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Abstract
A kind of discrete-time singular predator-prey
system with time-varying harvesting term is
investigated. By using theory of singular systems,
bifurcation and center manifold theory, the stability
and Neimark-Sacker bifurcation of such system
is studied, and some conditions are used to
judge local stability of its fixed points and ensure
existence of the Neimark-Sacker bifurcation for
the proposed discrete-time singular system are
derived. Finally, numerical simulations are given to
show the obtained results. The results of the paper
complements some previous works, and we believe
that the method of this paper can be used to study
bifurcation for other discrete-time complex singular
systems.
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1 Introduction
In recent years, predator-prey models and their
dynamic behaviors have been investigated by many
scholars [1–4]. In 2011, He et al. [3] studied bifurcation
for a predator-prey model in discrete-time. In 2020,
Li et al. [4] investigated flip bifurcation of a kind of
discrete Holling-type III predator-prey model. In 2021,
Mortuja et al. [5] systematically studied the dynamic
behaviors of predator-prey systemwith fear, migration
and switching. In 2023, Al Khabyah et al. [6] discussed
bifurcation for a kind of discrete predator-prey system.
In 2026, Huang et al. [7] studied bifurcation of a
predator-prey model with discrete-time.

As we know, during the bio-economics’s management,
human intervention and harvesting are universal,
so, it is more practical to research predator-prey
models with harvesting. In 2017, Hu et al. [8]
investigated a Michaelis-Menten harvesting in the
predator-prey system, and some results about stability
and bifurcation of such system were constructed. In
2023, Wang et al. [9] showed bifurcations of the linear
harvesting in a diffusive predator-prey model. The
purpose of human harvesting is usually for economic
value and profit, so, discussing predator-prey system
both with harvesting as well as economic profit has
important theoretical and practical value.

In 2009, Liu et al. [10] studied a singular prey-predator
system, which considered both harvesting and
economic profit. Then, differential-algebraic
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prey-predator model has been attracted some scholars’
attention and some interesting works have been
reported [11–13]. In 2010, Zhang et al. [11] showed
bifurcation and stability for a singular prey-predator
system. In 2017, by introducing nonlinear prey
harvesting, Li et al. [12] considered a singular
predator-prey system. In 2026, Liu [13] studied a
singular Holling-type IV predator-prey system.

However, most of the above singular predator-prey
systems are continuous-time, and for discrete-time
singular predator-prey system, there are few works.
In order to enrich the relevant researches of this field,
here, we will discuss a kind of singular predator-prey
model in discrete-time, and some conditions are
used to judge the local stability and ensure existence
of the Neimark-Sacker bifurcation for such singular
system in discrete-time will be derived. Based on [1]
and considering prey harvesting in the following
predator-prey system{ dx

dt = x[r(1− x
k )− αy − qE],

dy
dt = y(−d+ βx

1+bx),
(1)

and from the previous works [10–13], here, by
applying forward Euler scheme to system (1), we
discuss the following singular system in discrete-time

x→ x+ δx[r(1− x
k )− αy − qE],

y → y + δy(−d+ βx
1+bx),

0 = pE2x− cEx−m.
(2)

where the parameters r, k, q, β, α, b, d, p, c,m > 0, δ is
the step size, pE2(t)x(t) is harvesting reward, cEx is
harvesting cost, andm > 0 is economic profit.

Here, let

f(X) =

(
f1(x, y, E)
f2(x, y, E)

)
=

(
x+ δx[r(1− x

k )− αy − qE]

y + δy(−d+ βx
1+bx)

)
,

g(X) = pE2x− cEx−m. (3)

in which, X = (x, y, E)T .

Remark 1. The previous works [10–13] discussed
stability and bifurcation of continuous-time singular
predator-prey system, different from these works,
the discrete-time singular predator-prey system is
considered here, so, the results of this paper enriches
some previous relevant works.

