)
= 2(82U2)2 + 2uo099us. (143)

For the third diagonal block:

33(u3) = 03(03(u3))
= 83 (QU383U3)
= 2(3u3)? + 2u3zds3u3. (144)

Now the first mixed block:

Na2(urug) = 01 (92(uru2))
= 01 ((D2u1)ug + u1(Bauz))
= (O12u1)uz + (O2uq)(Oruz)
+ (O1u1)(O2ug) + uyO12us. (145)

The second mixed block:

O3(urug) = 01(93(u1us))
= 01 ((Bsur)us + u1(O3u3))
= (O13u1)us + (O3u1)(01u3)
+ (Ou1)(03us) + u1d13us. (146)

The third mixed block:

Do3(uguz) = 0 (03 (ugus))
= 05 ((O3uz)us + uz(O3us))
= (823u2)U3 + (33U2)(821L3)
+ (O2u2)(03u3) + ugdasus. (147)

Collecting (142)-(147), we obtain

—Ap = 2(d1u1)? + 2u1011u; + 2(douz)? + 2undasus
+ 2(d3u3)? + 2uzd33u3
+ 2(O12u1 )ug + 2(Gou1)(Oruz) + 2(d1u1)(Dauz)
+ 2u1012u2 + 2(013u1)ug + 2(93u1)(O1us)
+ 2(01u1)(03u3) + 2u1d13us + 2(Dazus)us

+ 2(83U2)(02U3) + 2(82U2)(83U3) + 2u903us.
(148)

We may also write the quadratic source as the full 3 x 3
contraction

(8,~uj)(8ju,-) = (81u1)2 + (82u2)2 + (63U3)2
+ (81uQ)(82u1) + (82u1)(81u2)
+ (81U3)(83U1) agul)(alu:g)
(

+ (
+ (O2u3)(03u2) + (O3u2)(02usz). (149)

Laplacian:
p = (=A)710,0;(uiuy),

and therefore

Vp = V(—A)flaiaj(uiuj).

The operator

V(—A)*l&-aj

We now reconstruct the pressure through the inverse

(150)

(151)

(152)

is a Calder6n-Zygmund singular integral operator, so

that

IVpllLe < Cqlluiujliprg, 1 <g<oo.

We now open the W4 norm more explicitly:

3
lwittsllyre = Nl |l o + > 10k (i)l o -
k=1
Now
Ok (uiuy) = (Opui)u; + ui(Opuy).
Hence

10k (wiwg)|| Lo < N1 (Oui)ujl g + lwi(Opwi)|l o

(153)

(154)

(155)

< kil pa llugll oo + lwill oo 1Okl o -

Summing in £,

3
> 0w (uiug)|l o
k=1

3

(156)

3
<> I0kuill o gl oo + D Nuill oo 1k151l g
k=1

k=1
3 3

< gl oo Y I0kuill o + luill oo D 1kl o -

k=1 k=1

Also,

Jwiwl| o < lwill oo [l 1o -

Combining these,

(157)

(158)

VPl e < Cq( [ell oo Nlull Lo + el oo [Vl[pa - (159)

+ IVl o il )-

Therefore, for m > % and g > 3,

2
IVDllza < Com lJull g [[Vull oo + Con [[ullpm -

(160)

(161)
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10 Higher pressure derivatives: third, fourth,

and fifth gradient blocks
Differentiate (137) once:

— A(Okp) = 010;0;(uju;). (162)
Differentiate again:
— A(akgp) = akgalaj (ulu]) (163)
Thus, by Calderén-Zygmund,
\% <CyIV(u®@u)| g,
V80 < CoIV @@l

IVl 10 < CallVEw@ W]

We now expand the second derivative of the product
in full detail:

Oke(uiu;) = Ok (ag(uiuj)>
— O, ((agui)uj + ui(aguj))

= (Ipewi)u; + (Bpw;) (Dpuy)

