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Abstract

In this article, the issues of fixed-time projective

synchronization (FTPS) and predefined-time
projective synchronization (PTPS) in fuzzy
neural networks (FNNs) with discontinuous

activations and mixed-time delays are addressed
by utilizing an adaptive aperiodically switching
strategy. First of all, using the tool of Lyapunov
function theory, the fixed-time stabilization (FS)
in such FNNs is examined. Next, by developing
suitable adaptive aperiodically switching strategy
controllers, novel criteria for achieving FTPS and
PTPS are established within such FNNs. Unlike
recent works, in this paper, aperiodically switching
control and adaptive control are employed to
synchronize fuzzy neural networks (FNNs)
within fixed and predefined time. Furthermore,
depending on the selection of different projective
factors, the results of projective synchronization in
this paper can include results such as complete
synchronization, anti-synchronization and
fixed/predefined-time synchronization. Ultimately,

Submitted: 02 July 2025
Accepted: 03 August 2025
Published: 28 August 2025

Vol. 1, No. 1, 2025.
4.10.62762/JNDA.2025.649261

*Corresponding author:

Suiyu Gui
guisiyu2023@163.com

10

illustrative simulations are conducted to support
the efficacy of outcomes gained in this study.

Keywords: aperiodically switching control, adaptive
control, projective
predefined-time projective synchronization.

fixed-time synchronization,

1 Introduction

Fuzzy neural networks (FNNs) amalgamate fuzzy
theory with neural networks (NNs), thereby
combining the advantages of both approaches [1, 2].
These systems possess key capabilities such as
learning, association, recognition, and information
processing. Due to these properties, FNNs have
found wide practical applications, including image
processing [3], pattern recognition [4], parallel
processing [5], image encryption [6] and so on. In
recent years, numerous noteworthy and intriguing
findings have been accomplished, such as [7-11].

Synchronization, an important dynamic behavior
of NNs, has garnered considerable attention
from numerous researchers. Recently, numerous
synchronization methodologies tailored to FNNs have
been investigated, such as exponential synchronization
[12], finite-time synchronization [13], projective
synchronization [14], anti-synchronization [15],
and general decay synchronization [16] among
others. Among these approaches, fixed-time
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synchronization(FTS) has drawn significant scholarly
attention due to its independence from system
initial conditions. Recently, substantial research
efforts have been devoted to investigating fixed-time
synchronization in FNNs, see [17-19]. Kong et al. [17]
researched FTS of the discontinuous second-order
FNNs, which features uncertain parameters. Zheng et
al. [18] concentrated on FTS for discontinuous fuzzy
competitive NNs. Zheng et al. [19] explored the FTS
of memristive delayed FNNs.

However, the value of system parameters and control
strategies can dictate the settling time (ST) of FTS. In
real-world applications, obtaining accurate parameters
becomes particularly challenging when a chaotic
system is subjected to perturbations and external
noise. Therefore, Sanchez-Torres et al. [20? |. Then,
predefined-time synchronization (PTS) was studied.
It has the advantage of being able to synchronize at
any predefined-time and be completely independent
of the initial states, controller parameters and system.
There is no doubt that such a stellar performance has
attracted more and more attention, see [22-24] and
the references therein. In [22], the authors researched
FTS/PTS of FNNs with random perturbations. In
[23], Han et al. explored discontinuous fuzzy cellular
NNs for FTS/PTS problems. In [24], the FTS and PTS
problems of time-varying delayed fuzzy memristive
neural networks were explored.

It is essential to point out that the above studies
do not link fixed-time and predefined-time with
projective synchronization. = On the one hand,
projective synchronization control facilitates quicker
communication rates and leverages its attributes
for secure communication [25, 26].  Projective
synchronization, on the other hand, is more versatile as
complete synchronization [47], anti-synchronization
[15], and stabilization [40] can be derived as particular
instances when the projective factor is 1, -1, and 0,
respectively [14, 27]. So we’ll consider FTPS/PTPS
for FNNs.

To attain synchronization within the drive-response
system, a variety of control strategies have been
introduced and widely explored, including quantized
output control [18, 28], adaptive control [29, 30],
intermittent control [31-33, 50], sliding mode control
[21, 34], impulsive control [14, 35], pinning control
[36], and so on. The aforementioned techniques can
be classified into two categories: continuous control
methods and discontinuous control methods. In
comparison with the continuous control strategies,

the discontinuous control methods are not only
more practical, but also capable of reducing costs
and the amount of transmitted information [37].
Among these methods, aperiodically intermittent
control, as a type of discontinuous control strategy,
has garnered significant interest from numerous
researchers due to its distinct advantages. At present,
the related researches on the synchronization of FNNs
under the aperiodically semi-intermittent strategy
mainly focus on finite/fixed-time synchronization
[37-41, 48]. It is significant to observe that
fixed /predefined-time projective synchronization of
FNNs under aperiodically strategies has rarely been
considered in previous studies.

Moreover, adaptive control refers to a type of control
where the feedback gain varies over time and can
be automatically adjusted according to the design’s
update rules, thereby reducing control costs to a
certain extent. Therefore, this paper investigates FNNs
by combining adaptive control with aperiodically
switching control.

Informed by the insights gleaned from the foregoing
analysis, this paper will center on achieving
fixed-time projective synchronization (FIPS)
and predefined-time projective synchronization
(PTPS) in delayed FNNs via an adaptive aperiodically
switching strategy. The principal contributions can be
summarized as follows:

(1) Unlike literature [29, 30, 37, 39, 40], which
only considered a single control strategy research
system, this paper will simultaneously combine the
aperiodically switching control with adaptive control
to research FTPS/PTPS of FNNs.

