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Abstract

This paper presents an adaptive block time-stepping
algorithm designed for the numerical integration of
first-order stiff oscillatory problems, which typically
involve multiple time scales and stringent stability
conditions. The proposed method integrates a
block formulation enabling the simultaneous
evaluation of several solution points with an
adaptive step size mechanism to effectively regulate
local truncation errors. A predictor-corrector
strategy is employed, where an explicit predictor
generates initial estimates, and an implicit block

corrector enhances stability for stiff systems.

The resulting nonlinear equations are resolved
using Newton’s iterative method. The scheme is
proven to be consistent, zero-stable, and achieves
fifth-order accuracy. Its stability characteristics
are further examined through A-stability analysis
using locus boundary techniques, validating its
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applicability to stiff problems. Additionally,
an error control procedure is incorporated to
dynamically adjust the step size, ensuring an
optimal balance between computational efficiency
and solution accuracy. Numerical experiments on
benchmark stiff oscillatory systems indicate that
the proposed method outperforms the fourth-order
variable step size block backward differentiation
formula (VSBBDF4), as well as MATLAB solvers
ODE15s and ODE23s, in terms of stability, accuracy,
and computational efficiency.

Keywords: stiff ordinary differential equations, variable
step size, block backward differentiation formula,
A-stability, predictor-corrector method

1 Introduction

Stiff ordinary differential equations (ODEs) arise
in a broad spectrum of scientific and engineering
applications, including control systems, electrical
circuit simulation, atmospheric and climate modeling,
chemical kinetics, combustion processes, and
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biological systems. These problems often originate
from mathematical models describing multiscale
physical phenomena, where the governing dynamics
involve both rapidly decaying transients and slowly
varying solution components. In many cases,
such systems also exhibit oscillatory behavior,
leading to stiff oscillatory problems characterized by
eigenvalues with large negative real parts coupled
with non-negligible imaginary components. The
coexistence of stiffness and oscillations presents
significant analytical and computational challenges in
the numerical integration of such systems [1].

A defining feature of stiff systems is the presence
of widely separated time scales. This disparity
imposes severe restrictions on the stability of numerical
methods, particularly explicit schemes. Although
explicit methods such as classical Runge-Kutta
techniques are straightforward to implement and
computationally inexpensive per step, they suffer
from stringent step-size limitations when applied to
stiff problems. Specifically, stability requirements
force the use of extremely small step sizes, even
when the solution exhibits smooth behavior over large
intervals. As a result, explicit methods become highly
inefficient and impractical for large-scale or long-time
simulations involving stiff dynamics [2, 4-6].

To overcome these limitations, implicit numerical
methods have been extensively developed and
widely adopted due to their superior stability
properties. Among the most prominent classes are
backward differentiation formulas (BDFs), which
were systematically introduced and analyzed by
Gear [5]. BDF methods are linear multistep
schemes that are particularly well-suited for stiff
systems due to their favorable stability characteristics,
including A-stability for low-order variants and strong
stability behavior for higher-order implementations.
Extensions of classical BDF methods, such as extended
backward differentiation formulas (EBDFs) and their
superclass variants (SEBDFs), have been proposed
to improve accuracy and stability while maintaining
computational efficiency [8, 9].

In addition to multistep approaches, other families of
implicit methods have been developed for stiff ODEs.
Rosenbrock-type methods, which are linearly implicit
schemes derived from Runge-Kutta formulations,
provide an attractive compromise between stability
and computational cost by avoiding fully nonlinear
system solves at each step [7, 10]. Similarly, implicit
Runge-Kutta methods, particularly those based on
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Gauss-Legendre and Radau collocation formulas, offer
high-order accuracy and excellent stability properties,
including A-stability and L-stability. These methods
have been extensively studied and are widely regarded
as robust tools for stiff systems, although their practical
implementation often involves solving large systems
of nonlinear equations, which can be computationally
demanding [4, 6, 11].

The theoretical foundation for the analysis of stiff
ODE solvers has been comprehensively developed
in the literature, most notably in the works of
Hairer and Wanner [4, 11], which provide a
rigorous treatment of stability theory, convergence
analysis, and differential-algebraic systems. These
contributions have played a central role in shaping
modern numerical methods for stiff problems.
In practical computational environments, these
theoretical advances have been incorporated into
widely used software packages. For instance, the
MATLAB stiff solvers ODE15s and ODE23s implement
variable-order, variable step-size algorithms based
on numerical differentiation formulas (NDFs) and
Rosenbrock-type techniques, respectively. These
solvers dynamically adjust both the step size and
method order to achieve an optimal balance between
accuracy and efficiency, making them suitable for a
wide range of stiff applications [12, 13].

Despite the success of these classical methods, several
challenges remain. One major issue is the phenomenon
of order reduction, which occurs when high-order
methods fail to achieve their theoretical convergence
rates in the presence of stiffness or oscillatory behavior.
Additionally, many implicit methods require the
repeated solution of nonlinear algebraic systems at
each time step, leading to significant computational
overhead, particularly for large-scale systems. These
limitations have motivated ongoing research into the
development of more efficient and robust numerical
schemes that can maintain high-order accuracy while
reducing computational cost [14].

A promising direction in this regard is the
development of adaptive numerical methods,
particularly those based on variable step-size
strategies. Such methods dynamically adjust the step
size in response to local error estimates and changes
in solution behavior, thereby improving efficiency
without sacrificing accuracy.  Variable step-size
techniques are especially valuable for stiff problems,
where the degree of stiffness may vary significantly
over the integration interval. By adapting the step size
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appropriately, these methods can effectively capture
both fast and slow dynamics while minimizing
unnecessary computations [3, 15-17].

In recent years, block methods have emerged as an
effective framework for enhancing the efficiency of
numerical integration. Unlike traditional one-step
or multistep methods that compute a single solution
point per step, block methods compute multiple
solution points simultaneously within a single
computational cycle. This approach offers several
advantages, including reduced error propagation,
improved parallelization potential, and enhanced
computational efficiency [18-20].

Several notable contributions have advanced the
development of variable step-size block methods.
Ibrahim et al. [21] introduced a fourth-order variable
step-size block backward differentiation formula
(VBBDF), establishing a foundation for adaptive block
multistep schemes. Suleiman et al. [22] extended
this work by proposing a superclass formulation that
allows for systematic construction of higher-order
block methods. Ijam et al. [23] further developed
this framework by introducing a fourth-order variable
step-size superclass diagonally implicit method,
demonstrating improved stability and efficiency for
stiff systems. More recently, Bala et al. [24] proposed a
third-order variable step-size superclass BBDF method,
highlighting the growing interest in combining block
structures with adaptive strategies.

Notwithstanding these advancements, there remains
a notable gap in the literature regarding the
development of higher-order block methods
with adaptive step-size capability, particularly
at the fifth-order level. Existing methods often
involve trade-offs between accuracy, stability, and
computational cost, and there is a clear need for
schemes that integrate these desirable properties
within a unified framework. In particular, the
incorporation of additional flexibility in the method
formulation, such as tunable parameters for stability
control, has not been fully explored in the context of
high-order block methods.