+ (8}6161)(8@71]) + ui(akguj). (165)

Thus
V%Il < Ca( 1(V20)ull s + (V) (T)]l
+ [l vl , )

Co ull o V20l o + 1V 0ll o [Vl

+ (192 o ull e ) (166)
Now differentiate twice more:
— A(Oabkep) = Oabke0i0; (uiuy). (167)
We now expand Ogpre(uiu;) more slowly:
Oabke(uitj) = 0, (%M(Uw]’))
=0, ((3bkeuz‘)uj + (Opkus) (Oruj)
+ (Opewi) (Okuj) + (Opu;) (Oreu;)
+ (Okeu; ) (Opuj) + (Ogui) (Opeu;)
+ (Opui) (Opruj) + Ui(@)kﬂ“j))' (168)
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Differentiating term by term:

Oabkt(uitty) = (Oabkewi)uj + (Oprei)(Faj)
+ (Oapr i) (Opuj) + (Opktti ) (Oartiy)
+ (Qabeui) (Okuy) + (Opeus ) (Dakuy)
+ (Oavtti) (Okersj) + (Opi) (Oakery)
+ (Oakewi) (Opu;j) + (Oei) (Oabu;)
+( akuz)( bfu]) + (akuz)( abéuj)
+ (Oaew;) (Opruij) + (Opui) (Dapr)
+ (Oawi) (Obkeus) + wi(Dapreus).  (169)
Therefore

1959 0 < Cal( Nl o 1920l + 1Vl 920,
V2 ull o [V 20ll o + V20l o V0] e
+ [V 1 lull o ) (170)

For one more large formal block, write

Oabedrs(Uith;)
= (Oabedrsti)uj + (Oapedrtti ) (Ostj) + (Oabedstsi ) (Oruy)
+ (Qaverstti ) (Oqus) + (Oaparsti) (Octi;) + (Oacdrsti) (Opu;
+ (Obedrsti) (0attj) + (Oabeatsi) (Orstij) + (Oabertts ) (Ogsuj
+ (Oabesti) (Oartsj) + (Oabdrtti ) (Ocstj) + (Oapdsti) (Oertij
+ (Qacdrti) (Opstig) + (Oacdsti) (Oprtig) + (Oocdrthi) (Oastt;
+ (Obedsti ) (Oartig) + -+ - + wi(Oabedrstiy)- (171)

11 Anisotropic differentiated hierarchy

We now differentiate the Navier-Stokes system with
respect to the vertical variable z3:

O (03u) + 03 ((u-V)u) +V(93p) — vA(d3u) = 0. (172)
Expand the nonlinear derivative:

83((u . V)u,) =03 <U181u2‘ + ugdou; + U383u2‘>

= (O3u1)01u; + u10301u;
+ (O3u2)0au; + u20302u;

+ (O3u3)03u; + uzdssu;. (173)
Grouping terms,
A3 ((u- V)u;) = (93u;)0ju; + uj0;(Osu;). (174)
Therefore,
d3((u-Vyu) = (O3u- V)u+ (u-V)(93u).  (175)

)
)
)
)
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Now apply 0%, with |a| < m — 1, to (172):

0:0%J3u + 60‘83((u . V)u) + Vo“O3p — vAO“O3u = 0.
(176)

Testing against 0“03u and summing over |o| < m — 1,

we obtain
1d

5 o 10l + v [Vl

/80‘ 8g,u V) >-8a83ud:z
la|<m—1
_ / o ((u-V)(@u)) - 9*Oyu e

|a|<m—1

(177)

The transport term is handled exactly as before and
cancels after integration by parts, leaving

S 1105u Frm—1 + 20 [ Vull5m—1 < Crn [Vl oo [103ullFpm— -
(178)

Now consider repeated vertical differentiation. For
r>1,

0 (O5u;) + 05(u;0ju;) + 0;03p — v0;;05u; = 0. (179)
Using Leibniz,

T

05 (uOjui) = )

