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Abstract
In this paper, we study the problem of
predefined-time synchronization for distinct-order
fractional delayed Cohen-Grossberg neural
networks. Fractional-order models are known
for their ability to capture memory effects and
complex dynamics more accurately than classical
integer-order systems. In particular, allowing
distinct-order in the drive and response systems
provides additional flexibility in modeling. To
achieve synchronization, we propose two control
strategies that provide sufficient conditions
for predefined-time synchronization of the
addressed model. These strategies are based on the
construction of an appropriate Lyapunov function
and the use of fractional calculus properties. Finally,
two numerical examples are provided to verify the
effectiveness of the proposed methods.
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1 Introduction
Over the past few years, neural networks (NNs)
have attracted significant attention due to their wide
range of applications in fields such as associative
memory, signal and image processing, and pattern
recognition [1–3]. Notable examples include Hopfield
NNs [4], bidirectional associative memory NNs [5],
and Cohen–Grossberg NNs (CohGNNs) [6, 7], the
latter of which, introduced by Cohen and Grossberg
in 1983 [8], have received considerable attention
from researchers and have been extensively studied.
Moreover, it is important to acknowledge that time
delays are common in real-world systems and can
significantly influence the stability of NNs. This issue
has been examined by Li et al. [9], who investigated
how such delays affect network behavior. As a result,
studying how time delay effects can be incorporated
into CohGNNs presents an interesting and valuable
research direction.

As an important subject within NNs, control [10–12]
and chaos synchronization [13] have drawn significant
interest because of their applications in biological
systems [14], secure communication [2], and other
fields. Nonetheless, much of the prior research has
primarily addressed asymptotic synchronization. That
is, synchronization usually occurs only in the long
term. However, in practical control [15], especially in
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engineering, it is often necessary for the network to
synchronize within a finite period. Finite-time control
also brings advantages like enhanced robustness and
better resistance to interference [16].

Furthermore, studies on finite-time synchronization
[17–19] aim to achieve synchronization in the shortest
possible time. However, the actual time needed to
stabilize the system is generally influenced by its initial
state. In practice, it is often impossible to know or
measure all initial conditions of a system. To address
this challenge, Polyakov [20] introduced the concept
of fixed-time stability, where the convergence time
is guaranteed to be uniform and independent of the
initial conditions of the system. By removing the
dependency on initial conditions, fixed-time control
has gained considerable attention and has been widely
applied to the study of CohGNNs [16, 21–23]. For
example, the authors in [16] studied the problem of
finite-time and fixed-time synchronization for delayed
CohGNNs with memristor connection weights. The
authors in [21] explored a fixed-time synchronization
of memristive CohGNNs with impulsive effects. Kong
et al. [22] studied the fixed-time synchronization of
CohGNNs with mixed time delays and discontinuous
neuron activations. Tan et al. [23] studied the
fixed-time synchronization in multilayer networks
CohGNNswith delay via adaptive quantitative control.
It is worth noting that in certain cases, adjusting
the system parameters is not enough to reduce the
settling time below a desired constant. As a result,
predefined-time (PfT) stability has been developed
in recent years. Unlike fixed-time stability, where
the settling time is fixed but independent of system
parameters, PfT stability offers a direct link between
the settling time and system parameters, allowing it
to be set in advance according to practical needs. In
[24], the authors studied the PfT synchronization
Control of Memristive integer-order CohGNNs with
time-varying delay.

On the other hand, fractional calculus, which
generalizes classical calculus by extending derivatives
and integrals to non-integer (arbitrary) orders, has
a history that spans more than 300 years [25, 26].
Although fractional calculus has been studied
for centuries, its practical applications in physics
and engineering have gained significant attention
only in recent years [27]. Compared to traditional
integer-order systems, fractional-order systems
offer enhanced modeling capabilities, particularly
for processes that exhibit memory and hereditary
properties. This makes them especially suitable for

accurately representing real-world phenomena such
as viscoelastic materials, mechanical systems, and
signal processing tasks. Given these advantages,
it becomes important to explore fractional-order
Cohen–Grossberg neural networks (FRCohGNNs),
as incorporating fractional dynamics can improve
their ability to model complex systems with greater
flexibility and precision [30].

Based on the available literature, the synchronization
results discussed in previous studies for FRCohGNNs
with the same orders [27–29]. In [27], the
authors studied the synchronization and stability of
FRCohGNNswith parametermismatches and external
perturbations. In [28], the authors investigated
finite-time synchronization of delayed FRCohGNNs,
developing new fractional-order inequalities and
feedback control strategies to improve the estimation
of settling times. In [29], the authors studied
the finite-time stability and synchronization of
memristor-based FRCohGNNs using set-valued maps
and Filippov differential inclusions. The study in
[27–29] focused on synchronizing two FRCohGNNs
configured in a drive–response structure and sharing
the same fractional order. Assuming identical orders
in drive-response systems may fail to capture the
complexities encountered in real-world scenarios.
Achieving synchronization between systems with
differing orders is crucial for designing more flexible
and selective models for information processing [34].