(2) The outcomes of the projective synchronization
we investigated will vary with the projective factor.
When the projective factor is -1, 0, 1, it can obtain
complete synchronization [47], stabilization [40] and
anti-synchronization [15]. These results are all our
special cases.

(3)Unlike these studies [13, 37, 38] that primarily focus
on finite-time synchronization of FNNSs, this article not
only investigates FT'S, which removes the impact of the
system’s initial value on the ST, but also explores PTS,
thereby eliminating the influence of both system and
controller parameters.

The other parts are: Necessary preliminaries and aas
are offered in Section 1. Some criteria regarding FIPS
and PTPS of FNNs are derived in Section 2. In Section
3, the simulation examples are showed. Conclusions
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are summarized in Section 4.

Notations: R” is y-dimensional Euclidean space. For a
given vector |laf| = (a1, a9, ,a9)T € RY, |laf1 =
>/ lou| denotes 1— norm. ¢ = maxge~{ag,es}-
C([-9,0],RY) means the space of all continuous
functions f : [-9,0] — R?Y. The left and right
derivative of I'(-) at point = are expressed as I'(=7),
['(E7T), respectively. K[S] is the convex closure of set
S M=1{1,2,3, .7}, £L={1,2,3,..2}, R = {0,1,2,...}.

2 Preliminaries

2.1 Model description

The drive system of discontinuous FNNs with
mixed-time delays is:

day(t
(LE ) = — blxl +,8§:lcl,3f,3 xg + Zdw
x fa(xg(t — ag(t) +Z§lﬁ
t (1)
x / fa(zp(s))ds + /\ P
t—ep(t) B=1
x fa(za(t — Ca(t))) + \/ ap

here z;(t) is the I-th neuron state. b; > 0 is the neuron
self-inhibition, ¢;3, dj3, g3 denote the connect weights
among neurons, fg(-) is discontinuous feedback
function, time delays (3(t),e5(t),as(t) meet 0 <
ag(t) < ag,0 < ep(t) <ep,0< (5(t) < (g, prp and g5
represent elements of fuzzy feedback MIN template
and fuzzy feedback MAX template, respectively. \/, A\
denote the fuzzy OR and AND operations. W, is the
external input. The starting conditions are z;(s) =
D)(s),l € Z,s € [-9,0] and ®;(s) € C([-v,0],R).

Here, the response system is:

dy(2)
dt

+Zdw
+Z§l,8

))ds + /\ Pi8
B=1

v o

x fa(ys(t — Ca(t))) +Wz
+Z/{l(t)a le ’Yat = Oa

=—biy(t) + Z apfs(ys(t

x fa(yp(t —ap(t

t
X / fs(ys(s
t—ep(t)

x fa(ys(t — Ca(t)

(2)
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where U;(t) denotes controllers. The starting values
of FNNs (2) are y;(s) = ¥(s),l € v,s € [—9,0] and
U (s) € C([-v,0],R).

2.2 Difinitions and lemmas

The following are some definitions, assumptions, and
lemmas that will be used.

A1: f3(-) € C(R\Bg,R), the set Bg contains a finite
number of discontinuous points ©}. The right limit
and left limit of f5(-) are f5(p'"), fa(p'™
seM,ielL.

A 2:For Vg € K[f3(1)],VSs € K[fs(T)], there exit
nonnegative constants Ag, <73, %3 such that | fz(-)| <
Ag, and

), respectively,

sup
ppEK[f3(D],SseK(fp(1)]

where 1,1 € R, and
K{f5(1)] =[min { f5(47), fa) Jmax { fa(47),
fﬂ(iﬂH,
KL fs(f)] = min { f5(17), o)} max { f5(17),

f5()}]-

By adopting differential inclusion theories [42], one
has:
dl’l(t)
dt

lpp — Sl < g |T — 1|+ Bs

S blzl

]+Zdw
]+Z<lﬂ

Jds + /\ i3
B=1

+\/gm

Kfa(zp(t — (p(t))] + Wz, le M,t>0.

+Z%K fa(zp(t
=1

K[fg(xp(t —ap(t

xL_mmmmw»

K[fg(zp(t — Ca(t)

(3)

and

dy(t)
dt

€ —by(t)

+Zdl5
+Z§lﬁ

+Z%K fo(yp(t
p=1

K(fs(ys(t —ap(t

K s
x / o Kt

x K[fp(ys(t — (p(t)

Jds + /\ i
B=1

+\/@m

x K[ fs(ys(t —¢s(2)))] + Wz

+U(L), 1 € Mt > 0. (4)
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equilvalently, one gets pg(t) € K|[fz(xs(t))],vs(t) €
K[ fs(ys(t))l,

) _ 7 t 7d t t
AT livl()JrZClﬁ(Pﬁ()JrBZ:l 1t —ap(t))
Y
+ ds +
Z%/”B . pp(s)ds B/\lpm
X pp(t — Ca(t) +\/Qw
X ot — Ca(t ))+Wz,l€/\/l7t>0 (5)
and
3
dyciit) =—bii(t) + Y _ cptp(t) Zdzﬁwﬂ t —ap(t))
8=1 8=1
N
+ ds +
ng/t ep(t) vale)ds 5/:\1pm
Y
x Pt — Ca(1) + \/ aiptbp(t — Ca(t))
B=1

TW A U(t), 1€ Mt 0 (6)

Definition 1. Function f(t) = (Z1(t), Za(t), ..., Z(t))T
is a Filippov solution of FNNs (1) with fundamental
positions z;(s) = ®(s),l € M,s € [-9,0] and
®,(s) € C([-v,0,R), for P € [0,400) and P is
compact-interva, the absolutely continuous function
f(t) meets (3) or (5).