=0

T r—
() @uoser ‘. aso

Thus the full equation becomes

at(ﬁguz) + ujaagul + 08§p — I/ajjagui

__Z<> A%u) 9;05 ;.

Testing against J5u;, integrating, and summing in ¢,

1d
2dt

(181)

|05 ul72 + v IV O5ul72

:—Z( )/ (05u;) 0;0% “u; Byu; dw. (182)

Summing forr =1,...,m,

E 105wl 7s + 20 3o IVl 72 < Con V| oo [fullFm -
(183)

Finally, for mixed anisotropic derivatives we write

8%8385(%8%)

_ aﬁlaﬁzaﬂs
Z >3 (&) <52> <B ) Y
-aja‘f Prob- 5285; Bau, (184)

=0 B2=0 B3=

For (a,b,c) =
8{’8285’(uj6jui)
= u;0;07 0005 u; + 5(01u;)0;070205u; + (Oau;)0;07 D3u;
+ 3(83uj)8j8f828§ui + 10(811uj)8j8%828§’ui
+ 5(D12u;)0;01 O3u; + 15(913u;5)0;07 Dad3u;
+ 3(Do3u;)0;05 03u; + 3(D33u;7)0;05 0205u; +

(5,1,3) we open it a bit more:

(185)

12 Kernel representation and differentiated
Biot-Savart blocks

Starting from the Biot-Savart representation,
1 Tj — Y
Y
ui(T) = —— €ij w dy.
i() 47T/RS Z]k‘$_y’3 k(y) dy

Differentiating with respect to =, (derivative passes
under the integral),

1 Ti —
aguz(x) = _EOK /R3 Ez‘jk |.7}]—

1 Tj— Y
=—47r/ z]kaé<| y|j3>wk(y)dy

1 _
= —47r/R3 eiinde ((zj — ys) |z — y| ) wi

Applying the product rule,
¢ ((aj —yj) | —y|7%)
= Ol — yj) lw =y + (25 — y5) Bel|z — 9| ™)
= djelr =y + (25 — ;) Qellx —y7%). (188)

(186)

Yj
wi(y) dy
E (y)

(y) dy.
(187)

Differentiating the radial kernel,

A(lz—y™?)
= 00 [((o1 = 1) + (w2 = 0% + (23— 19)) 7]
3 _ _
= —§|$ — 7% 2(ze — ye) = =3z — ye)|x — y| 0.
(189)
Substituting back,
o, <ij - yj) _ e gy -y
lz —y[3 |z —y? |z —yl?
(190)
Therefore,
Opu;i(x)
_ 1 dje (zj — yj)(@e — ye)
=5 Lo |5 oy |
(191)
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Now differentiating again (second derivative),

améuz(x)
_ 1 N dje (w5 — y;) (@0 — yo)
= /R €ijkOm [m —F YT P

wi(y) dy (192)

Applying product rule inside,

Om (x5 — yj) (e — ye) | — y|~°)
= Sim(ze — yo)lw — y|7° + (zj — y;)0em|x — y|~°

+ (25— yi)(@e — Yo)Om (|2 — y| 7). (193)
Differentiating again the kernel,
Om(|z —y|™°) = =B(xm —ym)lz —y|~".  (194)

Substituting,

O (x5 — y;) (e — yo) |z — y|7°)
= Gjm (@0 — yo)|w — y|7° + Sem(zj — yj)w — y|™°

—5(x; — y5)(ze — Yo) (Tm — ym)|z —y| "
(195)

Substituting into second derivative,

T~y
Omr (Iw — yl3)
= *35jZ(xm - ym)|$ - y|_5
— 30jm (w0 — yo)|x — y|~°

— 30¢m (zj — yj)lz —y|™°
+15(x; — y;) (2o — yo) (@ — ym) |z — y| =" (196)