Note that synchronization in non-identical
fractional-order chaotic systems allows for a more
flexible response mechanism, as it accounts for
differences in system dynamics. This flexibility
makes it particularly relevant for modeling
real-world systems. In this context, we study
PfT synchronization of FRCohGNNs with distinct
fractional orders, which poses additional challenges
compared to the identical-order case in [30]. In
particular, the challenges posed by non-identical
fractional orders include how to properly define the
error system when the drive and response dynamics
evolve under different derivative orders, and how to
construct a controller that guarantees predefined-time
convergence despite the mismatch in fractional
orders. These issues do not appear in identical-order
synchronization studies and require specific analytical
techniques. Moreover, to address these challenges,
we have constructed two different controllers that
offer advantages in terms of structural simplicity and
broader applicability, making them suitable for a
wider class of fractional-order neural network models
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with distinct-order.
Building on the above discussions, this paper
focuses on solving the PfT problem of distinct-order
FRCohGNNs using two types of control strategies.
The main contributions of this work are outlined
below.
1. A novel PfT synchronization is developed for

FRCohGNNs, where the drive and response
systems have different fractional orders, reflecting
more realistic and flexible modeling scenarios.

2. Two control methods are proposed:
• a fractional-order controller, tailored to

handle systems with fractional dynamics;
• a controller without fractional derivatives,

offering a simpler structure while still
ensuring synchronization within a
predefined time.

3. Numerical simulations are presented to validate
the effectiveness and efficiency of the proposed
controllers, demonstrating their ability to
synchronize FRCohGNNs within the predefined
time.

The rest of this paper is organized as follows. Section 2
introduces some fundamental definitions and lemmas,
along with the distinct-order FRCohGNNs model.
In Section 3, we develop two control methods to
achieve PfT synchronization. Section 4 presents a
numerical example that validates the effectiveness of
the proposed theorem. Finally, Section 5 concludes
the paper and outlines potential directions for future
research.

2 Preliminaries and useful results
In this section, we introduce the concept of fractional
order, describe the structure of the FRCohGNNs
model, and outline the main assumptions used in our
analysis.
Definition 1 The Gamma function, denoted by Γ(s), is
defined for any real number s > 0 by the improper integral:

Γ(s) =

∫ +∞

0
ts−1e−t du.

Definition 2 If ~(t) ∈ C([0,+∞),R) is an integrable
function, the Caputo type fractional order integral is defined
as follows:

C
t0I

α
t ~(t) = C

t0D
−α
t ~(t) =

1

Γ(α)

∫ t

t0

(t− s)α−1~(s)ds

where t ≥ t0 ≥ 0, α > 0.

Definition 3 Let ~(t) ∈ C([0,+∞),R) be an integrable
function. The Caputo fractional derivative of order α is
defined as follows:

C
t0D

α
t ~(t) =

1

Γ(n− α)

∫ t

t0

(t− s)n−α−1~(n)(s)ds

where t ≥ t0 ≥ 0, α ∈ (n− 1, n), n ∈ Z+.

Proposition 1 [35] If ~(t) is a function in
Cn([t0,+∞),R), and 0 ≤ β ≤ λ are constants,
then the Caputo derivative satisfies the following property:

C
t0D

βC
tt0
D−λt ~(t) = C

t0D
β−λ
t ~(t),

C
t0D

βC
tt0
D−βt ~(t) = ~(t),

C
t0D

−γC
tt0

Dγ
t ~(t) = ~(t)− ~ (t0) ,

where γ ∈ (0, 1).

Remark 1 For the sake of simplicity, we refer to

C
t0D

γ
t ~(t) = Dγ~(t),

where t0 denotes the initial time. For the purposes of this
paper, we set t0 = 0

In this paper, we consider the FRCohGNNs described
below, which includes time-varying delays:

Dγxi(t) = −αi (xi(t))

(
βi (xi(t))−

n∑
j=1

cijgj (xj(t))