Remark 1. Under Assumptions Al and A2, employing
differential inclusion theory [42], there are FNNs (1)
with a local-solution f(t) = (x1(t), x2(t), ...,z (t))T at
least with starting values z;(s) = ®;(s),l € M,s €
[—9,0] and ®;(s) € C([-¥,0],R).

2.3 Error systems of FNNs (1) and (2)

We choose to represent the projective factor with 6,

6 € R. Then, the error state ¢;(t) = y;(t) — 0x;(t), one

gets
del(t) .
g = e+ ﬁ; cplp(t) — 0pp(t)] + Z dip

X [Pt —ap(t)) — 0pp(t — ap(t))]

+ Zczg/ (5) = Oop(s)]ds + /\ pus

t Egt B=1
X a(t — Ca(t) /\ piades(t — Ca(t))
B=1
ol

+ \/ app(t — Ca(t) \/ aglep

B=1 p=1
X (t—¢(t) + (1 —W,
FU), LEM,E=0 7)

Definition 2 [43]. The system (7) achieves fixed-time
stability, meaning that systems (1) and (2) get FTPS. If
there exists a constant Tax and Typax = T(e(0)) > 0
which is called ST, such that lim;_,t . |le:(t)|i = 0,
lle(t)||1 = 0 hold for all ¢ > Tax.

Definition 3 [44]. If systems (1), (2) can acquire
FTPS, there exists a positive constant T, and
T(e(0)) < T, for Ve(0) € R, then systems (7) achieves
predefined-time stability, and systems (1), (2) can
accomplish PTPS, where T, is the predefined-time.

Definition 4 [38]. Let A = limsup ; tm“ —, where
m—00

m € N,

Lemma 1 [45]. Let x1,x2,--,xy = 0,0 < v <

1,v9 > 1,and such that

Y Y v Y Y Vg
Xy = (Zx;a) DY xR A (Z XB)
1 8=1 8=1 B=1

B=

Lemma 2 [23]. Let zg,ys,p8.08 € R, fp is
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discontinuous function for [,k = 1,2,...~. Then
v v
‘ N pists(es) — /\ pisfs(ys ‘
B=1 B=1
.
<> ’pwaﬁ(xﬁ) - fﬁ(yﬁ)’,
B=1

’VWMW—VWMW’
=1 B=1

~

< ‘Qlﬁ‘ ‘fﬂ(xﬂ) - fﬂ(yﬁ)‘-
B=1

Lemma 3 [40]. Suppose the radial unbounded regular
function V(-) defined in C(R7, [0, 4+00)), and P(t) =
0« V(P(t)) =0,and V(-) meets

Sm St <tmyt,

V()
{5
(8)

m € X, then, system (1) and (2) can achieve FIPS, in
whichk > 0,h <k,w > 0,w =sign(V(t) — 1)+ 7,1 <
7 < 2, and the ST is

1 1 1
T { — E(Qr)(kﬁuh) + (k—h)r)? h >0,

1 1 1
-2 \ 2—-7)(k+w) + k?) ’ h< 0'( )
9

dv(?) tm <t < Sy,

dt

—kVF(t) — w,

Lemma 4. Suppose the radially-unbounded C-regular
function V(-) defined in C(R7, [0, 4+00)), and P(t) =
0< V(P(t)) =0,and V(-) meets

dv (1)
Sdt

Toas [V (1)

< Tp
\{07 Sm <

system (1) and
predefined-time T,,.

Proof. 1) If ~ > 0, according to V(¢), It can be
categorized into the following two scenarios.

When V(t) € (0,1), one knows V¥ = V71 v L V7!
and —w < —wV"™~ L. Then, (10) changes into

CKVE() — o, b <
t< tm+1,m S N,

t < Sm,

(10)
can achieve PTPS at

(2)

V() [ Tl w =MVt << s,
a S o, smy <t < tes,
(11)
For t € [0,s0), let Qo(t) = Z(t) — No, Z(t) =
T V2T () + (w Ak — ) (2 — 7)t, No = 7= V27(0)

14

. No— (k—h)T

Through caculation, we get Qy(0) = 0, Qo(t) < 0. We
have Z(t) < Ny for all ¢ € [0, s¢).
For t € [so,t1), let Q5(t) = Z(t) — (k+w — h)(2 —

T)(t — so) — No, owing to Z(sg) < Ny, and through
caculation, one derives Q" (t) < 0. We attain Z(t) <
(k+w—h)(2—7)(t—s0)+ Noforallt € [so,t1).

Next, by using a mathematical induction method
similar to that in [37], one can get

,

(k4w —1)(2—7)
+Np, tm\t<5mj
(k+w—B)2—7)( 3ot -

=1

+N0» Sm St < tm-i—lv

INgE:

(ti — si—1)

Il
—

Si-1) +1— Sm)

(12)

From Definition 4, it gets 0 < A < 1, using a method
similar to that in [37], one deduces
Z(t) < (k4+w—"h)(2—=7)\t + Ny, t € [0,400).