2 Fixed point and local stability
For model (2), we consider in R3

+, which fixed points
satisfy 

x = x+ δx[r(1− x
k )− αy − qE],

y = y + δy(−d+ βx
1+bx),

0 = pE2x− cEx−m.
(4)

Lemma 2.1. Let β > bd, r[1 − d
k(β−bd) ] >

[qc + q
√
c2 + 4pm(β − bd)/d]/2p, then the

system (2) has only a positive fixed point
X0 = (x0, y0, E0) = ( d

β−bd , [r −
rx0
k − qE0]/α, [c +√

c2 + 4pm(β − bd)/d]/2p).

From (3), one has DXg(x0, y0, E0) = (mx0 , 0, B), since
B = pE0x0 + m

E0
> 0. Based on [11–14], we define

[x, y, E]T = ψ(P ) = XT
0 +U0P +V0h(P ), g(ψ(P )) = 0,

where U0 =

[
I2
0

]
, I2 =

(
1 0
0 1

)
, V0 =

(0, 0, 1)T , P = (y1, y2)
T , h : R2 → R is a smooth

mapping. From [14], one has

Dψ(P ) =(Dy1ψ(P ), Dy2ψ(P ))

=

(
Dg(X)
UT0

)−1(
0
I2

)
. (5)

for ∀ (x, y, E) ∈ B1(x0, y0, E0), and the system (2) is
reduced to

P → f(ψ(P )), P ∈M ⊂ R2, (6)

whereM = ψ−1(D1(x0, y0, E0)), D1(x0, y0, E0) is the
neighborhood of X0. Then, Jacobian matrix of P0 = 0
is

DP f(ψ(0)) =Df(X0)Dψ(0)

=

(
1− δrx0

k + δqm
B −αδx0

βδy0
(1+bx0)2

1

)
. (7)

From (7), one gets

λ2 − (2 +Q1δ)λ+ (1 +Q1δ +Q2δ
2) = 0, (8)

where Q1 = − rx0
k + qm

B , Q2 = αβx0y0
(1+bx0)2

.

Let J(λ) = λ2 − (2 +Q1δ)λ+ (1 +Q1δ +Q2δ
2), then

we have

J(1) =
αβx0y0δ

2

(1 + bx0)2
> 0, J(−1) = 4+2Q1δ+Q2δ

2. (9)
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Now, by (9) and based on [3], one obtains the
following Theorem 2.1.

Theorem 2.1. Model (2) has the positive fixed point
X0,
(a) X0 is a sink if one of following inequality holds:

(a1)−2
√
Q2 ≤ Q1 < 0 and 0 < δ < −Q1

Q2
;

(a2)Q1 < −2
√
Q2 and 0 < δ <

−Q1−
√
Q2

1−4Q2

Q2
;

(b) X0 is a source if one of following inequality holds:

(b1)−2
√
Q2 ≤ Q1 < 0 and δ > −Q1

Q2
;

(b2)Q1 < −2
√
Q2 and δ >

−Q1+
√
Q2

1−4Q2

Q2
; or Q1 ≥ 0;

(c) If Q1 < −2
√
Q2 and −Q1−

√
L2
1−4Q2

Q2
< δ <

−Q1+
√
Q2

1−4Q2

Q2
, then, X0 is a saddle.

(d)X0 is non-hyperbolic if one of following inequality
holds:

(d1)Q1 < −2
√
Q2, δ =

−Q1±
√
Q2

1−4Q2

Q2
and δ 6=

− 2
Q1
,− 4

Q1
;

(d2)−2
√
Q2 < Q1 < 0 and δ = −Q1

Q2
;

And now, Let

ΩB = {(r, b, α, β, d, p, q, c,m, δ) : δ = −Q1

Q2
,

− 2
√
Q2 < Q1 < 0, r, b, α, β, d, p, q, c,m,

δ > 0}.

Neimark-Sacker bifurcation will occur if parameter δ
vary in small neighborhood of ΩB at fixed point X0.

3 Stability and Neimark-Sacker bifurcation
Now, the existence and local stability of
Neimark-Sacker bifurcation in the small neighborhood
of ΩB will be discussed.