−
n∑
j=1

dijhj (xj(t− σ(t)))− Ii
)
, (1)

where i = 1, 2, · · · , n; γ ∈ (0, 1); Ii represents
the external input to neuron i; xi(t) stands for the
state variable associated with the ith neuron; αi (xi(t))
represents the amplification function; βi (xi(t)) is a
functionwith appropriate regularity; cij and dij denote
the synaptic connection strengths between neurons; gj
and hj represent the activation functions; σ(t) refers
to the delay that varies over time caused by the finite
speed of axonal signal transmission, and satisfies 0 ≤
σ(t) ≤ σ.
The initial condition of system (1) is given by

xi(θ) = φi(θ), θ ∈ [−σ, 0],

where φi ∈ C ([−σ, 0],R) .
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Equation (1) represents the drive system of the
examined drive–response systems, while the response
system is given by:

Dδyi(t) = −αi (yi(t))

(
βi (yi(t))−

n∑
j=1

cijgj (yj(t))

−
n∑
j=1

dijhj (yj(t− σ(t)))− Ii
)

+ U1i,2i(t), (2)

with initial conditions

yi(θ) = ϕi(θ), θ ∈ [−σ, 0],

where U1i,2i(t) is the control input that needs to be
designed.
Let εi(t) = yi(t) − xi(t) denote the error system for
the drive and response systems (1)–(2). Then, the
error dynamics between the drive system (1) and the
response system (2) are defined as follows:

Dδεi(t) = Dδyi(t)−Dδxi(t)
= Dδyi(t)−Dγxi(t)−Dδxi(t) +Dγxi(t)

= −αi (yi(t))

(
βi (yi(t))−

n∑
j=1

cijgj (yj(t))

−
n∑
j=1

dijhj (yj(t− σ(t)))− Ii
)

+ U1i,2i(t)

+αi (xi(t))

(
βi (xi(t))−

n∑
j=1

cijgj (xj(t))

−
n∑
j=1

dijhj (xj(t− σ(t)))− Ii
)

−Dδxi(t) +Dγxi(t),

(3)

with initial conditions

yi(θ)− xi(θ) = ϕi(θ)− φi(θ), θ ∈ [−σ, 0],

The following hypotheses are introduced to establish
the main results

(H1) For all j = 1, 2, · · · , n, the activation functions
gj(x) and hj(x) are bounded and Lipschitz
continuous. Specifically, there exist positive
constants Gj , Hj , L

g
j , L

h
j such that for all x, y ∈ R,

|gj(x)| ≤ Gj ,
|hj(x)| ≤ Hj ,

|gj(y)− gj(x)| ≤ Lgj |y − x|,

|hj(y)− hj(x)| ≤ Lhj |y − x|.

(H2) The amplification function αi(xi(t)) is continuous
and bounded for all i = 1, 2, · · · , n, satisfying:

αi ≤ αi(xi(t)) ≤ αi,

where αi and αi are positive constants. Moreover,
there exists a constant λi > 0 such that:

|αi(y(t))− αi(x(t))| ≤ λi|y(t)− x(t)|.

(H3) The product of the amplification function αi(x(t))
and βi(x(t)) satisfies the inequality:
|αi(y(t))βi(y(t))− αi(x(t))βi(x(t))| ≤ $i|y(t)− x(t)|,

for all x, y ∈ R, i = 1, 2, · · · , n,where $i > 0 is a
constant.

Definition 4 The drive FRCohGNNs (1) and
the response FRCohGNNs (2) are said to achieve
finite-time synchronization if, for any solutions x(t) =
(x1(t), · · · , xn(t))T and y(t) = (y1(t), · · · , yn(t))T with
initial conditions φi and ϕi, there exists a finite constant
0 ≤ Tfinite−time < +∞, which may depend on these
initial conditions, such that:

lim
t→Tfinite−time

‖y(t)− x(t)‖ = 0,

and

‖y(t)− x(t)‖ = 0, for all t ≥ Tfinite−time.

Here, the synchronization settling time is defined as:
T0 = inf{Tfinite−time ≥ 0 : x(t) = y(t) for all t ≥
Tfinite−time}.

Definition 5 The drive FRCohGNNs (1) and the
response FRCohGNNs (2) are said to achieve fixed-time
synchronization if there exists a constant Tfixed−time ≥ 0,
independent of the initial conditions, such that for any
initial conditions φi(t) and ϕi(t), the following holds:

lim
t→Tfixed−time

‖y(t)− x(t)‖ = 0, ∀φi, ϕi ∈ R,

and

‖y(t)− x(t)‖ = 0, for all t ≥ Tfixed−time.

This means the synchronization occurs within the fixed time
Tfixed−time, regardless of the initial states.

Definition 6 The drive FRCohGNNs (1) and the response
FRCohGNNs (2) are said to achieve PfT synchronization
if they satisfy the conditions for fixed-time synchronization,
and their settling time is bounded by a preset constant TP >
0. Hence, for any initial conditions φi(t) and ϕi(t), the
synchronization time Tfinite−time satisfies:

Tfinite−time ≤ TP .