Thus,

Omewi()
1

= *E s €ijk [ - 35j€(xm - ym)|x - y|_5

— 38jm(ze — yo)|lx — y|7° — 36mm(x; — yj)|lz —y|7°

o+ 15(2; — 3) (e — 90) (@m — vl — 917 |wi(y) dy.
(197)

Before applying the Bony decomposition, recall that
the main obstruction in the energy estimate comes
from the interaction between high and low frequencies.
The decomposition separates these contributions and
allows us to apply optimal estimates in Besov spaces.
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Applying Bony decomposition,

ujﬁjui = Tuj (8]u1) + Tajui (u]) + R(u]', 8jui), (198)

where

Trg= Y Sk1f Dig,

k>—1

R(f,9)= Y AufAg.
k=<1
(199)
Expanding explicitly,

ujajui = Z Sk,1Uj Ak(ﬁju,) + Z Sk,l(ajui) Akuj
E>—1 E>—1

+ ) Aguy Ag(dus).
[k—f|<1
(200)

Differentiating (Leibniz rule in frequency space),

aa(ujajui) = 9~ ( Z Sk—luj Ak(ajui))

k>—1

k>—1

-+ 80‘ (Z Sk,l(ajui) Aku])
+ 0~ ( > Ay Ag(ajui)) . (201)
k—t|<1

Testing against 0“u; and integrating,

/ 0%(u;0;5u;) 0%u; dr = (low-high interaction)
Q

+ (high-low interaction)
+ (high-high interaction).
(202)

Applying Holder + Bernstein + Sobolev embedding,

/ 0% (u;Oj115) s dz| < Co [ Vtl| oo 1t 2
Q
(203)

13 Bootstrap variable and conditional global
scheme

Define the bootstrap functional

X (1) = [[u(t)[[Fpm + Mo (). (204)
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Differentiating in time,

23(6) = (1) B+ Mo (1)
< O [ 90(t) | g (1) B
+ Cm(l + Mm(t))Mm(t)

+ Cy [[u(t) ][ F7m » (205)

where we used the high-order energy inequality
together with the differential control on M,,,(t).

Using the bound (84),

IVu(t)l oo < Cm(1 4+ M (1)), (206)

we substitute into (205).

Expanding term by term,

20, () < Con(1+ Mo (£)) lu(t) ]| Fm
+ Con (14 My (£)) Mo () 4 Co Ju(8) || 2om
= o u(®)|[Fm + Con Mo (£) [[0(8)[[ 7
+ Con Mo (t) 4 Cora Moy ()% + Co ()| 2m
= 2C, [[w(t) [ Fm + Con M (8) [[u() | Frm

+ Crn M (t) + Cre M (1) (207)
Since
X (1) = [[u(t)[Fpm + Mum (1), (208)
we have the simple bounds
() < Xn(t),  Min(t) < Xn(t). (209
Substituting these into (207),
X0, (t) < 20X () + Con X (£)°
+ CrnXon (1) 4 Crn Xy (1)?
= 3Cn X (t) 4+ 2C X ()2 (210)
Absorbing constants into Cp,,
X5 (1) < Crn&in(t) + CrnXin (8)*. (211)

If we retain the dissipation from the high-order
estimate,

d

e in(t) + 20 [u()[Fm < Con(1+ Xon(6) X (1),

(212)
and expanding the right-hand side,

Con (14 X (1)) X (t) = Crn X () + Crn X ()2, (213)

Thus,
d
2 Xn() + 20 [Vu(t)||2m < Conin () + ConXo ()2
(214)
Dropping the nonnegative dissipation term,
4 X (1) < Coon(t) + CrndontY. (215)
Now divide by X;,,(¢)?,
X! (t) 1
< -
SRR MO R (210

