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Abstract

This paper investigates fixed-time stability of
delayed nonlinear dynamic systems. At first, by
designing an inequality with sigmoid-function,
a new kind of fixed-time stability lemma is
constructed. Then, as an application, the new
proposed lemma is applied to discuss fixed-time
stabilization(FT) for a kind of delayed neural
networks. At last, simulations are also given to
show the effectiveness of the derived results.

Keywords: fixed-time stability, nonlinear dynamic
systems, fixed-time stabilization, sigmoid-function, time
delays.

1 Introduction

Convergence time of fixed-time stability is finite
and its upper bound is a positive constant [1].
Theoretical results about fixed-time stability have
better performance and more accurate, which have
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some important engineering applications. Therefore,
fixed-time stability of linear or nonlinear dynamic
systems has attracted widespread interests from
scholars in these days, and many interesting works
have been reported, e.g., see [2—4].

In 2021, by improving fixed-time stability lemma,
Hu et al. [5] studied fixed-time synchronization(FS)
of complex networks, Aouiti et al. [6] investigated
fixed-time stabilization(FT) for delayed neural
networks with inertial items. In 2023, by using
aperiodically switching control, Hu et al. [7] discussed
FT of the spatiotemporal neural networks with
discontinuous right-hand side. In 2024, by using
event-triggered control, Zhang et al. [8] showed some
new results on FS of discontinuous neural networks
with time delays and inertial items. In 2026, Zhou
et al. [9] gave novel results on FT and FS of inertial
memristive neural networks with switching control,
and Qiao et al. [10] studied FS of stochastic impulsive
reaction-diffusion complex networks via internal and
boundary control.

Noteworthy, the fixed-time stability lemmas used
in above works are mainly based on the previous
work [1], which usual has two power index terms.
In this paper, without using two power index terms,
we will use sigmoid-function to construct a kind of
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fixed-time stability lemma. And by using the proposed
lemma and designing proper feedback control, FT for
a kind of delayed neural networks will be investigated.

The following parts of this paper are: Sigmoid-function
based fixed-time stability lemma is built in Section 2. In
Section 3, FT of delayed neural networks are discussed
via the proposed lemma. In Section 4, simulations are
provided. At last, conclusions are showed.

Notations: Let A = {1,2,...,n}, R" is Euclidean space
in n-dimensional. For Vz = (z1,29,...,2,)] € R",
which 1-norm is defined as ||z|| = >_;_; | zx |- And
C([—7,0],R"™) denotes all continuous function from
[—7,0] to R", where 7 = max;>o{7(¢)}.

2 Sigmoid-function based fixed-time stability
Consider the following delayed nonlinear dynamic

systems

dz(t)
dt

:f(tvz(t)’z(t_T(t)))7t20’ (1>

where z(t) = (21(t), 22(t), ..., 2n(t)) is state variable
of the systems (1)/ f() = (fl()afZ()77fn()) is
nonlinear vector function and f : R x R" x R" +—
R", 7(t) is time delay that satisfies 0 < 7(t) < 7.
The initial values of system (1) are zx(s) = <x(s) €
C([-7,0,R),k e A={1,2,....,n}.

For the convenience of rest discussion, the following
Assumption 1 and Definition 1 of system (1) are given.

Assumption 1. For system (1), the nonlinear function
fx(+) is bounded continuous function and satisfies
Lipschitz condition, and z(t) = 0is the origin of system
(1), here k € A.

Definition 1. ([8]). Nonlinear dynamic systems (1)
is fixed-time stable, if origin of systems (1) is stable,
and there is a constant 7y, > 0 that settling function
T(2(0)) < Tar, limgy 7y, ||2(¢)]| = 0 and z(¢) = 0 when
t > T, where Ty is called settling-time.

Remark 1. Under Assumption 1, one can easily find
that for each initial value, nonlinear dynamic systems
(1) has unique solution z(t) that is defined in the
interval [0, +00).

Now, by wusing C-regular function definition
given in [11] and designing an inequality with
sigmoid-function, we give following fixed-time
stability Lemma 1 for this paper.
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Lemma 1. Suppose there is a C-regular function V(-),
and following with any solutions of (1) that satisfies
dV(z(t o
B« - ey
o (V=) [1 = o (V(=(1)))]

where a > 0,0(V(2(t))) = 1/[1+exp(—V(2(t)))], then,
systems (1) can get fixed-time stable, and settling-time
is

(3)

Proof. From (2), we get that %Et) < 0, because

V() is C-regular function. So, systems (1) is global
asymptotic stable. Let ¢ = V(2(¢)), from (2) and [11],
we have the following settling-time function

e =2 [ e[ -ow]a @

a

because o’(q) = o(q)[1 — o(q)] > 0, then, one has

TeO) <t [ o= o]

«
T o o \q)aq
_1 +oo __ l 1 +00
—aa(q) O T al+exp(—q)"

1 1 1

04( 2) 2 (%)

Now, based on [11], Definition 1 and from (5), one
knows that systems (1) can get fixed-time stable, and
settling-time is Ty = i The proof of Lemma 1 is
finished.