In other words, the systems synchronize within a fixed time
TP , which is chosen in advance and does not depend on the
initial states.
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Remark 2 The study of synchronization between two
systems within a PfT is equivalent to analyzing the PfT
stability of the error system. Specifically, consider the error
dynamics (3) derived from systems (1) and (2). When the
error dynamics achieve PfT stability at the origin, the global
synchronization of systems (1) and (2) is ensured within
the specified PfT .

Lemma 1 [31] Consider a continuous differentiable
function V (·) : Rn → R+ ∪ {0} satisfying the following
conditions:

1. V (x(t)) = 0 if and only if x(t) = 0;

2. If ‖x(t)‖ → +∞, then V (x(t))→ +∞;

3. For any x(t) ∈ Rn and any TP > 0, there exist
positive constants 0 < q < 1 such that:

V̇ (x(t)) ≤ − π

qTP

(
V (x(t))1−

q
2 + V (x(t))1+

q
2

)
,

Then, the equilibrium point x(t) = 0 is PfT stable, and T p
is the predefined settling time.

Lemma 2 [32] Consider the error system (3). Suppose
there exists a Lyapunov function V (t) that satisfies the
following inequality:

0D
α
t V (t) ≤ − 1

Tαc
(Σ1V

r1(t) + Σ2V
r2(t)) ,

where Tc > 0 is a predefined time constant and Tαc denotes
its α-th power. The exponents and constants satisfy:

1 < r1 < 1 + α, 0 < r2 < α < 1,

where Σ1 =
−2α(1− r1)Γ(1 + α− r1)

Γ(2− r1)Γ(1 + α)
,

Σ2 =
2αΓ(1 + α− r2)

Γ(1− r2)Γ(1 + α)
.

Then, the error system is PfT stable, with Tc as the settling
time determined in advance.

Lemma 3 [32] Let xi ≥ 0, 0 < q < 1, and p > 1. Then,
the following inequalities hold:
xq1 + xq2 + · · ·+ xqn ≥ (x1 + x2 + · · ·+ xn)q ,
and
xp1 + xp2 + · · ·+ xpn ≥ n1−p (x1 + x2 + · · ·+ xn)p .

Lemma 4 [33] Let ~(t) ∈ C1([t0,+∞),R) be a
continuously differentiable function. For any fractional
order γ ∈ (0, 1) and for almost every t ≥ t0, the following
inequality holds :

Dγ |~(t)| ≤ sgn
(
~(t)

)
Dγ~(t),

where sgn(·) is the sign function.

Lemma 5 [36] Suppose that ~(t) ∈ C1[0, T ]. Therefore,

Dβ1Dβ2~(t) = Dβ1+β2~(t),

where β1, β2 > 0 and β1 + β2 ≤ 1;T is a positive constant.

Remark 3 The parameters γ and δ in the drive–response
systems (1) and (2) are not necessarily aligned, they
may be equal or different, which increases the difficulty
of achieving synchronization [34]. Moreover, even slight
variations in the system orders can significantly influence
the dynamic behavior of FRCohGNNs, providing a wider
range of possibilities for designing chaotic encryption
schemes. For these reasons, this work investigates the PfT
of FRCohGNNs with distinct-order γ and δ. This analysis
represents a meaningful contribution, as it addresses a
challenging configuration that has received limited attention
in the current literature.

3 Main results
By applying the above lemmas and assumptions,
PfT synchronization of the drive–response (1)-(2)
systems are achieved in this section. We now introduce
the following PfT controllers designed to achieve
synchronization within a predefined time

U1i,2i(t) = U1i(t) + U2i(t), (4)

where

U1i(t) = −ζ1i |εi(t)| −Dδ−1{sgn(εi(t))
×

(
η1|εi(t)|1+q + η2|εi(t)|1−q

) }
− αi (xi(t))

n∑
j=1

cij

(
gj (yj(t))

− gj (xj(t))

)
− αi (xi(t))

n∑
j=1

dij

(
hj (yj(t− σ(t)))

− hj (xj(t− σ(t)))

)
,

U2i(t) = Dδ
i xi(t)−D

γ
i xi(t),

(5)

where, i = 1, 2, · · · , n, η1 =
n
q
2π

TP 2(1+
q
2
)q
,

η2 =
π

TP 2(1−
q
2
)q
, and ζ1i is a positive constant.

Theorem 1 Under hypotheses (H1)-(H3) with controller
(4), if the condition

ζ1i ≥ $i + λi

n∑
j=1

|cij |Gj + λi

n∑
j=1

|dij |Hj + Iiλi, (6)
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holds, then the drive system (1) and response system (2) of
the FRCohGNNs model reach synchronization within the
predefined time TP .