Motivated by these challenges, the present study
proposes a fully implicit fifth-order variable step-size
superclass block backward differentiation formula
(VSBBDEF5) for the numerical solution of stiff ODEs.
The proposed method is constructed within a hybrid
predictor-corrector framework, in which an explicit
variable step-size predictor is derived using Taylor
series expansion within a general linear multistep

context. The predicted values are subsequently
employed in the implicit corrector phase, leading to
improved accuracy and convergence properties.

A key feature of the proposed method is the
introduction of a stability control parameter, denoted
by p € (—1, 1), which is embedded within the method
coefficients. This parameter provides an additional
degree of freedom that can be used to adjust the region
of absolute stability, thereby enhancing the method’s
adaptability to different classes of stiff problems. By
appropriately selecting the value of p, the proposed
scheme can achieve improved stability performance
compared to conventional fixed-coefficient methods.

Overall, the proposed VSBBDF5 method aims to
bridge the gap between high-order accuracy, adaptive
step-size capability, and enhanced stability control.
It is expected to provide an efficient and reliable
computational tool for solving a wide range of
stiff ODEs encountered in scientific and engineering
applications.

2 Derivation of the Method

To construct the fifth-order fully implicit variable
step-size superclass of the block backward
differentiation formula (VSBBDF5), the scheme
is formulated as follows:

5
> Giintniis = horir (fark — phnsk-1), b =1i=1,2.
j=0
(1)

The linear operator 7; corresponding to the VSBBDF5
scheme is introduced and defined as follows:

i [U (un) , b+ 00,iVn—3 + 01,iVn—2 + 02,iVp_1 + 03,iVn
+ 04,iVn41 + 05,iVn+2 — how iy (frsk — pfatr—1) =0,
k—i=1,2.
(2)

In order to obtain the first approximation v,41,
we introduce the corresponding linear operator ;,
defined as follows:

00,1Vn—3 + 01,1Vp—2 + 02,10p—1 + 03,1V,

+ 04,1Un+1 + 05,1Un+2 — 11 (v} — puy,) = 0.

(3)
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By expanding equation (3) as a Taylor series about
uy, and collecting terms according to their respective
orders, we obtain the following expression:

\I’lev(un) + \Ill,lhv’(un) + \11271h2v"(un)

(4)
+ \113,1}3317”/(1%1) + \P4’1h4v(4) ('Um> +.--=0.
where
Wo,1 = do,1 + 01,1 + 02,1 + 03,1 + 041 + 051 =0,
Pig = —3rdo,1 — 2rdy,1 — 7021 + 041 + 2051
—¢1.1(1—p) =0,
9 1 1
\112’1 = §T25071 + 273261,1 + 57‘26271 + 55471
+ 2051 — ¢11 =0,
\\J :_735 _*36 _735 zs
3,1 5 001 = gr0L1 — L1702 + 01
4 1
=051 — = =0
+3%.1— 5011 =0,
81 2 1 1
\I/ = — 46 = 46 L 4(5 75
41 = 57 00,1 1011 7021 F 5104
2 1
4+ =051 — = =0,
305.1 6(151,1
243 32 1
1\ = _ 2,5 _ = 56 L 56 Iy
o 120" 901 T 150" %11 T 9" %21 + 120941
32 1
— 051 — —¢11 =0.
+ 120 5,1 24¢1,1
(5)

In the derivation of the first point v, 1, the coefficient
04,1 is set to unity for normalization. The resulting
system of simultaneous equations in (5) is then solved
to determine the coefficients J;; and ¢; ;. Substituting
these computed values into equation (3) leads to the
following expression:

Un+1 =

8rip +4rt + 123 + 1203 + 4r2p + 1372 +6r + 1

6 (36r1p + 24r3p — 33r3 — 58r2 — 33r — 6) 13
1873 + 9r% + 6r2p + 1572 + 7Tr 4+ 1

T 43 (12r%p — 1172 — 12r — 3)
72rtp + 36r1 + 60r3p 4+ 6073 + 12r2p + 3712 + 101 + 1
2(12r4p 4 2473p — 1173 — 3472 — 27r — 6) 13
10876p — 3670 + 66r°p — 1325 — 134r4p — 1937*
1273 (12r3p — 1112 — 127 — 3) Un
—114r3p — 14473 — 22r2p — 5872 — 12r — 1

1273 (12r3p — 1112 — 127 — 3)

367°p 4 3610 + 30rtp + 96r* 4 6r3p 4+ 97r% + 9793 +47r2 £ 11r + 1

Un—3

Up—2

Un—1

Un

4 (3615p 4+ 96r4p — 33r* + 48r3p — 12413 — 149r2 — 72r — 12) Un+2
6r% 4+ 1172 + 6r + 1
- 3 5 hfrz+l
12r%p — 1174 — 127 — 3
6r® +11r/% + 6r + 1
3 7 LY
2(12r3p — 1172 — 12r — 3)
(6)
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By following the same procedure employed in deriving
the first point, the second point is subsequently
obtained as follows:

Un+2 =
22r%p + 4t + 913 p 4 2413 + 1472 p 4 5212 + Orp + 481 + 2p + 16
-z _ . - - = Un—;
3°(3r+1) (6r3p — 18/ + 11r%p — 8872 + 6rp — 120r + p— 48) /3 "2
914 p + 187% + 3613 p + 9613 + 4712 p + 17612 + 247p + 1287 + 4p + 32
(Br+1) (6% — 187 + 11r2p —88r2 + 6rp — 120r + p—48) 3“2
2 (18r3p 4 3613 + 27r%p + 84r? + 84r? + 13rp + 647 + 2p + 16) .
(6r3p — 1873 + 11r%p — 8812 + 6rp — 120r + p — 48) 13 =t
1187%p + 1870 +99r°p + 132r° + 211r%p + 3861 + 22513 p + 57613 '
3 (6r3p — 1873 + 11r2p — 88r2 + 6rp — 1207 + p — 48) r3
1 127r%p + 46412 + 36rp + 192r + 4p + 32
o G C = U
3 (6r3p — 1873 + 1172p — 88r2 + 6rp — 1200 + p — 48) r3 "
4(36r° + 33r'p + 228r" + 124r%p + 54413 + 149r%p + 608r2 + T2rp + 320r + 12p + 64)
(612 4 5r + 1) (6r3p — 1813 + 11r2p — 88r2 + 6rp — 120r + p — 48)
4(3r8 + 1177 + 12r 4+ 4)
6r3p — 18r3 + 11r2p — 88r2 + 6rp — 120r + p — 48
N 4(3r% 4 1177 + 127 4 4)
6r3p — 18r3 + 11r2p — 88r2 + 6rp — 120r + p — 48

n

+

Un+1

hfnt2

phfosi.

(7)

An important consideration in the development of the
proposed method is the careful choice of the superclass
parameter p, since it has a direct impact on both
the stability properties and the overall computational
efficiency of the scheme. In this study, the value
p = —3 is adopted, motivated by earlier investigations
that have demonstrated its capability to produce stable
and reliable numerical solutions for stiff differential
equations, both from theoretical stability analyses [25,
26] and from practical applications to stiff dynamical
systems [27].