Consequently, for ¢ € [0, 4+00), one has

Ty ye-ng)

max

% (2= 7)(1 = At

&V(Q—T) (t) <

max

(k+w—nh)
(13)

Owing to V(¢) € (0, 1), from (13), one can acquire

T, 1

Tl(e(O)) < Toox (]ker _ ﬁ)(2 — 7')(1 — )\)

(14)

When V(t) € (1,+00), one obtains V¥(t) =

VTHL(4),V(t) <  V7ti(t).  Subsequently, (10)

transforms into

dv (t) T (k= R)VTH, ty <t < s,
dt = 0, Sm St < tm+17

(15)

For t € [0,s0), let Qy(t) = Z(t) — No,Z(t) =

V(1) — (k — h)rt, N = —TEXV*T'(O). Through

caculation, one can obtain Q,(0) = 0,Q(t) = 0. We

have Z(t) > Ny, for all t € [0, sp), -

(t) Z(t) + (k= h)r(t — s0) —
O

) > 0, Through caculation, one
) = 0. Then, for Vt € [sg,t1), Z(t) >
$0)-

Fort € [so,t1), le

N07 QO(SO) Z(s
can obtain Q (t
(-



ICJK

Journal of Nonlinear Dynamics and Applications

Next, using the method similar to that above, one can
obtain

No— (k—h)T Z(tz — 8i—1),tm <t < S,
2 2\ Ny — (k- fyr( 3 (ti — si1)
=1
+t = Sm), Sm <t < bty
(16)

from Definition 4, it gets 0 < A < 1, using a method
similar to that in [40], one deduces

Z(t) = No— (k — A)TAt, t € [0, +00). (17)
Consequently, for ¢ > 0, one gets
T T
P yv="(t) > LV 7(0)+ (k—h)T(1 - N\)t. (18)
Tmax Tmax
Owing to V(t) € (1,+00), one has V77(¢) < 1. From
(18), we can get
T 1
T < =2 .
e VN gy | gy (19)
From (9), (14) and (19), we know
T(e(0)) = T1(e(0)) + T2(e(0)) < T (20)
2) If A < 0, there are the following two situations

resulting from V(t).

When V(¢) € (0,1), one gets V¥ = V"~ and —w <
—wVT~L. Then, (10) changes into
Tmax T—1
dt 0,

from (21) and using processes similar to those in 1),

there are
T, 1

T1(e(0)) < Thax (k+w)(2—7)(1—\)"

(22)

When V(t) > 1, one gets V¥ = V71 Then, (11)
changes into

from (23) and using processes similar to those in 1),

there are
T, 1
Thax kT(1 = A)

Ta(e(0)) < (24)

From (9), (22) and (24), we know

T(e(0)) = T1(e(0)) + T2(e(0)) < Ty (25)

Now, from (20) and (25), we find Lemma 4 is
applicable. The proof is complete.

Remark 2. Unlike references [29, 30], which only
consider adaptive control strategy and also unlike
references [39, 40], which only consider aperiodically
switching control strategy, this paper combines these
two control strategies to study fixed/predefined-time
projective synchronization, integrating the advantages
of both.On the one hand, the aperiodically switching
control strategy, as a discontinuous control scheme,
has practical and economical advantages in real-world
applications and is more convenient to implement.
On the other hand, the adaptive control strategy has
the advantage that the control gain can automatically
adjust itself on the basis of some appropriate update
rules.

3 Main results

3.1 FTPS of FNNs

The aperiodically switching control with adaptive
updating law U/ (¢) in FNNs (7) is given as follows:

~(t)et) = (&lei(t)|= + I )sign(en(t))
+ 3 sl fa(es(0) ~ 0ts0)

+(0 — VW, ty <t < 8,

—hi(t)ei(t) — Iisign(e(t)) + Z s

<[ ala0) — Fa0(es ()]

+(O0 - D)W, sy <t <tpi1,mEN,

(26)

in which w = 7 + sign(V(t) — 1), &, I; are positive
numbers, 1 < 7 < 2. The adaptive updating law fulfills

ha(t) =(ha(t) — m)les(t)|sign(hy(t) — m) — pi
x sign(hy(t) —m)|ha(t) —m| — @
x sign(hy(t) —m)hi(t) —m|<, (27)

wherem =0,1,2,...,m,p;, q are positive constants.
In accordance with differential inclusion theories [42],

15
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error system (7) with controller (26) is
Theorem 1. Suppose that A1,A2, i < k and (31)