Remark 2. The authors of this paper try their
best to show a new method to realize fixed-time
stability of nonlinear dynamic systems, that is, based
on Sigmoid-function o(V(t)) = ?lv(t) to derive
fixed-time stability, which curve is shown in Figure 1.
And under the above inequality (2), one knows that
V (t) is a non-increasing monotone function, so, 0 <
o(V(t)) < 1. Therefore, the method used in this
paper is completely different from the method of many
previous works, such as [1, 6] that has two positive
index variables X,y in V() < —aVA(t) — BV(¢).

Remark 3. The previous work [8] discussed
predefined-time stable of delayed neural networks, in
fact, from Lemma 1, if the following inequality holds

av(t) _ T o
&t T o) |1 - o(v(t)]

;o (6)
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Figure 1. Curve of the Sigmoid-function.

where 7. > 0 and other variables given as above,
then, systems (1) can get predefined-time stable,
and predefined-time is 7.. Our paper mainly about
fixed-time stability of nonlinear dynamic systems,
and for more details of predefined-time stability, the
readers can see [5] and [8].

3 Application of Lemma 1

In this section, as an application, we choose a kind
of delayed neural networks as system (1). And we
investigate the FT of the delayed neural networks based
on Lemma 1.

Consider the following delayed neural networks

dzk (t)
dt

= —dgzp(t) + Z akpp(2p(t))
p=1

+ ) bipgp(zp(t — 7(1)))
p=1

- Z Chp /tT(t)

p=1

gp(Zp(S))dS, (7)

where d;, > 0, z,(t) is the state of the k" neural,
Alp, bip, Cip are connect weights, g, (-) is the nonlinear
feedback function, 7(¢) is defined as in (1), and
initial values of systems (7) are zi(s) = ¢i(s) €
C([-7,0],R),t > 0,k,p € A.

From Assumption 1, one has the following Assumption
2 for delayed neural networks (7).

Assumption 2. For system (7), the nonlinear feedback
function g,(-) is continuous function, which satisfies
gp(0) =0 and for V 01,02 € R that

lgp(01) — gp(02)| < Lyplor — 02], |gp(o1)| < Wp, (8)
where £, > 0,, > 0.

If delayed neural networks (7) is unstable, here, we
consider its following stabilization model

dzk (t)
dit

= —dkzk(t) + Z akpgp(zp(t))
p=1

+ > brpgp(zp(t — (1))

p=1

n t
F e [ el
p:l tiT(t)

+ ug (1), 9)

where uy(t) is the control input, which is designed as
follows:

agsign(z,(t))
o (V1) (1 - o(V(1))
— opsign(zx(t)),

ug(t) = — yrzr(t) —
(10)

and i, g, 0 > 0, V(t) = 320y | zi(t) |.
Now, we give the following Theorem 1 about FT of

delayed neural networks (7) with control (10).

Theorem 1. Under Assumption 2 and control (10),
and the following conditions hold

n
—dy =+ Y Lilagk| <0,
p=1

— 0 + pr<‘bkp‘ + T’Ckp‘) <0,
p=1

(11)
(12)

then, delayed neural networks (7) gets FI, and
settling-time is Ty = i,

where o = minj << {ov }-

Proof. Consider C-regular function as follows:

V) =) lat)]. (13)
k=1
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Now, along the solutions of systems (9), and by using d
chain-rule [12], then, from (13), one gets “ ot pz:; W <|bkp| + T‘C’“PD
VO | N~ = _ . 15
gy "y ) V() (1= o (V(D) | "
- kz sign(zx(t)) [ — dizi(t) + Zl akp9p(2p(t))  Under conditions (11) and (12), from (15), one obtains
=1 p=
n dv(t) & g
+ bipgp(zp(t — T(t < —
3 bt =7(0) TRCEDD [ Vi = V) |
n t (6]
c p(2p(s))ds +u S - . (16)
+a L wletenas + m] T ()

- Z sign(zx(t)) [ — dpzi(t) + Z p9p(2p(t)  Now, by using Lemma 1, one gets that the delayed

k=t . p=l neural networks (7) gets FT with control scheme (10),
I Z bipgp(zp(t — 7(1))) and settling-time is 7j; = i The proof of Theorem 1
o is completed.
i t If cpr, = 0,p, k € A, then, the stabilization model (9) is
2 O /t_T(t) 9p(zp(s))ds changed into
p=1
ay, sign(zx (1)) n
_ 1) — dzg(t
SV (o V) E0 — () + Y. onpap(o(0)
p=1
— 0k sign(zk (t))} n
+ Z bipgp(2p(t — 7(1)))
n n p=1
<> [—duzm + 3 ool (1) ), (17)
=1 p=
+ Z |bkep] 19p (zp(t — T(2)))] where uy(t) is the control input as given in (10).
P :1 . For (17), and from Theorem 1, we has the following
3 lewl | [ ool Corollary 1.
=1 -7
g Qg Corollary 1. Under Assumption 2 and control (10),
— wla(t)] = s(V6) (1= o(V(©)) and the following condition (11) hold and
- 54 ; —0 + > Wlbr| <0, (18)
(14) =
by using Assumption 2 and from (14), one has then, delayed neural networks (17) is fixed-time stable,

and settling-time is T = .