The selection p = —%, which lies within the admissible
interval (—1,1), ensures that the method satisfies
key theoretical conditions such as zero-stability and
A-stability. In addition to these essential properties,
treating p as a free parameter introduces a degree of
flexibility into the formulation, enabling the method
to be adjusted for improved stability regions or higher
accuracy depending on the nature of the stiff problems
under consideration.

With p fixed at —3, different choices of the step-size
ratio r in equations (6) and (7) give rise to various
members of VSBBDF5. Specifically, the cases r =
1, r = 2, and r = % lead to distinct schemes,
which are explicitly presented in equations (8)—(10),
respectively.

Forr=1
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3 1 6
I?S””‘3*‘10U” 2T
39
~ 350
39

584
1005

584

35vn 1+ 5Un

5hfn+1 + %hfnv

155 105
146 "t 73

30 45
—hfn —hfpe1.
73 f+2+146 fn1

Un4+1 = —

oenUnt2

(8)
30
Un42 = Un—3 — ﬁvn72 + Un,

Un+41 +

Forr =2

15 21

18304 "
5145 2415

T 1576"" T 18304
3 772

2933~ 17255
3456

9165 1 3451

L35
T 5762 T 012

105 315
hfn+1 h.fna

558
Un—2+ 57 Un—1

3451
1536 hf 1152
3451 2 T gey

Un+1 = — Un—1

vn+2

Un42 =
1812
3451 "

hfn-‘rl
9)

—_ 5
Forr—6

71104

Untl = T 5003625
298606 29246

232625 " 284733 "2
131648

1045625
2054943

T 1045625 "

44793

232625
1232

1861
12306249

16730000 "
3366

8365 fn+2

1342656
3954625 "

924
—<at I
861"

| 1819584
2T 1045625 "t

5049
To730 it
(10)

Un—3 Up—2 —

fn+1

Un—3 —
19113 3366
26768 "t

Un42 =

The schemes presented in equations (8)-(10), which
constitute the VSBBDF5, achieve fifth-order accuracy,
with their corresponding error constants expressed as
follows:

1 11 6
_ 70 _ 292 _ 387
/76,1 - 17 ) 76,2 - 3 9 767% - 1
292 481 238

The proposed method is formulated within a
predictor-corrector framework to enhance both
numerical stability and computational accuracy. In
particular, the corrector component is implemented in
the PECE (Predict-Evaluate-Correct-Evaluate) mode,
wherein an initial approximation to the solution at
the subsequent step is first predicted, followed by its
evaluation, correction, and a final re-evaluation to
achieve improved precision.

Given that the scheme is inherently of corrector
type, the derivation of a compatible predictor is

indispensable. Consequently, an explicit predictor
formula is constructed in a manner consistent with
the block structure and the order of the VSBBDF5
method. This predictor furnishes suitable initial
approximations for the corrector stage, thereby
facilitating convergence and enhancing the overall
efficiency of the computational procedure.

3 Derivation of the Predictor Formulae

The initial approximation is obtained using an explicit
predictor method, which is derived through Taylor
series expansion applied to the relation:

i=1,2. (11)

5
: :aj,z,rvn+g—3 = 0’
J=0

The formulation of equation (11) follows from the
general k-step linear multistep method (LMM) by
setting the coefficients ¢ ;,, = 0 on the right-hand
side, thereby yielding an explicit predictor scheme.
To compute the coefficients corresponding to the first
and second points of the predictor method in (11), we
define the associated linear operator of equation (11)
as follows:

i [V (un) , h] = aoivn—3 + Q1,iUn—2 + a2,V —1 + @3,Vp
+ Q4,iVn41 + a5iU,42 = 0.
(12)
First Point: - = 1
By setting the coefficient a5 ; = 0 in (11), the linear
operator (11) becomes:

a1V (up — 3rh) + ai1v (uy, — 2rh)
+ ag1v (up — Th) + ag1v (up) + 10 (up + h) = 0.
(13)

By expanding equation (13) in a Taylor series about the
point u,, the following system of simultaneous linear
equations is obtained:

00,1 = Qo1 +a11 +ag1 +agq +ag =0,

01,1 = —3rag, — 2ray; —rogy + a1 =0,
9 4 9 1, 1
021 = 577001 +2rag + 57 a2 + 501 = 0,
27 4 4 4 1, 1
031——€r Q01— 3T 0L~ T a21+6a41—0

(14)

By normalizing a4; = 1 and solving the resulting
system of equations with the aid of the Maple 18
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computational environment, the coefficients associated
with the first point are determined, as summarized in
Table 1.

Table 1. Coefficients of the predictor method for the first

point.
Q0,1 a1 Q21 Q31 Q41
12r243r4+41 13724441 16r245r4+1  _ 16r34+11r246r+1 1
6 r3 2 r3 2 r3 6 r3

Substituting the computed coefficients into equation
(13) yields the expression corresponding to the first
point, which is given as follows:

12r2 +3r+1 13r +4r+1

Uptl = — ————————Un_ - Uy

i 6 3 T 3 2
16r2+5r+1 1673 4+ 11r% +6r + 1
2 3 -1 G 3 vn-
(15)
Second Point: i = 2
Similarly, by assigning the coefficient ays = 0 in

equation (12), the corresponding linear operator is
reduced to the following form:

a2V (U, — 3rh) + ag 2v (uy, — 2rh) + ag2v (uy — rh)
+ a3z 2v (up) + as20 (uy + 2h) = 0.
(16)

By expanding equation (16) in a Taylor series about the
point u,, the following system of simultaneous linear
equations is obtained:

002 = Qo2+ Q12+ azs+ags+ass =0,

01,2 = —37’04(],2 - 27’041,2 — T2 + 20[572 = 07
9 1
022 = 57’2040,2 + 2T2Oé1,2 + 57’2042,2 + 2052 =0,
9 . 4 . 1
032 = 757"304072 — grdozl,g — ETBQQ’Q + §a572 =0.
(17)

By assigning o 2 1 and solving the resulting
system of equations using the Maple 18 computational
environment, the coefficients corresponding to the
second point are obtained, as summarized in Table 2.

Table 2. Coefficients of the predictor method for the second

point.
00,2 1,2 022 03,2 5.2
20243743 _ 3r248r4d  203745742) 1384112419044 1
3 r3 r3 r3 3 r3
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Substituting the computed coefficients into equation
(16) yields the expression corresponding to the second
point, which can be written as follows:

2r?+3r+3 3ri+8r+4
Un+2 = — gTvn—za Tvn—Q
2 (3r? + 51 + 2) 13r% + 1172 + 127 4 4
- —U’!L—l o U’VI/'
3 3 r3

(18)

Hence, by combining equations (15) and (18), the
two-point Explicit Variable Step-Size Predictor (EVSP)
method is obtained and can be expressed as follows:

12r2 +3r+1 +13T2+4r+1
UTL = - 771}"7,— 77@”—
+1 6 r3 37T 9 r3 2
16r245r+1 16r3 +11r2 +6r+1
— 53 Un-1+ % Un,
2 73 6 r3
272 4+3r+3 3r2 + 8r+4
Un = — ——————Up— ——— Up—
+2 3 3 3 3 2
2 (3r% +5r +2) 1373 +11r% + 12r + 4
— " Up_1+ = Up-
r3 3 r3
(19)

By considering the step-size ratios r = 1, » = 2, and
r = 3, which correspond respectively to constant step
size, step-size halving, and an increase in step size by
a factor of 1.2 in equation (19), the following schemes
are obtained:

Forr=1

Unt1 = —Up—3 + 4vp_2 — 6V, 1 + 4uy,,

|

Unt2 = —4v,_3 + 15v,_2 — 20v,—1 4 10v,,.