de(t) hold, then FNNs (1) and (2) achieve FIPS with

dt = (b + Tt ) + Z aplpp(t) — dp(t)] control (26), and the ST is T ax.
+ > diglvs(t — ag(t)) — Ops(t — ag(t))] Proof. The nonnegative function are constructced
p=1 y
A V() =) (le@)]+ [h(t) —ml). (32)
+ Z%’/t " (s) — Opp(s)lds + 5/\1 P ; l l l
For t,, <t < s, m € R, owing to V() is C — regular
x p(t — Ca(t) /\ p1a0ps(t — Ca(t)) function [46], one gets
= V() & de(t) | .. dhut)
. \/ wsbstt — Col) \7/ nslos T ; <ez(t) e (t) - - )
p=1 =1 S
x (t = ¢a() — (&lei(®)” + 1) le;{éz( )| - b+ hut) +ch
x sign(e;(t)), tm <t < Sm, -
e X [p(t) — dp(t)] + ) diglta(t — as(t))
déit) (bt ha®) +chﬂ s(t) — 35(2)] s 8 521 18lVB 8
g ) _
3 digla(t — aa(t)) — Bipalt — as(®)] palt = aslt +Z%
p=1 ~ t 0
+ Z qﬁ/t » (s) — Opp(s)]ds + 5/:\1 15 X /t_sgm [5(s) — Opp(s)]ds + 5/\1 P
x gt — Ca(t) ]\ pipBs(t — Ca(t)) X a(t — (s(t) /\PZBQSD5 (t —¢a(t)
1 p=1
Y vy
+ \ apvs(t = (s(t) \/ aiptep + \/ as¥s(t = Gs(t) \/ a0
p=1 =1 p=1
= Gol0) ~ Tign(a®) am S < tms x p(t = Co(t)) (mel( )|7 + I )sign(ei(t))]
e (t) - |(hy(t) — ign(h;(t) —
i which oo € KOl < i (0)- | (n(t) = m)len(®)sign(hu(t) = m)
K[ fs(ys(t))], d(t) € K[fs(8z5(t))]. — pusign(fu(t) — m) [l (t) — mil

— sign(hu(t) = m)lu(t) — 7]} (33)
To get FTPS results, we make the following notations.
in which ¢ (t) € K{sign(e;(t))], € (t) € K[sign(hy(t) —
g} m)l-

h = IH<11&X{ (bi+m =Y _leg|la%),—p},  (29) From A 1,A 2,Lemma 3.we gets

B=1
. _ Y (t)—¢(t)|<~<zf|€()\+<@,
ki = 1%137{517QZ},]1§ =ki-(29)77, (30) i o e ’
5 ‘/\Pz,exd)ﬂt*% /\Plﬁxewﬂ(f*%( )
wi=h - [\lef@ﬁ + (\dml + lasles + |pigl p=1 p=1
p=1 i
<D lpillva(t = Ca(t) — Op(t — Ca(t)]
+loisl ) (1+16)2g] 2
vy Y
bi+m— Y leale > 0,0 >0 B <Y losl(1+160)As
B=1 B=1
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v
‘\/mxwﬁ t—al(t) \/Qw><990/3(t—<ﬁ())
B=1
vy
< lasllbp(t — Ca(t) — Bp(t — Ca(t)]
B=1

0
< lasl(1+[6))A (34)
p=1

then,we get

Y v
T <5 [ ot )lea®] + 3 lesl(@lest)

=1 B=1

Y
+%Bp) + Z |dis| (1 +16) 25 + Y lasles(t)
B=1 B=1

§
X (14 10)As+ > |pisl(1+10)Ag
B=1

,

£ lousl (1 -+ 16)As — (&len(®)|” + 11)
A=1

+ (h(t) — m)ler| — pi|Pa(t) — mil

— q|hy(t) — Uz\w}

2

<Z{ (b +m =) leailah)|e(®)] - p

B—1
X |h(t) —ml| = &le®)]™ — alhu(t) —m(E)|"
Y
— 2= (lets125 + (1dusl + laisles
B=1
+ sl + lersl) (1 +16)25) |}
(35)
Basing on Lemma 1, one gets
(1) When V(t) € (0,1), then w € (0,1)
vy
= lea®)® + alhu(t) — m|™]
=1
.,
<=k (Y la®)l + I —n(®))
=
<=k (Y la®)]+ [l - ml)
=1
- V), (36)

where k; = min .
1 Kl@{fz,(ﬂ}

(2) When V(t) € (1,40), then w € (2, 3)

Y

- Z[§l|€l(t)\w + alh

=1

<=t ( SR + I - m()F)
=1

29) (S e+ ult) — )
=1

= — kV=(1).

—m(®)[]

(37)

Therefore, from (30) and (36)-(37), one gets, for ¢, <
t < Sm,meRN,

Y
= _lalea®)™ + allu(t) = ml®] < —kV=(t), (38)
=1

wherek =k - (27)77
According to (33)-(38), one has

VO v

—kVZ(t) — w, i <
T (t) — w,

t<sm. (39)

Now, for s,,

get

<t < tmy1,m € R, from (28)-(32), we

,
7( gZ[ (b + ) e (t \+Zlcm| gles(t)]

=1 B=1

,
+ Pp) + Z gl (14 161)Ap + Y lsislea(t)

B=1 B=1
v
X (L+10DAs + Y sl (1 +16])Ag
B=1
,
+ > Mol (1 +16)As — I+ (hu(t) — m)ler(t)]

=1
— il (t) —m| — ailha(t) — m\w}

,
Z{ (by+m — ZIC&\% |€l()\—[

1 B=1

~

)
- (Icwl%f + (sl + laigles + lpisl +lis])
B=1
X (1+10)4g) | = pllu(t) = ml = alba(t) = mI ™}

<0
(40)
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From (39) and (40), we can know (8) holds. Through
Lemma 3, we can know (7) is fixed-time stable; in
other words, FNNs (1) and (2) achieve FTPS under

the controller (26) at ST T'\ax. dey(t )

Corollary 1. Under Theorem 1 with controller (26),
we find

(1) when 6 = 0, FNNSs (1) achieve the FS;

(2) when # = 1, FNNs (1) and (2) attain the FTS;

(3) when # = —1, FNNs (1) and (2) fulfil fixed-time
anti-synchronization, T,y is the ST.