Because (r, b, α, β, d, p, q, c,m, δ1) ∈ ΩB, δ1 = −Q1

Q2
.

Here, let δ∗(|δ∗| � 1) is a parameter of the bifurcation,
and consider

x→ x+ (δ1 + δ∗)x[r(1− x
k )− αy − qE],

y → y + (δ1 + δ∗)y(−d+ βx
1+bx),

0 = pE2x− cEx−m.
(10)

Now, based on [15], (3) and (6), one has(
y1
y2

)
→
(
L1

L2

)
. (11)

where

L1 =f
(1)
1 y1 + f

(1)
2 y2 + f

(1)
11 y

2
1 + f

(1)
12 y1y2

+ o(|y1|+ |y2|)4,

L2 =f
(2)
1 y1 + f

(2)
2 y2 + f

(2)
11 y

2
1 + f

(2)
12 y1y2 + f

(2)
111y

3
1

+ f
(2)
112y

2
1y2 + o(|y1|+ |y2|)4,

in which f
(1)
1 , f

(1)
2 , ..., f

(2)
112 can be same got as [16],

which are omitted here.

f
(1)
1 =1− δ1rx0

k
+
δ1qm

B
, f

(1)
2 = −δ1αx0,

f
(2)
1 =

δ1βy0
(1 + bx0)2

, f
(2)
2 = 1, f

(1)
11 =

δ1qm

x0B
− δ1r

k
,

f
(1)
12 =− δ1α, f (2)11 = − δ1bβy0

(1 + bx0)3
, (12)

f
(2)
12 =

δ1β

(1 + bx0)2
, f

(2)
111 =

δ1b
2βy0

(1 + bx0)4
,

f
(2)
112 =− δ1bβ

(1 + bx0)3
, f

(1)
22 = f

(2)
22 = · · · = f

(2)
222 = 0.

At Y0 = (0, 0), the characteristic equation of the
linearization part for (11) is

λ2−[2 +Q1(δ1 + δ∗)]λ+ [1 +Q1(δ1 + δ∗)

+Q2(δ1 + δ∗)2] = 0, (13)

Following the approach similar to [16] for continuous
systems, one can derive for our discrete system that
Theorem 2.1 (d2) holds and

l =
d|λ|
dδ∗
|δ∗=0 = −Q1

2
> 0,

|λ| =
√

[1 +Q1(δ1 + δ∗) +Q2(δ1 + δ∗)2]. (14)

In addition, when δ∗ = 0, we need λi, λ̄i 6= 1(i =
1, 2, 3, 4) which is equivalent to −(2 + Q1δ1) 6=
−2, 0, 1, 2. In fact, −(2 + Q1δ1) 6= 0, 1, is only need
to hold, so, Q2

1
Q2
6= 2, 3. Therefore, when δ∗ = 0,

eigenvalues λ, λ̄ of Y0 do not lie on the intersection
with unit circle.

Now, under δ∗ = 0, the normal form of map
(11) is discussed. Choose δ∗ = 0, µ = 1 +
Q1δ1
2 , ω = δ1

2

√
4Q2 −Q2

1, now by using the translation(
y1
y2

)
=

(
f
(1)
2 0

µ− f (1)1 −ω

)(
z1
z2

)
, then, we can

get the normal form of (11) as follows:(
z1
z2

)
→
(
W1

W2

)
, (15)
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Figure 1. Flowchart for judging Neimark-Sacker bifurcation.