Forr =2
5 L2 35 L3
U = ——VUp_-= —Un—9 — —VUp— —7
n+1 16 n—3 16 n—2 16 n—1 16 mny
Upy2 = —Un-3 + 4vp_2 — 6vp_1 + 4vy.
(21)
orr =3
oo =16 69  _ 1008 616
ntl T g 3 T 195 2 T 1195 T 195
748 2754 3564 1683
v = ———Unp— —VUn—92 — ——Unp— —Un,.
2 125 "3 195 27 95 T qo5 m
(22)
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The derived two-point explicit variable step-size
predictor (EVSP) method serves as an efficient
mechanism for generating initial approximations
required by the fully implicit VSBBDF5 corrector
scheme. Owing to its explicit formulation, the
predictor avoids the need for iterative solution
procedures, thereby reducing computational overhead.
The method incorporates variable step-size ratios,
which enhances its adaptability to varying solution
dynamics and improves its effectiveness when applied
to problems with rapidly changing behavior.

Furthermore, the use of four previous solution points
ensures that the predictor maintains a reasonable
level of accuracy while remaining computationally
inexpensive.  In the overall predictor—corrector
framework, the EVSP method provides reliable starting
values that accelerate convergence of the implicit
corrector and contribute to the stability and efficiency
of the numerical integration process, particularly in
the solution of stiff differential systems.

4 Stability Analysis of the Method

In this section, the stability behavior of the schemes
given in (8)-(10) is analyzed, with particular attention
devoted to zero-stability and A-stability.  This
investigation is based on the evaluation of the roots of
the corresponding characteristic polynomials and how
these roots are distributed relative to the unit circle in
the complex plane.

To determine the stability regions, the classical linear
test equation v = \v is employed, where \ satisfies
PRe(A) < 0. The analysis begins with method (8), for
which the procedure is explicitly demonstrated. The
same analytical framework is then applied in a similar
manner to methods (9) and (10).

Definition 1 (Zero-Stability). A LMM is said to be
zero-stable if its first characteristic polynomial satisfies
the root condition. That is, the numerical solution
remains bounded as the step size h — 0, ensuring that
small perturbations in the initial data do not lead to
unbounded growth in the solution. In other words, a
LMM is zero-stable if no root of the first characteristic
polynomial lies outside the unit circle, and any root on
the unit circle is simple (i.e., has multiplicity one) [28,
29].

Definition 2 (A-stability). A LMM is said to be
A-stable if the stability region contains the entire left
half-plane of the complex plane [30].

i. By introducing the test equation v = v, subject

to Re(\) < 0, into scheme (8), the resulting
expression is obtained as follows:

v = — iv + iv — Ev + —v
n+1 — 175 n—3 10 n—2 35 n—1 5 n
39 24 18
n hAvy, —hAvy,,
" 350 2 T gg L T gAY
" 39 ; _ @v n 155@ _ 1051] 23)
n+2 — 584 n—3 73 n—2 146 n—1 73 n
1005 30 45
M’Un_t,_l + %h)\’()n_;'_z + mh)\’vn_;'_l.

By rearranging the expression and grouping like terms
in (23), we obtain:

24 39
1— 0\ ) Upst + v
( 35 )”+1+350v+2
3 1 6 6
= = 752 Un-: TAUn—2 — 57 Un— 7h)\ ny
1758 g2 T 35" 1+<5 35 )”
1005 30
_1005 45, 03, 1— 28\ ) o,
( 584 146 )”“+( 73 )“*2
8, 80, s 105
T R VT s A R

(24)

These equations can be expressed in matrix form as
follows:

1——)\h
1005 ° 338 . Z:ij
ﬁfﬁﬁ L=t
3 6 6 18
- = ah
- | 19 el g | [
584 146 73
(25)
Let H = A\h in equation (25). This leads to
24
130; By 353% [W"H]
Un
584 146H L= o
3 6 6 18
- —ax gl
7o N EC AR
584 73 146 73
(26)

Definition 3. If m denotes the number of blocks and
s denotes the number of points in each block, then
n = ms. By [31], we let
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V. — Un+1| _ [U2m+1
= =
| Un+2 | | V2m+-2
Vi 1 = Un—1| _ |V2m-1| _ |V2(m-1)-1
1 = = =
L Un | L V2m Vo(m—1)+2]
Vg = Un—-3| _ U2(m2)+1:|
m—o = = .
| Un—2 | [V2(m—2)+2

An equivalent representation of equation (26) is given
by:

AV, = BV,—1 + CV,_o. (27)
where
) [ 24 H 33%9%
= 1005
S LR

66 18,

B= |18 ° I%% ;
| 146 3
3 1

C = 31735 _1&
| 584 73

The stability polynomial x(e, H), obtained by
combining the first and second characteristic
polynomials of the method, is derived by
evaluating the determinant of the matrix expression
(Ae? — Be — C), yielding:

x1(e, H) = det (A62 —Be—C)

L2 39
- 35 3 ¢
| [ 1005 745 ) H}

2 _ g
_3
3 4
584 73

584
[6 6,18,

185 0

15 105 (28)
146 73
_ 48719 4 11559 4 123 5 3123 ,
T 20830~ 10220 365° ~ 4088°
A6 upn 459 5, 8217 . 233
125 292 10220 2555
3 81 5,2 351
tame Tsa M T T02m0°

The absolute stability region of method (8) is obtained
by plotting the locus of points defined by the
corresponding stability function in the complex plane.

x1(e, H) = 0. (29)

216

=
xi(e, H) =

48719 , 11550, 123, 3123 ,
40830 ~ 10220 365 4088 30)

1 4 21 2
—EG4H2—ge3H 8217 EH — 33

125 292 10220 2555

3 81 351
H? H=0.

NSRS T 10220°

To verify the zero-stability of method (8), the
parameter H is set to zero in equation (30), resulting
in the corresponding first characteristic equation given

by:

123 5

3123 ,
— —€
365

1088°

233

48719
48719 _
2555

3
0580 e+ =0. (31)

8176

The roots of equation (31) are obtained by solving for
¢, resulting in:

e = 0.0038962201, ¢ = 0.5863656155,
€ = 0.1347661799, ¢ = 1.

In accordance with Definition 1, the obtained roots
e indicate that method (8) is zero-stable, since none
lie outside the unit circle and the root ¢ = 1 has
multiplicity one.

The absolute stability region corresponding to method
(8) is obtained using the boundary locus approach. In
this procedure, the substitution € = e is introduced
into equation (30) to trace the stability boundary in
the complex plane. The resulting stability region for
method (8), generated using Maple 18 software, is
illustrated in Figure 1.