dvi(t = -
0o <[~ duln®] + 3 Lolargl (1)
k p=1

=1

Remark 4. From Figure 1, one can find that the control

n input (10) do not produce extremely large control

+ Z Wp (|bkp| + 7'|Ckp\) inputs near the zero, so, we believe that the fixed-time
p=1 stability results of this paper still holds when the
— iz (t)] — QA _ 5}4 cc.mtrol inpgt is bound.ed. .And in this paper, we only
a(V(t)) (1 - J(V(t))) discuss a simple application, that is, FT of delayed

n n neural networks, we believe that our results can be
= Z [(—dk — e + Z Lilapk])|zk(t)] used to discuss fixed-time stability for other more
—1 1 complex nonlinear dynamic models, such as circuit
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systems, switched systems and neural networks with
inertial items, complex-valued or reaction-diffusion
terms.

4 Example simulations

Example 1. Discuss two-dimensional delayed neural
networks as follows:

dze(t) :
k
" = —dpzk(t) + ; akpgp(zp(t))
2
+ Z bkpgp(zp(t - T<t)))
p=1
2 t
e [ ales)ds
=1 t—7(t)
t>0, (19)
where di = do = 1,7(t) = 1i};ig()t)agp(zp(t)) =

tanh(zy(t)),k,p = 1,2, and other parameter values
are given as in Table 1.

Table 1. Parameter values of delayed neural networks (19).

air a2 b11 b12 c11 c12
2 -0.1 -15 -0.1 -0.01 0.01

a1 @22 bo1 bao a1 c22
-5 2.5 -3 =25 0.01 —0.01

-0.8 -0.6 -0.4 -0.2 (¢ 0.2 0.4 0.6 0.8
2,

Figure 2. Chaotic behaviors of delayed neural networks
(19).
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Figure 3. State trajectory z; () of system (19) without
control.
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Figure 4. State trajectory z»(t) of system (19) without
control.
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We select the initial values of delayed neural networks Figure 5. State trajectories 21 (¢) of system (19) with control

(19) are z1(s) = 0.8,22(s) = —0.7,Vs € [-1,0), and

delayed neural networks (19) exist chaotic behaviors,

which is showed in Figure 2. Without control, state

(10).

17



Journal of Nonlinear Dynamics and Applications

ICJK

trajectories 21 (%), 22(t) of delayed neural networks (19)
are displayed in Figures 3 and 4, respectively.

Now, we caneasilyget L1 = Lo =W =Wo =7 =1,
and choose y1 = v = 7,01 = 1.7,00 = 5.6,a1 = anp =
0.5, then, one has e = 0.5 and

2

—di—m +Zﬁ1lap1| <0,
p=1
2

—dy =2+ Y Lalap| <0,
p=1

2
=01+ 2 Wp(Ibagl + lesyl) <0,
p=1

2
Gyt pr(|b2p| + |ch|) <0,
p=1

s0, all conditions of Theorem 1 are hold, then, from
Theorem 1, we get delayed neural networks (19)
is fixed-time stable with control input (10). And
settling-time 7); = 1, randomly selecting 30 initial
values in interval [—50,50] and under control (10),
state trajectories 21 (t), 22(¢) of delayed neural networks
(19) are fixed-time stable, which are displayed in
Figures 5 and 6, respectively.

Remark 5. From above analysis, one finds control
(10) has sign(-), to avoid chattering phenomenon, we
use tanh(w - (-)) stands for sign(-) in the simulation,
where w is a big positive constant. In our simulation,
we choose w = 20, that is, we use tanh(20 - zx(t))
substitutes sign(zx(t)) in our simulations.

50

40 -

30 [

20

State zz(t)

-20 -

30 F

_40 F

-50

. .
(o] 0.5 1 1.5 2
time(s)

Figure 6. State trajectories 23 () of system (19) with control
(10).
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5 Conclusions

Based on sigmoid-function, a new kind of fixed-time
stability Lemma 1 was constructed. And FT of a kind of
delayed neural networks was investigated by using the
proposed Lemma 1. Compared with some previous
works, our fixed-time stability Lemma 1 does not have
two power index terms, which is more convenient for
practical applications. And our results can be used
to discuss fixed-time stability and synchronization for
other general nonlinear dynamic systems, which will
be further investigated in our future works.
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