Proof 1 The Lyapunov candidate function is selected as

V (ε(t)) =
1

2

n∑
i=1

ε2i (t) (7)

Based on Lemma 5 and by computing the time derivative of
the Lyapunov function, we get

V̇ (ε(t)) =
n∑
i=1

εi(t)ε̇i(t)

=
n∑
i=1

εi(t)D
1−δ(Dδεi(t))

=
n∑
i=1

εi(t)D
1−δ
[
− αi (yi(t))

(
βi (yi(t))

−
n∑
j=1

cijgj (yj(t))−
n∑
j=1

dijhj (yj(t− σ(t)))

− Ii

)
+ αi (xi(t))

(
βi (xi(t))

−
n∑
j=1

cijgj (xj(t))−
n∑
j=1

dijhj (xj(t− σ(t)))

− Ii

)
−Dδ

i xi(t) +Dγ
i xi(t) + U1i,2i(t)

]
=

n∑
i=1

εi(t)D
1−δ
[
− αi (yi(t))

(
βi (yi(t))

−
n∑
j=1

cijgj (yj(t))−
n∑
j=1

dijhj (yj(t− σ(t)))

− Ii

)
+ αi (xi(t))

(
βi (xi(t))

−
n∑
j=1

cijgj (xj(t))−
n∑
j=1

dijhj (xj(t− σ(t)))

− Ii

)
+ U1i(t)

]
. (8)

According to (H3), it is clear that

V̇ (ε(t)) ≤
n∑
i=1

εi(t)D
1−δ
[
$i|εi(t)|+

n∑
j=1

(
αi (yi(t))

− αi (xi(t))
)
cijgj (yj(t))

+

n∑
j=1

αi (xi(t))
(
cijgj (yj(t))− cijgj (xj(t))

)
+

n∑
j=1

(
αi (yi(t))− αi (xi(t))

)
× dijhj (yj(t− σ(t)))

+
n∑
j=1

αi (xi(t))

(
dijhj (yj(t− σ(t)))

− dijhj (xj(t− σ(t)))

)
+ Ii

(
αi (yi(t))− αi (xi(t))

)
+ U1i(t)

]
. (9)

By (H1) and (H2), we have

V̇ (ε(t)) ≤
n∑
i=1

εi(t)D
1−δ
[(
− ζ1i +$i

+ λi

n∑
j=1

|cij |Gj + λi

n∑
j=1

|dij |Hj

+ Iiλi
)
|εi(t)|

− Dδ−1
(
sgn(εi(t))

(
η1|εi(t)|1+q

+ η2|εi(t)|1−q
))]

. (10)

From (6) and Proposition 1, one obtains

V̇ (ε(t)) ≤ −
n∑
i=1

εi(t)D
1−δ
[
Dδ−1

(
sgn(εi(t))

×
(
η1|εi(t)|1+q + η2|εi(t)|1−q

))]
= −

n∑
i=1

(
η1|εi(t)|2+q + η2|εi(t)|2−q

)
= −η1

n∑
i=1

(|εi(t)|2)
2+q
2

− η2

n∑
i=1

(|εi(t)|2)
2−q
2 . (11)

104



Journal of Nonlinear Dynamics and Applications

Based on Lemma 3, it follows that

V̇ (ε(t)) ≤ −η1

(
n∑
i=1

ε2i (t)

)1+ q
2

− η2

(
n∑
i=1

ε2i (t)

)1− q
2

≤ −η1n−
q
2 21+

q
2V (t)1+

q
2 − η221−

q
2V (t)1−

q
2

= − π

qTP

(
V (t)1+

q
2 + V (t)1−

q
2

)
. (12)

Lemma 1 ensures that εi(t) = 0 is stable in predefined time,
with TP representing the corresponding predefined settling
time.

Remark 4 Theorem 1 utilizes the conventional Lyapunov
direct methodwith integer-order differentiation V̇ to examine
the stability of fractional-order systems. In contrast, we now
adopt the fractional-order Lyapunov direct method, denoted
by DδV , which is more appropriate for fractional-order
systems and helps to eliminate differentiation-related
inaccuracies.