Stable Region " Unstable Region Stable Region

Stable Region

Unstable Region

Stable Region

Figure 1. Stability region of the VSBBDF5 when r = 1.
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Hence, the stability domain is defined by the exterior
of the circular locus, indicating that the method is
A-stable as it covers the whole left half of the complex
plane.

ii. To examine the stability of method (9) for the
step-size ratio r = 2, the scheme defined in
equation (9) is first expressed as a system of
linear difference equations. This representation
allows the method to be written in matrix
form, facilitating the analysis of its stability
properties through the associated characteristic
matrix equation.

15 21 35 5145
1 0f [vnt+1 _ 18304 4576 Un—3 + 9152 4576 Un—1
0 1| |vpt2 4§7 _ 772 Up—2 558 __1812 Un
493 17255 3451 3451
0 0 0 3157 s
Un+1 [ n—1
+ | +h 572
|:3456 0:| |:vn+2:| |:0 0 |: fn :|
2465 e
1
wo
Lp | 143 Jnt1
11152 1536 | | fusal|
3451 3451

(32)

This corresponds to the matrix equation:

35
vn-s] | 9152
} |:’Un,2} * [558

3451

1812 Vp,
3451

10 15 21 5145

Uni1] _ | 18304 4576 4576 | [vn

{—3456 1} [UHJ - { 3 72 1 { ]
2465 493 17255

315 105
0 5| [fn- 143

92 Jn—1 )
+h L 5; } [fn ] +h {1152

0 [fn+l}
1536 | | frt2]
3451

3451

Substituting the Dahlquist linear test equation v = \v
into (32), and simplifying, we obtain

105
1— ——hA
143 0 [Un+1]
3456 1152 1536 v
— - Chh (11— =hA nt2
2465 3451 ( 3451 >
15 21
_| 18304 4 Un—3 33
R @)
493 17255
35 5145 315
B g )
4 | 9152 \4576 572 Un-1|
558 ~ 1812 Un
3451 3451

Let H = \h in equation (33). This leads to

|15, 0
143 [Un+1]
3456 1152 1536 v
e 4444415[ . 44444711’ n+2
2465 3451 ( 3451 )
15 21
_ | 18304 4 Un-3 34
ol || )
493 17255
35 (5145 315 )
Y (il
49152 \4576 572 Un-1]
558 1812 o,
3451 3451

An equivalent representation of the matrix equation is
given by:
DV,, = EVip—q1 + 1?‘/%1——27

n =2m. (35)

where

1-—H 0
3456 14%152 1536 ?
H H

2465 3451 3451

35 5145 315,

%ﬁé? 4576 | 572" ||

| 3451 3451
21

15 21
B

_1§m4
17255

493

The stability polynomial x»(e, H) associated with
method (9) is obtained by computing the determinant
of the matrix expression

Dé> — Ee — F.

which gives:

83540 , 35514 4081339
H) = 4 4rr 3
xal6 H) = 20105€ ~ 59029° 3947944 ¢
| 25819 , 23040, 55032 4
179452 " 70499 70499
L9157, 57835 69
986936 7895888 | 7895338
12960 5 , 945
2V B2 H = 0.
70499 281996
(36)
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For the purpose of zero-stability analysis, equation
(32) is evaluated at H = 0, thereby yielding
the corresponding first characteristic polynomial as
follows:

83540 4 4081339 5

25819 , 57835 69
70499°

3947944~ 179452° _'78958886*'7895?39)

By determining the solutions of equation (37) in terms
of ¢, the following values are obtained:

e = 0.00116611505,
e = 0.07952388658,

e = 0.07952388658,

e=1.

Thus, method (9) is zero-stable, as it fulfills the
requirements of the zero-stability definition.

To determine the absolute stability region of method

(9), the boundary locus method is employed.

Specifically, substituting ¢ = ¢% into equation (36)
enables the characterization of the stability boundary
in the complex plane. The corresponding stability
region, generated using Maple 18, is illustrated in
Figure 2.

Stable Region 21 Unstable Fegion Stable Region

-2
Stable Region Unstable Region Stable Region

"
-3

Figure 2. Stability region of the VSBBDF5 when r = 2.

From the plotted stability region, it is observed that
the region extends to cover the entire left-half of the
complex plane. This implies that all values of H =
Ah with Re(A) < 0 lie within the stability domain
of the method. Consequently, in accordance with
the definition of A-stability, method (9) is said to be
A-stable.

iii. Similarly, the same procedure is used for r = %,
the stability polynomial of (10) is obtained:

218

=0.

Xﬁ(ﬁvH) =
6

4228801 , 3410473 , 1998238653

€ — € ————- €

3558232 3113453 15567265000
110658524237 , =~ 592416 4.

— € €
97295406250 22223895
2180786940 5 508477953 (38)

— ———————c — €
1111947500 3891816250
8766801028 35928684

- €
48647703125 ' 48647703125
333234 4.0 945 .
22223895 281996

Setting H = 0 in equation (38) simplifies the
expression to the first characteristic polynomial used
to assess zero-stability:

4228801 , 1998238653 5 110658524237 ,
€ € — €
3558232 15567265000 97295406250
8766801028 35928684
J— 6 =
48647703125 48647703125

)

Equation (39) is solved with respect to ¢, resulting in
the following set of roots:

e = 0.0039974619, € = 0.9480239443,
€ = 0.1639805539, e =1

Thus, it follows from the definition of zero-stability
that method (10) is zero-stable.

The absolute stability region for method (10) is
evaluated via the boundary locus method. This
involves substituting ¢ = ¢/ into equation (38), which
enables the characterization of the stability boundary
in the complex plane. The corresponding stability
region, obtained with the aid of Maple 18, is illustrated
in Figure 3.
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Stable Region Unstable Region . Stable Region

-10 30

Stable Region Stable Region

Unstable Region

Figure 3. Stability region of the VSBBDF5 when r = 2.

From the graphical representation, it is evident that
the stability region encompasses the entire left half of
the complex plane. Therefore, the method is A-stable,
since all values satisfying fRe(\) < 0 lie within the
region of absolute stability.

6 Implementation of the Method

The implementation of the method is carried out using
Newton’s iterative scheme, which proceeds as outlined
below. Equations (8)-(10) can be reformulated in the
following general form:

Unt+1 = P1ong2 + o1hfn + oahfrir + 11, (40)
Unt2 = PoUnt1 + 03hfni1 + o4hfryo + 1.

where 7 and 7 correspond to the backward values,
and equation (40) can be cast into the following matrix
representation:

(I—Fl)V: h(T1F1+T2F2)+Q. (41)

(10 10 51 10 o
B P BN R

ool ) o) -l
03 04 Un+2 fn

F:(I—Fl)V—h(TlFH—TgFg)—Q:O. (42)
The Newton iteration associated with the VSBBDF5
method can be written in the following form:

AGARY)

(i) 0 (@) -1 (i)
nt+ln+2 — Vn+1,n+2 - [Fj (Un+1,n+2):| F; (Un+1,n+2> .