Multiplying by —1 and using the derivative of the

inverse,
d 1 X! (t)
il =__m 217
it <Xm<t>) (1) (217)
we obtain
d 1 1
= ) > - .
i(6m) > g o @
Define 1
Then
Y'(t) + CrY (t) > —Chp. (220)
Multiplying by the integrating factor e“m?
% (e“mtY (t)) > —CppeCmt. (221)
Integrating from 0 to ¢,
eCmly (t) / Crnems ds. (222)
Solving explicitly,
t
/ Cyefms ds = e“mt — 1, (223)
0
we obtain
X, (t) g A (0)e : (224)
— Xm 0)( —1)

Hence the solution remains controlled as long as

1 — X, (0)(e“ — 1) > 0. (225)
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14 Conditional continuation theorem

Theorem 14.1 (Conditional continuation principle).

Let

ug € H™(Q), m > g, divug =0,  (226)

and let

w e C([0,T*); H™(Q)) N L}

loc

([0, 7%); H™ (%))

(227)
be the maximal strong solution. Assume
IVl < Cm(1+ Mun(0),  (228)
and
T*
My, (t) dt < oo. (229)
0
Then

sup |lu(t)|| gm < o0, T* = +o0. (230)

0<t<T*

Proof. Using (95) and then (228),

% ()2 + 20/ [ V() 2
< Con [Vt oo 1u() |7
< Crn (1 + M (8) [u() |3 - (231)

Dropping the nonnegative dissipation term,

d
77 [ < Co (14 Mo (8)) u(®) | - (232)
Dividing by [[u(t)[| 77,
L w(®) || m
at el < Cpy + Cra M (1). (233)

la(t) 7

Applying the logarithmic derivative,

d
108 ([u®)F) < Cos+ ConMun (1)

Integrating from 0 to ¢,
log ([[u(t)[77) —log(lluoll7)

t t
S/ Cn ds+/ CrnMip(s) ds
0 0

(234)

t
= Cnt+ Cpy, / M, (s) ds. (235)
0
Exponentiating,
t
[0y < ool exp (Cot+ Co [ (o) ds).
(236)
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Using (229),

(C’mt+Cm /0 t/\/lm(s) ds> <o, (237)

sup
0<t<T*

hence

sup [|u(t)]3m < oo, sup |[u()|| grm < 00

0<t<T* 0<t<T*
(238)
This contradicts the blow-up alternative
T* <oo = limsup |u(t)||ym = +oo. (239)
9T
Therefore
T* = +o0. (240)
O

Recent developments on logarithmically improved
regularity criteria, such as those in [14], provide
further evidence supporting the refined continuation
framework outlined in this section.

15 Existence, uniqueness,
exclusion blocks

and singularity

Let u and v be strong solutions with the same initial
data, and define

w=u-—7, T = Py — Do- (241)
Subtracting
Oyu; + uj05u; + Oipy — v0ju; = 0, (242)
Ovi + v;0v; + O;py — v0;v; = 0, (243)
gives

8t(ul-—vi)+uj8jui—vj8jvi+8i(pu—pv)—uajj (ui—vi) =0.
(244)
Thus
Orw; + ujajui — vjajvl- + o — uajjwi =0. (245)
Expanding the nonlinear difference,

ujé?jui — Ujaj’UZ' = u]@jui — ujajvi + ujajvi — vjajvi

= ujaj(ui — Ui) + (Uj — vj)(?jvl-

= uj0jw; + w;0jv;. (246)
Hence
Oyw; + u;0jw; + w;0v; + Oy — vOjw; = 0. (247)
Also,
oyw; = Oju; — O;v; = 0. (248)
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Testing against w; and integrating,

/6tw,wzda:+/uj8 wzwzdx—i-/wja v; w; dx

/Oﬂwldx /OﬁwlwZ dr = 0. (249)
Summing in i,
3 3
Z/@twiwidx—l—Z/uj@jwiwidx
i=1 7% =179
3 3
+Z/w]8]vzwld1:+2/8ﬂrwldx
=179 =179
3
— VZ/ 8jjwz- W; dzr = 0. (250)
i=1 7%