3.2 PTPS of FNNs
To facilitate, let

,
=) [|Clﬂ|'%6 + (Idwl + lagles + ol + \Qzﬂl)
ﬁ:

x (1+ \ay)Aﬁ]

—_

(41)

Now consider the following controller
dei(t)
dt

~hu(t)en(t) — B(1 — T ) )]

+u(t) = mi)sign(en(®)) — T (&lea(t)|
Falh(t) —m|T + B+ wl) sign(e(t))
+ 3 aplofolast) — Js(0Ges(0)

+(0— W, tm <t < S,y

“hi(t)er(t) — Tsign(ei(t)) + B% s
x[0f3(x5(0)) ~ Fo(0(zs(1)]

+(O0 —1W, sy <t <tpmg1,m €N,

U (t) =

(42)

(bl + hl —|— Z 3 wﬁ ( )]

+ " diglbp(t — a(t)) — Ops(t — as(t))]
B=1

—l—Z%/

v
s(s) — Opp(s)lds + J\ pig
t 53

B=1

/\ piafs(t — Ca(t))
B=1

x gt — Cp(t)

~

+\/ aptp(t — Cs(t)
B=1

X (t=¢p(t) —

X (le(®)] + [hu(t) -
| Tw

\/ apfep
p=1
Tmax)

TP

m|)sign(e;(t))
7 (@l + alhu(t) - ol

h(1 —

T
EE + m)sign(el(t)), tm << m,

+
Tmax

v
— (bp + hy(t )+ Z cigla(t) — ¢p(t)]
p=1

~
+ Z dm[%@(f - a/g(t)) - 080/3@ - aﬁ(t))]
p=1

+Z§zg/

Y
o 5(s) — Ops(s)lds + /\ pis
t—eg

B=1
x gt — (Ca(t) /\ pigbpa(t — (p(t))
=1
v Y
+ \ st — Gs(t) \/ L
B=1 B=1
x (t = Cp(t)) — Lisign(ey(t)), sm <t <tmq,
(43)

the adaptive updating law of h;(t) satisfies

ha(t) =(hu(t) — m)les(t)|sign(hu(t) — m)

x sign(hy(t) —m)|hi(t) —m| — @
x sign(hy(t) — m)|hu(t) —m|<,

The error system is

18

Theorem 2. Under A 1, A 2 and (42)-(43),if h < kand
(31) hold, then, FNNs (1) and (2) get PTPS.
Proof. Designating a following nonnegative function

— D

v
Z \el ’ + |hl

=1

—ml)- (44)

For t,, <t < s, m € R, owing to V(t) is C — regular



ICJK

Journal of Nonlinear Dynamics and Applications

function [46], one gets

0. dey(t)

+e(t)-

d’i.ii”)

+ chg 1[)5

,
— ¢t + > diglthp(t —ap(t)) — 6
f=1

Xgpgt—ag +Z§15/

t Ee(t

Pa(s)—
/\ P10

Y

\/ aists(t — (1))

p=1

—\/ aba(t — (s(t) — (1 —
p=1

x (led(t)] + [hu(t)

Ops(s)]ds + /\ pis¥p(t — Ca(t)
B=1

X pa(t — Ca(t)) +

Tmax
Tp

)

— m|)sign(e;(t)) — ——

X (§l|€l(t)|w + qilh(t) —m|™ + T Lz, +m)
max

ei(t))] + i () x [(u(t) = m)leat)
x sign(hy(t) —m) — pisign(hu(t) —m)
—m| — qsign(fu(t) —m)

(45)

From A 1,A 2,Lemma 4.we gets

¥ v
T S [~ et @)@+ S lasl@bles 1)

=1 B=1

i
+ %p) + Z gl (1+ 10)Ag + Y [asles(t)
p=1 p=1
Y
X (L+10)As + > loisl (1410 Ag+
B=1

.,
> losl(1+10)Ag — (1 -
B=1 P

Tmax o
+ [l (t) T (fl’ez(t)\ +q
p

Tmax

)(Jea(D)]

_m’)_

T, _
X |hy(t) —m|” + Tm];x:l + UJZ)
+ (ha(t) — m)ler(®)| — pilhu(t) — mil

—qi|hy(t) — Ul‘w}

=1

)
def) <. { — (b +m — 52::1 lcail)len(t)] — i

< ht) = i = L= <) 1)
+u(t) = m) - 22 (g0
+ qlh(t) — 771|w> - %Wl} (46)

Applying a proof resembling to that of Theorem 1, we
obtain that
dv(t) <
dt

Tmax
TP

t < Sm.-

(47)

(FV(t) — kKV=(2)

70'})7 tm <

for s;, < t < tyy1,m € X, from (40), (42)-(44),
employing a proof analogous to that of Theorem 1,
we get

av(t)

v (48)
From (47) and (48), we determine that (10) holds.
Through employing Lemma 4, (7) is predefined-time
stable; thus, FNNs (1) and (2) obtain PTPS with the
controller (42) at ST T,ax. This ends the proof.

Corollary 2. Under Theorem 2 and controller (42), we
find

(1) when 6 = 0, FNNSs (1) achieve the predefined-time
stabilization;

(2) when # = 1, FNNs (1) and (2) attain the PTS;

(3) when § = —1, FNNs (1) and (2) fulfil
predefined-time anti-synchronization, T,y is the ST.