(43)

An equivalent representation of equation (43) is given
by:

(i+1) (3)
Vn+1,n+2 - Vn+1,n+2

(I-Ty) (V@lw) — RY1Fy — hToFy — Q

n

(I—-T1) - th% (Vn(-?l,n-'rQ) - h'r?% (Vn(-z'zl,n-i-Q)
(44)

In order to compare accuracy, the maximum error is
determined using the developed scheme. If v; and
v (u;) denote the computed and exact solutions of v" =
f(u,v), v(a) = vo, respectively, then the absolute error
is defined as:

(errori)e = [(vi)e — (v(us))l - (45)
The maximum error is defined by:
Erox = lrg%xT <121tz?§v (errori)t> ) (46)

where T" denotes the total number of time steps and N
represents the number of equations in the system. Let

Vn(fll) denote the (i + 1)th iterate. The iterative error

is then given by

i+1 i+l i
Ei,? ) = Vrf+1,7)1+2 - V?"E—le—i—?‘ (47)
Equation (47) can be reformulated as
EYY =A7'B. (48)

which is equivalently expressed as the linear system
AETY = B. (49)

where
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0F,

A= <(17r1) Wy

(Vn(fgl,n+2>) hI'y 8;‘7/2 (Vn(fgl,nJrQ) )

and

B= ((I -Ty) (V;QMH) — hDyFy — hT5F — Q) .

Consequently, Newton's iterative method is employed
to solve the system given in equation (49) for different
values of the step-size ratio 7.

1_ o9 8fn-‘rl _Bl
A= 8Un—‘,—l
By — osh frt1 1~ ouh , Ofnt2
8Un—‘,—l aUn—Q—Z

= —U) 1 + B1Vl o + o1hf) + o2 fl i+ T
_UZH-Q + ﬁQU;’H—l + U3hf7iz+1 + U4hf7i+2 + T2 '

Specifically, when r = 1

T 35 Bvﬁg 350
1005 45 Ofnia 30 Ofnte |7
584 146 8vn+¢ 73" Ovnio
. 39 .
_”vlz+13— ﬁvfwz hfl6 ghfl
E: _17757171—3""170 n—2 — 357)71 1+ 5'”71
i 4—1005vi N hfl +_ ni
~ Yn+2 n+1 41
39 584 T3 14(1_155 73 105
—Un—3— =5 v
a8 T g2 T g Ul T gt
When r = 2
105hajh+1 2415
T 143" vy g 18304
- _3456 1152 §fn+1 _ 1536h8fn+2
2465 ~ 3451 Gupes 3451 Oupis
. 15 315, 105,
U’!L-‘rl 18304 7L+2 579 n 143 n+1
D U B 1 CL I
_ Un—3 Un Un—
5 . 1833%3 ” 45761152}fﬁl52 1536h;?76
Unt2 F open U+ 35eg Mo + gpm
LB 558 U 1812
49373 T 17255 2 T 3a51 U T 3um1
When r = 2

6
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1232 0fus 29246
y 1861 Ovnst 284733
49113 5049, Oy 3366, Ofus2
26768 16730 Ovpi1 8365 8vn+2
4 29246 924 . 1232
—Upq1 — 72847331}:”2 ﬁh’f; + 1861hf"+1
71104 44793
T 2093625 "2 T 232625 "2
1342656 208606
B | R s
~ Un42 26768 Uns1 T Tg7m0  n + 355 ne
131648 12306249
T Un—3 T e Un—2
1045625 16730000
1819584 2054943
1045625 "1 T 1045625 "

A computer program developed in the C programming
language is used to implement the proposed VSBBDF5
method.

6.1 Local truncation error (LTE) and Step Size
Selection

To control the progression of the integration process,

.three step-size selection strategies are utilized. At the

beginning of the computation, a suitable initial step
size is chosen. The associated local truncation error is
then estimated using

(p+1)
n+2

(»)

LTE, = [v®5) — oW, (50)

(p+1)

where v, * denotes the approximation obtained from

the method of order p + 1, while vfﬁQ represents the
solution computed using the method of order p. The
evaluated local truncation errors provide an indication
of the solution accuracy and are used to determine
whether the current step should be accepted or if the
step size needs to be modified in order to satisfy the
prescribed error tolerance.

For the VSBBDF5 Method, the LTEs are given by

i. Whenr =1
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o 39 30 N 155 105
= —Vp—_3 — ——Up_— —VUnpn_1 — —U
Unt2 = peygUn=3 T ggUn=2 T g Un—1 7 g Un
1005 30 45
_— ) By
M ryR R R LA R pTC AR
U(4) _ 9 4 26 46 _ ﬂ
nt2 = T 7092 T 9 ! 109
162 48
h
+ TogVn+ + fn+2 + 09 frt1,
39 2613 10179 4875
ITE, = 0, 3 — — g+ oy, § — ——m
L7 5a "3 7 79572 T 15014t T 7957 "
14937 = 234 e 351 Bt
63656 "1 7957 Y72 159144 7T
(51)
ii. Whenr = 2
SO _ 8L 48 34 16
Unt2 T 7771173 T 8365 "2 1673 T 1673
89216 768 P 384, P
58555 "1 1 Tg7g nt2 T 1673 b
S 1319 9
Unt2 = T ggpUn=2 T 1ggVn-1 T 199 "
1408 96
+ %vnﬂ fn+2 + 99 hfn+1,
81 63423 1284596
LTEy = —— v, 5 — Lo D
2= 171173~ 1664635 "2 T 10320737 !
| 5079437 9969721 5085776 hf
10320737 " ' 361225795 "' 10320737 "
| 2783944
10320737 /"t
(52)
iii. Whenr =2
() _ 131648 12306249 1819584
n+2 = 7045625 "2 T 16730000 "2 " 1045625 "
_ 2054943 +49113 3366 hf 5049 hf
1045625 T 26768 "+ T 8365 /2 T Tg730 D
S0 _ 15759 4608 22627
n+2 = T 114800 2T 7175 vt T 21525 ¢
4 3043 3043 + 374 f 187hf
1968 Un+1 n+2 + 574 n+1,
g, _ 131648 - 51299523 47070144
5/6 = 7045625 " T 85741250 "2 T 42870625 "
_ 117561664 n 118745 B 32912 hf
128611875 " 411558 "' T 1028895 /"2
_ 8228 hf
85741250 T
(53)

The step-size control procedure can be summarized as

follows:

1. If the computed local truncation error satisfies the

prescribed tolerance, that is, LTE < TOL, the
step is accepted and the current block step size is
retained (corresponding to r = 1). A new step
size is then estimated using

TOL\'/?
Pnew = € X hoig X (m> >

where p is the order of the method and ¢ = 0.7 is the
safety factor.

2. To prevent an excessive increase in the step size, a
restriction is imposed such that if

hnew > 1.2 % hold;

then the step size is limited to

h=12x holda

5

which corresponds to the case r = 3.
3. On the other hand, if the local truncation error
exceeds the prescribed tolerance, thatis, LT E >
TOL, the step is rejected and the step size is

reduced according to

1

=hoid,

h =
2

which corresponds to the case » = 2. The computation
is then repeated using the reduced step size.