To ensure PfT synchronization between the
FRCohGNNs described in (1) and (2), and based on
Lemma 2, the following controllers are incorporated
into the slave system (2), which is expressed as

U1i,2i(t) = U1i(t) + U2i(t), (13)
where

U1i(t) = −ζ2iεi(t)− sgn(εi(t))

(
ζ3i|εi(t− σ(t))|

+ η3|εi(t)|r1 + η4|εi(t)|r2
)
,

U2i(t) = Dδxi(t)−Dγxi(t),

where ζ2i, and ζ3i are constants that will be specified
later, and the parameters η3 and η4 are defined as

η3 =
Σ1

TPn1−r1
, η4 =

Σ2

TP
,

where

Σ1 =
−2δ(1− r1)Γ(1 + δ − r1)

Γ(2− r1)Γ(1 + δ)
, Σ2 =

2δΓ(1 + δ − r2)
Γ(1− r2)Γ(1 + δ)

.

with 1 < r1 < 1 + δ, 0 < r2 < δ < 1, and indices
i = 1, 2, . . . , n.
Theorem 2 Assume that Assumptions (H1)–(H3) are
satisfied and that controller (13) is applied. If the following
inequalities are satisfied:

ζ2i ≥ $i +

n∑
j=1

λi|cij |Gj +

n∑
j=1

αj |cji|Lgi

+

n∑
j=1

λi|dij |Hj + λiIi,

ζ3i ≥
n∑
j=1

αj |dji|Lhi ,

(14)

then the PfT synchronization of the systems (1) and (2) is
guaranteed, with convergence time TP .

Proof 2 First, we introduce the following Lyapunov
function constructed on the L1-norm:

V (ε(t)) =
n∑
i=1

|εi(t)|. (15)

According to Lemma 4, we can show that

Dδ|εi(t)| ≤ sgn (εi(t))D
δεi(t).

Therefore, for the Lyapunov function given in (15), it follows
that

DδV (ε(t)) =

n∑
i=1

Dδ|εi(t)|

≤
n∑
i=1

sgn (εi(t))D
δεi(t)

=

n∑
i=1

sgn (εi(t))

(
− αi (yi(t))

(
βi (yi(t))

−
n∑
j=1

cijgj (yj(t))−
n∑
j=1

dijhj (yj(t− σ(t)))

− Ii

)
+ αi (xi(t))

(
βi (xi(t))

−
n∑
j=1

cijgj (xj(t))

−
n∑
j=1

dijhj (xj(t− σ(t)))− Ii
)

+ U1i(t)

)
=

n∑
i=1

sgn (εi(t))

(
(αi (xi(t))βi (xi(t))

− αi (yi(t))βi (yi(t)))

+

n∑
j=1

(
αi (yi(t))− αi (xi(t))

)
cijgj (yj(t))

+

n∑
j=1

αi (xi(t))
(
cijgj (yj(t))− cijgj (xj(t))

)
+

n∑
j=1

(
αi (yi(t))− αi (xi(t))

)
× dijhj (yj(t− σ(t)))

+

n∑
j=1

αi (xi(t))
(
dijhj (yj(t− σ(t)))

− dijhj (xj(t− σ(t)))
)

+ Ii
(
αi (yi(t))− αi (xi(t))

)
+ U1i(t)

)
(16)
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From (H1)–(H3), it follows that

DδV (ε(t)) ≤
n∑
i=1

$i|εi(t)|+
n∑
i=1

n∑
j=1

λi|εi(t)||cij |Gj

+
n∑
i=1

n∑
j=1

αi|cij |Lgj |εj(t)|

+
n∑
i=1

n∑
j=1

λi|εi(t)||dij |Hj

+
n∑
i=1

n∑
j=1

αi|dij |Lhj |εj(t− σ(t))|

+ λiIi|εi(t)| −
n∑
i=1

ζ2i|εi(t)|

−
n∑
i=1

(
ζ3i|εi(t− σ(t))|+ η3|εi(t)|r1

+ η4|εi(t)|r2
))

=
n∑
i=1

$i|εi(t)|+
n∑
i=1

n∑
j=1

λi|εi(t)||cij |Gj

+

n∑
i=1

n∑
j=1

αj |cji|Lgi |εi(t)|

+

n∑
i=1

n∑
j=1

λi|εi(t)||dij |Hj

+
n∑
i=1

n∑
j=1

αj |dji|Lhi |εi(t− σ(t))|

+ λiIi|εi(t)| −
n∑
i=1

ζ2i|εi(t)|

−
n∑
i=1

(
ζ3i|εi(t− σ(t))|+ η3|εi(t)|r1

+ η4|εi(t)|r2
))

=
n∑
i=1

[
− ζ2i +$i +

n∑
j=1

λi|cij |Gj

+
n∑
j=1

αj |cji|Lgi +

n∑
j=1

λi|dij |Hj

+ λiIi

]
|εi(t)|+

n∑
i=1

[
− ζ3i

+
n∑
j=1

αj |dji|Lhi
]
|εi(t− σ(t))|

−
n∑
i=1

[
η3|εi(t)|r1 + η4|εi(t)|r2

]
. (17)

By applying the inequality condition (14), we obtain:

DδV (ε(t)) ≤ −η3
n∑
i=1

|εi(t)|r1 − η4
n∑
i=1

|εi(t)|r2 . (18)

According to Lemma 3, the following inequality can be
derived

DδV (ε(t)) ≤ −η3n1−r1
( n∑
i=1

|εi(t)|
)r1

− η4

( n∑
i=1

|εi(t)|
)r2

= −η3n1−r1V (t)r1 − η4V (t)r2

= −Σ1

TP
V (t)r1 − Σ2

TP
V (t)r2 . (19)

According to Lemma 4, the error term εi(t) converges to zero
within the predefined time TP .