Remark 3. Currently, research concerning
synchronization under the aperiodically
intermittent strategy primarily concentates on
finite-time synchronization [37, 38] and fixed-time
synchronization [39, 40]. Unlike these articles,
from the perspective of practical reality, the
fixed-time/predefined-time projective synchronizaton
we researched are better. On the one hand, the ST of
finite-time has a connection with the initial conditions,
on the other hand, the ST of FTPS is correlated with
system parameters and controller gains. Moreover,
the ST of PTPS is not affected by starting conditions or
system parameters.

Remark 4. Although references [38, 41, 48]
adopt adaptive aperidically switching synchronization,
we study projective synchronization. When the
projective factor is -1, 0, 1, we can obtain the result
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Table 1. Comparisons between previous literature and this papers

Related works FNNs adaptive aperiodically switching controller FTPS PTPS
[7-19, 22,24, 40] Vv X X X
[38,41, 48] X Vv X X
[27,39] X X Vv Vv
[49] Vv X Vv X
[44, 50] X X Vv Vv
[23] v X v v
this paper V4 Vv V4 Vv

of anti-synchronization, stabilization and complete Example 1. Examine a category of FNNs as follow
synchronization. This indicates that our results are

2 2
i day(t)
more extensive. 0 o) 43 sl + 3 d
B=1 B=1
2
Remark 5. From Table 1, we can see the differences and x fa(xg(t —ag(t))) + Z SE
connections between this article and other literature. B=1
t 2
<[ Dpteatends+ A s
t—eg(t) B=1
2
x falwa(t —Cs() + \/ as
T x fa(zp(t — Ca(t)) + Wi, L € M,t >0,
o (49)
4 —%; (0 —x,(1)
1 1 1 1 1 1 1 3
2 15 -1 05 0 05 1 15 2 2 [
Xr(t) %.« 1
Figure 1. Discontinuous function fz(x3(t)) showed in (50). E !
221
bttt AL
2.6 -40 20 40 60 80 100 120 140 160 180 200
a8k time(s)
St Figure 3. States 1 (t) and x5(t) of FNNs (49)
-32F
=34 ' ' ¥
et
-3.81 =
4 3 2 1 0 1 2 3 4 o
X, El
Figure 2. Phase trajectory of system (49) =3
]
.5H
_el(t) _ez(t)
0 50 100 150 200
time(s)
Figure 4. Error states e; (t), eo(t) without control
4 Numerical simulations
in which
In this section, two examples are given to show the HwWhIe
validity of the theoretical results obtained. fa(xs(t)) = 2sin(xp(t)) + 0.2sign(xs(t)).  (50)
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Table 2. Parameter values of FNNs (49).

parameters by c11 C12 dn di2 Si1 S12 o011 012
Values 1.4 1.2 —1.4 —1.6 —0.2 0.2 —0.1 —0.2 —1.2

parameters b2 21 22 da da2 S21 G20 021 022
Values 0.2 —0.5 2.5 0.1 —0.5 —0.1 0.2 —0.6 —1.1

where ag(t) = bg(t) = (s(t) = 105, 8 =1,2. The

other parameters are shown in Table 2. Figure 1 shows
the graph of discontinuous function fg(z(t)).

States xl(t) and yl(t)

Under the starting values z1(s) = 1.75,za(s) =

0.5,Vs € [-1,0), the trajectories x;(t) and x2(t) of

FNNs are shown in Figures 2 and 3. Figure 4 shows
error states e (t), e2(t) without control. Figure 5 and
6 show evolution of the adaptive updating law 7;(t)

Euo-y,0]

withf =1, -1.2.

Response system of FNNs (49) is -

dyi(t)
dt

=— by

x f5(ys(t —ap(t

States .\'Z[t) and y, ()

Figure 7. FTPS trajectories of states x1 (), y:1(t) and
T (t), Y2 (t) withf =1

2 2
t) + Z asfalys(t) + Y _ dig
= p=1

t 2
)+ ZQB X /t o fa(ys(s))ds + /\ P13
—ep

B=1

x fa(ys(t — Ca(t) \/ oip

—h® b0 x fa(yp(t —Cp(t))) + Wl
- FUt), L e Mt >0, (51)

hl(t) and hz(t)
N

here, The parameter values are consistent with those
of FNNs (49). The starting values of (51) are y;(s) =

3 ?ime(sé) 6« 7 s 9 —0.6,y2(s) = 5,Vs € [—1,0). Here, we take different
Figure 5. Evolution of the adaptive updating law 5, (%) projective factors 6 = —1.2,and ¢ = 1.
with 6 =1
15 4.1 FTPS of FNNs (49) and (51)
_ From FNNs (49), we get @3 = 2, 3 = 0.2,A5 = 2.2,
El ag=¢es=C3=1,W =0508=1,2
= st Case 1: Let 8§ = 1, there, we choose & = & =
4,7 = 1.3, = 1234,I, = 123.48,) = 3,10 =
% " 2 3 4 s 6 P s 87171 = ]-7p2 = 37(11 = Qg2 = 3. Then/ we
time(s) have ki = 2,k = 0.4948,h = —0.4. We can get

Figure 6. Evolution of the adaptive updating law h,(t) w1 = 100,ws = 100,w = 200. The total operation

with 0 = —1.2

time is 9 s, and the first-intermittent subintervals are
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1 T T
e,(H=y,()-x,(1)
05 e
= o0
o
14
£
E 0s T, =3.8992 4
-1 1
15 . . . . . . . I
1 2 3 a 5 6 7 8 9
time(s)
1.5 T T
e, (D=y,(D)-x,(t)

1 il
_os s
*
£ 0
g
E
= osf T x=3-8992 B

afb il

15 . . . . . . . .
0 1 2 3 4 5 6 7 8 9

time(s)

Figure 8. Error states e (), e2(t) with control (26), and
=1

—x, 0 —y, @)

States xl(t) and yl(t]

a
time(s)

—12x,(0 -y, (©)

FXPS trajectories -1.2x1(l) andy 1(t)

0 001 002 | | | | |
0 1 2 3 4 5 6 7 8
time(s)

Figure 9. FTPS trajectories of states x1(t), y1 (t) with
0=-1.2

[0,0.6), [1,2),[3.6,4.2), [5,5.5), [6,7.2), 8.8,9), which
also implies A\ = 8/13.