The step-size control strategy is summarized in
Figure 4.

7 Test problems and Numerical results

To assess the performance and computational
efficiency of the fully implicit fifth-order Variable
Step-Size Superclass Block Backward Differentiation
Formula (VSBBDF5), the method is applied to a
set of carefully selected stiff systems of initial value
problems, as described below:

Problem 1: Consider a stiff cosine reaction problem,
adapted from [22], governed by the differential
equation:

/

v = =2msin(2mu) — — (v — cos(27u))

v(0)=1,0 < u < 10.
The degree of stiffness increases markedly as the
parameter 1) approaches zero. In the present study,

the value 1) = 1072 is employed to ensure a highly stiff
regime. The exact solution of the problem is given by
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Input / Initialize
Set initial step size hgg
Set tolerance TOL
Set order p
Set safety factor ¢ = 0.7
Set n=10

v

Compute Solutions

LEGEND
TOL = Tolerance
p = Order of the method
c = Safety factor (0.7)
r = Step ratio

(r=1 : step retained )
(r=5/6 : step increased )

(r=2 : step reduced )

A

»  Compute ”};}-’32 (order p)
Compute v,?rél) (order p+1)
Estimate Local Truncation Error
e (p+1) (»)
LTE = ' Un+2 — Ynia2
YES _ a5
v U< TOL] "
ACCEPT STEP ~
Keep current solution
(r=i)

v

Compute new step size

Rpew = € X hog X (ﬁ

TOL)””

'8

YES - &k 0 NO
. hne-w > 1.2 X hoa ? :

4 = L /
Limit the step size Use computed
Pnew = 1.2 X hoyg hnew

(r=5/6) (r=1)

[ * |
Update
hoza‘. = hnew
n=n+1
3
NO < 1 >
W point

~ gjeached?

Y

e |

REJECT STEP
(LTE > TOL)

—

\ A

Reduce step size

1
hﬂew S - '2" X h'oid

(r=2)

|

Set

h'ald = hnew

¢

Repeat current step
with new step size

Figure 4. The step-size control strategy algorithm flow chart.
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v(u) = cos(2mu).

Problem 2: The well-known Lambert’s Highly Stiff
Oscillatory System, adopted from [22], is given by

v) = —21v1 + 190y — 2003, ©1(0) =1,
vy = 19v1 — 21wy + 20v3,  wa(0) =0,
vy = 40v1 — 400y — 40v3,  v3(0) = —1,

where 0 < u < 20.

The exact solutions are

vi(u) = = [ + e "0 (cos 40u + sin 40u)]

N =N =

vou) = = [ — e~ 10" (cos 40u + sin 40u)]
—40u 1 L.
v3(u) = 2e —5 cos 40u + 5 sin 40u ) .

The corresponding eigenvalues of the Jacobian matrix
are A\; = —2, \g = —40 + 40¢ and \3 = —40 + 404.

The presence of complex conjugate eigenvalues
indicates oscillatory behavior, while the large negative
real parts imply stiffness; hence, the problem is highly
stiff and oscillatory.

Problem 3: This stiff non-normal oscillator problem,
obtained from [22], is defined by

o (u) + 200 (u) + 20 (u) = 2f (),

0<u<20.
with the initial conditions
2 _
v(0) = M’
(2 +1)
2
S0y = 2
(2 +1)

which can be transformed into the following linear
system

Ui = V2,
vh = 2 cos(u) — 29wy — vy,
_ PPy -1)
BN CEEE
_ 2
0= e
0<u<20.

where 7 is the stiffness parameter. The system has
a Jordan form, with double eigenvalues — and its
general solution contains terms of the form e%* and
ue?®, In our experiment, we chose ¢ = 103.

The test problems were solved using the built-in
MATLAB solvers ODE15s and ODE23s, together with
the fourth-order Variable Step-Size Superclass of Block
Backward Differentiation Formula (VSBBDF4) [22],
and the proposed fully implicit fifth-order Variable
Step-Size Superclass of Block Backward Differentiation
Formula (VSBBDF5).

To assess and compare the performance of these
methods, both accuracy and computational efficiency
were examined. Specifically, the maximum absolute
errors and corresponding CPU times were computed
for a range of tolerance values (TOL) for each test
problem. In addition, the total number of integration
steps and function evaluations required by each
method were recorded to provide a comprehensive
measure of their computational cost. The notations
used in the following tables are defined as shown in
Table 3.

Table 3. Notation and description of symbols used in the
numerical results.

SYMBOL DESCRIPTION

TOL Tolerance value Used

METHOD  Method used

TS Total number of steps

FE Number of Function Evaluation

CPUTIME Computation Time

MAXE Maximum absolute error

ODE15s Variable-Step, Variable-Order Implicit
Solver

ODE23s Variable-Step Modified Rosenbrock
Method

VSBBDF4  Fourth Order Variable Step-Size Block
Backward Differentiation Formula [22]

VSBBDE5  Proposed Fully implicit fifth-order

Variable Step-Size Superclass of Block
Backward Differentiation Formula

The numerical test problems considered in this study
are standard benchmark examples obtained from the
literature. However, the performance results for the
reference methods namely ODE15s, ODE23s, and
VSBBDF4 are independently computed within the
present work rather than extracted from their original
published sources.

In doing so, the parameter configurations, step-size
strategies, and computational conditions are carefully
implemented to remain consistent with those reported
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in the literature. The proposed method is then applied
to the same set of benchmark problems to enable a
direct and meaningful comparison of performance.

This approach ensures that all results are generated
under a uniform computational framework, thereby
eliminating discrepancies arising from differences in
implementation and providing a fair, consistent, and
reliable evaluation of the proposed method. The
numerical results for the three test problems are

LogiMAXE)

et
-

1
e

@ ODE155
—&— 0DE233
—4 —\SBBDF4
—% —VSBBOF5

10%

presented in Tables 4-6, respectively.

Table 4. Numerical Result for Problem 1.