Remark 5 References [16–19, 21, 23] investigate the
drive–response synchronization of CohGNNs, mainly
focusing on fixed-time and finite-time synchronization,
while Theorems 1 and 2 considers predefined-time
synchronization. It is worth noting that these works consider
systems without fractional order, while in this paper the
fractional-order case is investigated. Consequently, this work
extends previous studies, especially [16–19, 21, 23].

4 Numerical examples
To confirm the accuracy of the proposed theoretical
results, two illustrative examples are provided in this
section.

Example 1
Consider a delayed FRCohGNNs model described by
the following master system:

Dγ
i xi(t) = −αi (xi(t))

(
βi (xi(t))

−
2∑
j=1

cijgj (xj(t))−
2∑
j=1

dijhj (xj(t− σ(t)))

− Ii

)
, (20)

and the corresponding slave system:
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Dδ
i yi(t) = −αi (yi(t))

(
βi (yi(t))

−
2∑
j=1

cijgj (yj(t))−
2∑
j=1

dijhj (yj(t− σ(t)))

− Ii

)
+ U1i,2i(t), (21)

The system parameters are defined as follows:

γ = 0.98, δ = 0.96, α1(x) = α2(x) = 0.3 +
0.1

1 + x2
,

β1(x) = β2(x) = 0.4x,

g1(x) = g2(x) = sin(2.3x),

h1(x) = h2(x) = sin(2.2x),

σ(t) = 0.8 + 0.2 sin(t), I1 = I2 = 1,

c11 = 1.4, c12 = 1.9, c21 = 2.4, c22 = 0.9,

d11 = 2.9, d12 = 2.2, d21 = 1.8, d22 = 1.9.

The initial conditions are selected as:
x1(0) = 0.5, x2(0) = −0.5, y1(0) = 2, y2(0) = −2.

Based on the given functions and parameters, we
obtain:

G1 = G2 = H1 = H2 = 1, Lg1 = Lg2 = 2.3,

Lh1 = Lh2 = 2.2,

α1 = α2 = 0.3, α1 = α2 = 0.4,

λ1 = λ2 = 0.05, $1 = $2 = 0.16.

The numerical simulation results of system (20) are
illustrated in Figures 1 and 2.
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Figure 1. Time evolution of states x1(t) and x2(t) in system
(20).
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Figure 2. The phase diagram of system (20).
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Figure 3. The state responses x1(t) and y1(t) without the
application of control law (22).
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Figure 4. The state responses x2(t) and y2(t) without the
application of control law (22).
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Figure 5. The state responses x1(t) and y1(t) under the
application of control law (22).
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Figure 6. The state responses x2(t) and y2(t) under the
application of control law (22).
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Next, let us select the parameters ζ11 = 0.70, ζ12 = 0.60,
TP = 0.5, η1 = 10.47197551, η2 = 11.61938434, and
q = 0.3 and proceed to verify the conditions stated in
Theorem 1. Under these parameter settings, we obtain



ζ11 = 0.70 ≥ $1 + λ1

2∑
j=1

|c1j |Gj + λ1

2∑
j=1

|d1j |Hj

+ I1λ1 = 0.63,

ζ12 = 0.60 ≥ $2 + λ2

2∑
j=1

|c2j |Gj + λ2

2∑
j=1

|d2j |Hj

+ I2λ2 = 0.56,

Therefore, the selected parameters satisfy the sufficient
conditions of Theorem 1. The controller is accordingly
defined by:

U1i,2i(t) = U1i(t) + U2i(t), i = 1, 2, (22)

where

U11(t) = −ζ11 |ε1(t)| −Dδ−1

{
sgn(ε1(t))

(
η1|ε1(t)|1+q

+ η2|ε1(t)|1−q
)}

− α1 (x1(t))

2∑
j=1

c1j
(
gj (yj(t))− gj (xj(t))

)
− α1 (xi(t))

2∑
j=1

d1j
(
hj (yj(t− σ(t)))

− hj (xj(t− σ(t)))
)
,

U12(t) = −ζ12 |ε2(t)| −Dδ−1

{
sgn(ε2(t))