Through simple calculations, we can determine that
these parameters meet the conditions of Theorem
1. Therefore, the drive-response systems (49) and
(51) can attain FTPS, the ST Ty,.x = 3.8992. Then,
20 different initial values are randomly selected here.
Figures 7 and 8 show the drive-response system can
FTPS.

Case 2: Let § = —1.2, there, we choose t,,, = 2m, s,, =
2(m + 02),)\ = 08,6 = & = 4,7 = 1.1, =
625.688, I, = 425.768,1 = 15,12 = 12,p1 = 3,p2 =
1,q1 = g2 = 3. Then, we have k; = 3,k = 0.6529, 7 =
—1l.we can get w1 = 600,ws = 400,w = 1000. By
calculation, one determines that the parameters meet

22

—X, (1) —y, (V)|

States xz(t) and yz(t)

FXPS trajectories -1.2x (t) and y,(t)

0.02 0.04 0.06

o 1 2 3 4 s 6 7 8
time(s)

Figure 10. FTPS trajectories of states x5(t), y2(t) with
0=-1.2

e, (D=y ()+1.2x ()

)

1

Errorse,(t

T =6.9674
ax

&
n

I
0 002 0.04 0.06 0.08

L L L L L L L
0 1 2 3 4 5 6 7 8
time(s)

e, (D=y,(O)+1.2x,(t)

T =6.9674
max

Errors e,(t)

1
/0 0.02  0.04 0.06

e

s
&

o 1 2 3 4 5 6 7 8
time(s)

Figure 11. Error states e, (t), e1(¢) with control (26), and
0=-1.2

the requirements of Theorem 1. So system (49) and
(51) attain FTPS, the ST T,.x = 6.9674. We select 20
starting values randomly. Figures 9, 10 and 11 show
the drive-response system can FTPS.

4.2 PTPS of FNNs (49) and (51)

Now, we can select the parameters for the FTPS as
provided above, contingent upon the variation in 6.

Let 0 = 1, we can gain &1 = 23.4,5; = 23.48. By
using controller (42), from Therorem 2, we choose
predefined time T), = 3 < Ty = 3.8992. Then,
FNNs (49) and (51) can derive PTPS. Figure 12
demonstrates the system (49) and (51) can realize
PTPS with the controller (42) and 6 = 1.

Let § = —1.2, we can acquire =; = 25.688, Ey = 25.768.
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o8l e, (D=y, ()-x, (O
0.6 1
. 04 -
= T =3 T, =3.8992
< T 0.2 ) ax —
2 e
£ o
£
S
0.2 - 4
0.4 - -
0.6 - -
0.3 . . . . , . , .
1 2 3 4 5 6 7 8 9
time(s)
1 T T T T T T
e, (D=y,(1)-x, (O
0.6 -
= % T =3 T =3.8992 7
&) P ax
< 0.2 -
z
£ o
=
=
0.2 - -
0.4 4
0.6 - -
0.8

time(s)
Figure 12. Error states e;(¢), e2(f) with § = 1 and controllers
(42)

sl I I I I I e, (D=y, (D+1.2x (1)

0.4 -

0.2 -

Errors el(ﬂ

T =6 T =6.9674
p max

0 0.02 0.04 0.06 0.08

. . . . . I .
0 1 2 3 4 5 6 7 8
time(s)

ez(l)=y2(l)+1.2x2(l)

0.5 =

0.02 T =6 T =6.9674
P max
0

Errors e,(t)

-0.02

[ 0.02 004 006 008 0.1

0 1 2 3 4 5 6 7 8
time(s)

Figure 13. Error states e; (t), e2(t) with § = —1.2 and
controllers (42)

By using controller (42), from Therorem 2, we choose
predefined time T, = 6 < Tpax = 6.9674. Then
FNNs (49) and (51) can accomplish PTPS. Figure 13
demonstrates the system (49) and (51) can realize
PTPS with the controller (42) and § = —1.2.

5 Conclusions

Through utilizing the adaptive aperiodically switching
strategy, this paper explores the FTPS/PTPS problem
of FNNs. To attain the criteria of FTPS and PTPS,
two aperiodically switching strategies equipped with
adaptive updating laws are engineered, respectively.
Different from the previous fixed/predefined-time
synchronization [22, 23], complete synchronization
[47] and anti-synchronization [15], the FTPS/PTPS

attained in this paper are more general, as the above
situations are our special cases. Ultimately, numerical
simulations confirm the accuracy of the outcomes
obtained. It should be emphasized that our parameters
are real numbers. Indeed, FTPS and PTPS of FNNs
with complex-valued fuzzy elements [11, 49] hold
significant practical applications.
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