TOL METHOD TS FE MAXE CPU TIME
ODE15s 118 156 2.31000E-003 4.10000E-003
10-2 ODE23s 152 198 4.76000E-003 3.60000E-003
VSBBDF4 66 104 5.16437E-005 7.14360E-004
VSBBDF5 58 94 2.83614E-005 6.19402E-005
ODE15s 214 298 4.87000E-005 6.80000E-003
10-4 ODE23s 356 472 8.92000E-005 8.90000E-003
VSBBDF4 116 186 1.54385E-006 2.26100E-003
VSBBDF5 102 161 3.72109E-007 6.42196E-004
ODE15s 392 521 6.12000E-007 1.25000E-002
10-6 ODE23s 684 901 1.14000E-006 1.97000E-002
VSBBDF4 402 347 3.11839E-008 5.18310E-003
VSBBDF5 363 247 1.30750E-008 1.64410E-003
Table 5. Numerical Result for Problem 2.
TOL METHOD TS FE MAXE CPU TIME
ODE15s 142 188 3.84000E-003 6.50000E-003
10-2 ODE23s 198 254 6.91000E-003 7.90000E-003
VSBBDF4 48 97  5.56533E-005 9.38140E-005
VSBBDF5 41 83  5.17241E-006 6.42185E-005
ODE15s 268 351 7.12000E-005 1.12000E-002
10-4 ODE23s 412 538 1.36000E-004 1.68000E-002
VSBBDF4 73 216 6.47609E-007 7.73260E-004
VSBBDF5 66 206 2.47204E-008 4.64739E-005
ODE15s 486 624 9.45000E-007 1.98000E-002
10-6 ODE23s 801 1042 2.08000E-006 3.45000E-002
VSBBDF4 142 382 6.61553E-009 5.25100E-003
VSBBDF5 136 371 4.72451E-009 2.97410E-004
Table 6. Numerical Result for Problem 3.
TOL METHOD TS FE MAXE CPU TIME
ODE15s 176 228 5.62000E-003 8.10000E-003
10-2 ODE23s 268 346 9.85000E-003 1.04000E-002
VSBBDF4 83 151 5.16437E-005 3.61400E-004
VSBBDF5 71 96 5.59146E-006 4.06247E-005
ODE15s 324 412 9.74000E-005 1.46000E-002
10-4 ODE23s 536 698 1.87000E-004 2.27000E-002
VSBBDF4 152 298 1.54385E-006 5.19240E-004
VSBBDF5 126 217 1.82610E-007 1.27824E-004
ODE15s 598 741 1.21000E-006 2.69000E-002
10-6 ODE23s 1042 1358 2.94000E-006 4.63000E-002
VSBBDF4 190 512 2.45230E-007 5.82100E-003
VSBBDF5 174 398 4.84257E-008 7.46325E-004

Figures 5, 6 and 7 show the variation of the maximum
absolute error with respect to the prescribed tolerance.
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Figure 5. Accuracy curve for Problem 1.
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Figure 7. Accuracy curve for Problem 3.

8 Discussion of Results

The performance of the proposed fifth-order Variable
Step-Size Superclass Block Backward Differentiation
Formula (VSBBDF5) is examined in comparison with
established stiff solvers, namely ODE15s and ODE23s,
as well as the fourth-order block method (VSBBDF4).
The assessment is based on key performance indicators,
including accuracy, computational cost, number of
integration steps, and function evaluations, across
varying tolerance levels.

Across all experiments, the methods exhibit the
expected behavior in which tighter tolerance
requirements lead to improved accuracy at the
expense of increased computational effort. However,
the rate of this increase differs significantly among the
methods, revealing clear distinctions in efficiency and
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scalability. While all methods respond correctly to
changes in tolerance, their ability to balance accuracy
and computational cost varies considerably.

In terms of accuracy, the proposed VSBBDF5 method
consistently delivers the most accurate results. It
produces smaller errors than both the classical
solvers and the lower-order block method at all
levels of tolerance. The VSBBDF4 method also
demonstrates improved accuracy compared to the
classical approaches, confirming the effectiveness of
block-based formulations. In contrast, ODE15s and
ODE23s yield comparatively larger errors, indicating
that they are less efficient in capturing the dynamics
of the stiff systems considered.

From the perspective of computational efficiency,
the VSBBDF5 method consistently requires less CPU
time than the other methods. This indicates that it
achieves high accuracy with reduced computational
cost. The VSBBDF4 method performs better than the
classical solvers, further highlighting the advantages
of block methods. Among the classical solvers,
ODE23s generally exhibits the least efficiency, while
ODE15s performs relatively better but still remains less
competitive than the block-based approaches.

An examination of the number of integration steps
and function evaluations provides further insight
into the efficiency of the methods. The VSBBDF5
method consistently requires fewer steps and fewer
function evaluations, demonstrating its ability to
achieve greater accuracy per step. This efficiency is a
direct consequence of its higher-order formulation and
adaptive step-size strategy. The VSBBDF4 method also
shows improved performance in this regard, although
it does not match the efficiency of the fifth-order
method. On the other hand, the classical solvers
require more frequent function evaluations, which
contributes to their higher computational cost and
reflects their general-purpose design.

Another important aspect of the results is scalability.
As the tolerance becomes more stringent, the increase
in computational effort for the VSBBDF5 method is
more gradual compared to the other methods. This
indicates strong scalability and robustness, making
it particularly suitable for problems that require high
levels of accuracy. The VSBBDF4 method demonstrates
moderate scalability, while the classical solvers show
a more rapid increase in computational demand,
especially in terms of function evaluations.

The overall superior performance of the VSBBDF5

method can be attributed to several key features. Its
higher-order accuracy allows it to achieve precise
results with fewer integration steps. The variable
step-size mechanism enables efficient adaptation
to regions of rapid and slow variation in the
solution. In addition, the block formulation
enhances computational efficiency by computing
multiple solution values simultaneously, thereby
reducing redundant operations. These characteristics
collectively contribute to its improved accuracy and
reduced computational cost.

In contrast, the classical solvers, such as ODE15s and
ODE23s, are designed as general-purpose methods
and do not fully exploit the structure of stiff systems.
As a result, they require more computational effort to
achieve comparable accuracy.

Overall, the results demonstrate that the proposed
VSBBDF5 method achieves the best balance between
accuracy and efficiency among the methods
considered. It consistently outperforms both
the classical solvers and the lower-order block method
across all performance metrics. Its ability to deliver
highly accurate results with reduced computational
effort, combined with its strong scalability, makes
it a reliable and effective approach for solving stiff
ordinary differential equations.

9 Conclusion

This study presented a fifth-order Variable Step-Size
Superclass Block Backward Differentiation Formula
(VSBBDEF5) for the numerical solution of stiff systems
of ordinary differential equations. The method was
developed within the framework of block multistep
techniques, incorporating a variable step-size strategy
and a stability control mechanism to enhance both
accuracy and efficiency.

From the theoretical viewpoint, the proposed
method satisfies the fundamental requirements
for convergence. In particular, it is zero-stable,
ensuring that small perturbations in the initial data
or intermediate computations do not lead to the
growth of errors as the integration proceeds. In
addition, the method is shown to possess A-stability,
which guarantees that it can effectively handle stiff
problems without imposing restrictive step-size
limitations. These stability properties provide a strong
mathematical foundation for the reliability of the
method when applied to stiff systems.

The performance of the proposed method was
evaluated against established stiff solvers, namely
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ODE15s and ODE23s, as well as a lower-order block
method. The numerical results demonstrate that
VSBBDEF5 consistently provides superior accuracy
while requiring less computational effort. In particular,
the method achieves smaller errors with fewer
integration steps and reduced function evaluations,
leading to lower overall CPU time. These outcomes
confirm the effectiveness of combining higher-order
accuracy with adaptive step-size control and block
formulation.

Furthermore, the method exhibits strong scalability
as the tolerance is refined, maintaining efficiency
even under stringent accuracy requirements. This
behavior highlights its robustness and suitability
for solving highly stiff problems, where traditional
general-purpose solvers often incur significant
computational overhead.

The improved performance of VSBBDF5 can be
attributed to its key features, including its higher-order
formulation, efficient handling of stiffness through
implicit integration, and the ability to compute
multiple solution points simultaneously. These
characteristics enable the method to strike an optimal
balance between accuracy and computational cost.
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