×
(
η1|ε2(t)|1+q + η2|ε2(t)|1−q

)}
− α2 (x2(t))

n∑
j=1

c2j
(
gj (yj(t))− gj (xj(t))

)
− α2 (x2(t))

n∑
j=1

d2j
(
hj (yj(t− σ(t)))

− hj (xj(t− σ(t)))
)
,

U21(t) = Dδx1(t)−Dγx1(t),

U22(t) = Dδx2(t)−Dγx2(t),

(23)

With andwithout control (22), the transient dynamics
of the state variables for systems (20) and (21) are
presented in Figures 3, 4, 5 and 6. Furthermore, the
synchronization errors εi(t), i = 1, 2 are shown in
Figure 7. The results confirm that synchronization
between the master system (20) and the slave system
(21) is achieved within predefined time TP = 0.5,
and the convergence error remains zero afterward.
These simulation outcomes corroborate the theoretical
results obtained earlier.
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Figure 7. Synchronization errors ε1(t) and ε2(t) under
control (22) with TP = 0.5.

Next, we will modify the time TP to values 2 and 0.1
to investigate the validity of control (22), as shown in
Figures 8 and 9, respectively.
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Figure 8. Synchronization errors ε1(t) and ε2(t) under
control (22) with TP = 2.
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Figure 9. Synchronization errors ε1(t) and ε2(t) under
control (22) with TP = 0.1.
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Figure 10. Synchronization errors ε1(t) and ε2(t) under
control (24) with TP = 2.
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Figure 11. Synchronization errors ε1(t) and ε2(t) under
control (24) with TP = 0.1.

Example 2
In continuation of Example 1, the control scheme (22)
is modified to (24). Let ζ21 = 4.50, ζ22 = 3.50, ζ31 =
4.50, ζ32 = 4.50, η3 = 0.4118

TP 2(−0.2) , η4 = 1.3736
TP

, r1 = 1.2
and r2 = 0.3 , the following result is obtained

ζ21 = 4.50 ≥ $1 +

2∑
j=1

λ1|c1j |Gj

+
n∑
j=1

αj |cj1|Lg1 +
n∑
j=1

λ1|d1j |Hj

+ λ1I1 = 4.126,

ζ22 = 3.50 ≥ $2 +
n∑
j=1

λ2|c2j |Gj

+

n∑
j=1

αj |cj2|Lg2 +

n∑
j=1

λ2|d2j |Hj

+ λ2I2 = 3.136,

ζ31 = 4.50 ≥
2∑
j=1

αj |dj1|Lh1 = 4.136,

ζ32 = 4.50 ≥
2∑
j=1

αj |dj2|Lh2 = 3.608.

Based on Theorem 2, synchronization between the
response system (21) and the drive system (20) is
attained in the predefined time TP = 2 and TP = 0.1
using controller

U11(t) = −ζ21ε1(t)− sgn(ε1(t))

×
(
ζ31|ε1(t− σ(t))|

+ η3|ε1(t)|r1 + η4|ε1(t)|r2
)
,

U12(t) = −ζ22ε2(t)− sgn(ε2(t))

×
(
ζ32|ε2(t− σ(t))|

+ η3|ε2(t)|r1 + η4|ε2(t)|r2
)
,

U21(t) = Dδx1(t)−Dγx1(t),
U22(t) = Dδx2(t)−Dγx2(t).

(24)

The evolution of synchronization errors for the drive
and response systems (20)-(21) is depicted in Figures
10 and 11.

Remark 6 From Examples 1 and 2, we can see that the
fractional neural networks with delays reach synchronization
within the predefined time TP , regardless of the initial
conditions. The predefined time TP can be chosen as
a specific parameter in the predefined-time controllers,
meaning it can take any positive value (see Figures 7–11).
Based on real-world requirements, the predefined time
TP , which represents the maximum synchronization time,
can be adjusted freely. For this reason, predefined-time
synchronization is more advantageous than traditional
methods such as asymptotic or finite-time synchronization
and fixed-time synchronization.

5 Conclusion and Future Work
In this paper, we investigated the PfT synchronization
problem for distinct-order FRCohGNNs with
time-varying delays. Two control strategies were
proposed: one using a fractional-order controller
and another using a standard controller. Based
on Lyapunov theory and properties of fractional
calculus, sufficient conditions were derived to ensure
synchronization within a predefined time, regardless
of the initial conditions. Numerical simulations
confirmed the effectiveness of the proposed methods.

As future work, we plan to extend this study to more
complex neural network models, such as stochastic
FRCohGNNs and bidirectional associative memory
(BAM) neural networks. In addition, exploring
synchronization under uncertain environments and
external disturbances remains an interesting direction
for future research.
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