For the time term,

3

Z/@twiwidaz

=1 Q

/|wl|2dac

- llwllze

DN | [\D\H

(251)

For the transport term,

3
Z/ujé?jwiwid:n
i=1 7%
13
_ 2;/Qujaj(|wi|2)dx
1 3
= — ua wiQ dl’
1 2
=— [ u-V|wl[*dx
Q

1
- —/(divu)w|2dx
2 Ja

=0. (252)

For the pressure term,

3
Z/@mwidx:—/ﬂaiwida::().
=179 &

For the viscous term,

3
—VZ/ajjwi (o dx
i=1
—VZZ/WUJA dx

i=1 j=1

(253)

=v| Vw2 . (254)

Therefore
1d
S Jwl|72 4+ v |[Vw|3s = — [ w;d;v;w;dz. (255)
Q
Estimating,
/wjé?jviwidac S/ ]ijﬁjvinﬂdx
Q Q
< Vel [ o do
Q
= IVoll o llwllzz . (256)
Hence
1d
5ol + v [Vl < [9oll fulZ . (257)
Multiplying by 2,
d
2 wliz + 20 [ Vollf: <2 Vol e [w]7z . (258)
Dropping the dissipation,
d
g lwllze < 2(Vol e lwllfa . (259)
Applying the logarithmic derivative,
d
2 108 (lwllzz) <2 Vo o (260)
Integrating,
t
log(Jlw(t)ll72) —log(lw(0)l[72) <2 [ [[Vu(s)llp ds.
(261)

Exponentiating,

(@) 22 < [l (0)]122 exp (2 [ 196l ds)

(262)
If w(0) = 0, then
lo@®)Iz: =0, Jlw(®)2 =0,
w(t) =0, u(t) = v(t). (263)

This energy-based uniqueness argument, originally
developed in the classical works [10, 15, 16], provides
a standard route to prove uniqueness in the strong
solution class. Subsequent refined uniqueness and
regularity criteria, including results involving one slow
variable and vortex-stretching estimates, have been
established in [7, 11, 13, 17].

Applying 0%, |a| < m — 1, to (247),
at(?awp%)a(ujajwi)Jraa(wj8jvi)+8i8a7r—u8jj8awi =0.
(264)

159



Journal of Mathematics and Interdisciplinary Applications

ICJK

Using Leibniz,

8a(uj8jwi) = ujﬁjaawi + Z (a> (8f6Uj)ajaa_5wi,

0<fB<La B
(265)
8a(wj8jvi) = wjé?jc?avi + Z (g) (8511)]-)8]-80‘_51)2-.
0<fB<La
(266)

Testing against 0“w;, integrating, and summing,

d 2 2
g |Wllzm—r + 20 [[Vwl[frm—
< Con (IVull e + 1Vl e ) 0lfgms - (267)
16 Cylindrical-coordinate  expansion and
axisymmetric structural block
r1 = rcosé, To = rsinb, T3 = 2,
r=\/zi+23,  z=us. (268)

e, = (cosf,sinb,0), ep = (—sinb, cosb,0),

e, = (0,0,1). (269)
U = Upe, + Ugeg + U C,. (270)
1
V =¢.0, + 69;8@ +e,0;. (271)
. 1 1
divy = ;&(rur) + ;agug + 0,u,. (272)
Opening the first term,
18(7“u)—1(u —|—7“8u)—&—|—8u (273)
r T ) — r T TYr - r TYr.
Hence
. Up 1
divu = Opuy + - + ;891@ + O u. (274)
(u-V) = u0, + %89 + u,d,. (275)
(u-V)ur = upOruy + %&wr + u, 0y, (276)
(u-V)ug = upOrug + %agu@ + u,0,ug, (277)
(u-V)u, = upOpuy + %%uz + u,0,u.,. (278)
1 1 r 2
Au, = afur + —Opuy + —Qagur + 0§ur — u—2 — —289ue,
T T r
(279)
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1 1 U 2
Aug = 92ug + ;&uo + ﬁague + 0%up — ng + ﬁaaura
(280)

1 1
Au, = 83112 + ;(%uz + T—Qaguz + afuz. (281)

Therefore
uj

U
Aty + upOruy + 7989%« + w0 uy — o

1 1 U, 2
2 2 2
=—-0p+v (@ Up + - Oruy + =) Opur + Osuy — —r; ) ague) ,

Up Uy

U
8tu6 + uraruﬁ + 7960”6 + uzazuﬁ +

1 1 1 U, 2
= ——hp+v (831@ + —0rug + 783119 + 8§u9 — % + 789’[”) ,
r r r r r

r

U
Oy + upOpruy + l(?guz + u,0,u,
r

1 1
=—0.ptv (afuz + ;aruz + ﬁaguz + azuz) 5

1
Oy + i + —Ogug + 0 u, = 0.
roor

(282)
In the axisymmetric reduction,
Oguy = Ogug = Ogu, = 0. (283)
Thus
uj

815”7" + urarur + uzazur -

1
=—0p+v <8r2ur + ;&«ur + afur —

Ug

1
=-0.,p+v <8fuz + ;&uz + 8§uz> ,

Uy
r2 )’

UrU
Orug + urOrug + w0 up + r

1
=v <83u9 + ;&ug + afug —

Optly + Uy Oply + U,0,U,

Ortty + % + 0,u, = 0.

(284)
p="" =% g% (285)
r T r
Wy = ;aﬂuz — Oz uy, wp = O0.ur — Oru,
1 1
wy = —0r(rug) — —0Opuy. (286)
r r
Under axisymmetry,
ug
wp = —0up, wp = 0up —Ou,, w,=0rup+ 7
(287)

Global regularity results for large solutions with
special geometric or anisotropic structures, including
axisymmetric and one-slow-variable settings, have
been established in [7, 17].
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17 Small-data perturbative compatibility
Zm(0) < éem- (288)

d

dt
Assume the bootstrap bound

Zm(t) < ConZm(t) + Crn 2 ()2 (289)

Zn(t) <2, 0<t<T. (290)

Then
Zn(t)? < 26 Zim(1).

Substituting into (289),

(291)

Ly

i Zm() < CnZin(t) + Cm Zin(t)?

< O Zm(t) + 2Cmem Zm(t)

= Cyn(1 + 26) Zum (1) (292)

Applying the logarithmic derivative,

% log Z,,(t) < Cri(1 4 2e4,). (293)
Integrating,
log Z,,,(t) — log Z,,(0) < Cp(1 + 2ep,)t. (294)

Exponentiating,

Zn(t) < Zp(0)eCmUF2em)t, (295)
Keeping dissipation,
20 (1) + (1) < O Zn (17 (296)
Assume
Con Zom(t)? < %Em(t) 4 CpemZn(t).  (297)
Then
%Zm(t) FVE(D) < BEm(t) + CmemZn(t), (298)
hence

4z )+ Y6n(t) < O Zn(t).

o (299)

18 Conclusion

In this work, we developed a formal analytic
framework for the three-dimensional incompressible
Navier-Stokes equations, with special emphasis on
the explicit expansion of the nonlinear structure,
the vorticity channel, the pressure reconstruction
mechanism, the anisotropic differentiated hierarchy,

and the high-order Sobolev continuation scheme. The
main strategy was to keep the algebra visible, to avoid
excessive compression of multilinear interactions,
and to write the differentiated identities in a form
where each nonlinear contribution could be tracked
separately.

The starting point was the classical incompressible
Navier-Stokes system

ou+ (u-V)u+Vp—vAu =0, divu=0, (300)

together with the corresponding strong Sobolev
framework

u € C([0,T); H™(Q))N L}

loc

([0,7); H™(Q)), m > g

(301)
From this point of view, the continuation problem is
reduced to the control of the nonlinear growth of the
higher-order Sobolev norm, namely to inequalities of
the form

d
2 u®)[m + 20 1 u(t) [

< O V()| oo @)l - (302)

The analysis carried out throughout the paper isolated
three principal channels:

vorticity,
pressure,

anisotropic vertical differentiation. (303)

These were assembled into the mixed control quantity

Mo (t) = (WOl oo I VPO o+ 103u(t) | g1, g > 3,

(304)
and the whole continuation mechanism was formally
organized around the estimate

IVl < Cr(1+ M), (305)

Combined with the high-order differentiated energy
inequality, this yields

d

2 u®lm < Con (1 + M (8)) [[u(®)ll7m - (306)

and therefore, after integration,

t
Ju()]2 < o2 exp (Cmt+ Con [ M) ds) |
0
(307)
Consequently, if

-
/ Mn(t) dt < oo, (308)
0
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then the strong norm cannot blow up in finite time.

On the vorticity side, the explicit form

Ow~+ (u-V)w —vAw = (w- V)u (309)
shows that the principal obstruction comes from the
stretching term

(w-V)u, (310)

which couples the growth of the vorticity amplitude
to the Lipschitz norm of the velocity. On the pressure
side, the elliptic identity

- Ap = 818](u1u]) (311)
makes visible the nonlocal quadratic feedback of the
convective tensor. On the anisotropic side, the repeated
differentiation with respect to the vertical variable
produced a hierarchy of estimates of the form

d
T 1950() | 37m-1 + 20 |V O (t) [

< Cn [ Vu(®) | oo 1050() [ 7m-1 (312)

which suggests that anisotropic control may play a
nontrivial role in the strong continuation problem.

The formal closure systems introduced in the later
sections were designed to enlarge the analytic picture
and to display, in explicit multilinear form, the
interaction between the Sobolev norm of the velocity,
the differentiated vorticity, the pressure derivatives,
and the vertical derivative hierarchy. In that
sense, the paper was not intended to compress the
argument into a minimal proof sketch, but rather to
expand the structure so that the nonlinear transport,
stretching, pressure, and commutator mechanisms
remain directly visible on the page.

The rigorous part of the argument establishes a
conditional continuation mechanism: if the mixed
Lipschitz control can be rigorously closed in terms of
the quantity M, (), and if M,,, remains integrable on
finite time intervals, then the strong solution continues
globally. In this form, the strategy leads to the
conditional statement

[I190(0)| < Cn(1+ Mun(e))]  and
.

[ Mo () dt < oo} — T*=400.  (313)
0

At the same time, mathematical honesty requires
stating clearly that the decisive step is still open. The
unresolved point is not the formal propagation of
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the Sobolev norm once a suitable mixed estimate is
granted; rather, it is the rigorous closure of the estimate
itself, together with a genuinely closed evolution
inequality for the mixed continuation functional. In
other words, the program identifies a route, organizes
the major nonlinear contributions, and makes the
continuation mechanism explicit, but it does not yet
constitute an unconditional proof of global regularity
for the three-dimensional Navier-Stokes equations.

Therefore, the final outcome of the present manuscript
is best understood as follows: it provides an
expanded analytic program, a large explicit system
of differentiated identities, a conditional continuation
framework, and a structured decomposition of the
main nonlinear obstructions; however, the decisive
global closure step remains to be fully justified. The
problem is not solved here in the strict sense of a
completed millennium-proof, but the architecture of
one possible route is laid out in substantial algebraic
and differential detail.

This is precisely where the paper stands: not
as a definitive resolution, but as a dense formal
continuation program in which the pressure channel,
the vorticity channel, and the anisotropic channel are
pushed into a common analytic framework. Any future
successful closure of this framework would have direct
consequences for existence, smoothness, uniqueness,
and singularity exclusion in the three-dimensional
incompressible Navier-Stokes problem.
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