where

W1 =µz1 − ωz2 + f̄
(1)
11 z

2
1 + f̄

(1)
12 z1z2

+ o(|z1|+ |z2|)4,

W2 =ωz1 + µz2 + f̄
(2)
11 z

2
1 + f̄

(2)
12 z1z2

+ f̄
(2)
111z

3
1 + f̄

(2)
112z

2
1z2 + o(|z1|+ |z2|)4,

in which,

f̄
(1)
11 =f

(1)
2 f

(1)
11 + f

(1)
12 (µ− f (1)1 ), f̄

(1)
12 = −ωf (1)12 ,

f̄
(2)
11 =

1

ω
[f

(1)
12 (µ− f (1)1 )2 − f (2)11 (f

(1)
2 )2

+ f
(1)
11 f

(1)
2 (µ− f (1)1 )− f (2)12 f

(1)
2 (µ− f (1)1 )],

f̄
(2)
112 =f

(2)
112(f

(1)
2 )2, f̄

(2)
12 = −f (1)12 (µ− f (1)1 ) + f

(2)
12 f

(1)
2 ,

f̄
(2)
111 =− 1

ω
[f

(2)
111(f

(1)
2 )3 + f

(2)
112(f

(1)
2 )2(µ− f (1)1 )],

f̄
(1)
22 = · ·· = f̄

(2)
222 = 0. (16)

If the following discriminatory quantity is not zero,
then, by using [15, 16], the map (2) will occur
Neimark-Sacker bifurcation.

ρ = { − Re[
(1− 2λ)λ̄2

1− λ
ζ11ζ20]

− 1

2
|ζ11|2 − |ζ02|2 + Re(λ̄ζ21)}|δ∗=0, (17)
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Figure 2. The positive fixed point X0 = (1, 0.5, 1) of (18) is asymptotically stable when δ = 1.3 < δ1 = 4
3 .

Figure 3. The Neimark-Sacker bifurcation occurs and bifurcating periodic orbit from positive fixed point X0 = (1, 0.5, 1)
of (18) when δ = 1.357 > δ1 = 4

3 . 43
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Figure 4. Maximum Lyapunov exponents corresponding of (18).

Figure 5. Chaotic behaviors of (18) with δ = 2.9.
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in which,

ζ11 =
1

4
[i(f̄

(2)
11 + f̄

(2)
22 ) + f̄

(1)
11 + f̄

(1)
22 ],

ζ20 =
1

8
[i(f̄

(2)
11 − f̄

(2)
22 − 2f̄

(1)
12 ) + f̄

(1)
11 − f̄

(1)
22 + 2f̄

(2)
12 ],

ζ02 =
1

8
[i(f̄

(2)
11 − f̄

(2)
22 + 2f̄

(1)
12 ) + f̄

(1)
11 − f̄

(1)
22 − 2f̄

(2)
12 ],

ζ21 =
1

16
[i(f̄

(2)
111 + f̄

(2)
122 − f̄

(1)
112 − f̄

(1)
222) + f̄

(1)
111 + f̄

(1)
122

+ f̄
(2)
112 + f̄

(2)
222].

From [15], one gets the following Theorem 3.1.

Theorem 3.1. Let β > bd, r[1 − d
k(β−bd) ] > [qc +

q
√
c2 + 4pm(β − bd)/d]/2p, if l = d|λ|

dδ∗ |δ∗=0 = −Q1

2 >

0, (d2), Q
2
1

Q2
6= 2, 3 hold and ρ 6= 0, then, at the fixed

pointX0 and δ varies in a small-neighborhood of δ1, the
discrete-time singular predator-prey system (2) occurs
Neimark-Sacker bifurcation. And if ρ < 0 (resp., ρ >
0), then an invariant closed curve which is attracting
(ρ < 0) or repelling (ρ > 0) bifurcates from fixed point
for δ > δ1 or δ < δ1, respectively.

Remark 2. For convenience, we give the flowchart
of the procedure for determining the occurrence
of Neimark-Sacker bifurcation for the discrete-time
singular predator-prey system (2) , which is displayed
in the Figure 1.

4 Simulation results
Now, for discrete-time singular predator-prey system
(2), let r = p = 2, k = 4, α1 = β = b = q = c = m =
1, d = 1

2 , that is
x→ x+ δx[2(1− x

4 )− y − E],
y → y + δy(−1

2 + x
1+x),

0 = 2E2x− Ex− 1.

(18)

From above discussion, we show the stability of the
positive fixed point and Neimark-Sacker bifurcation.
The only positive fixed point of system (18) is X0 =
(1, 0.5, 1) and the bifurcation value δ1 = 4

3 , β =

1 > bd = 1
2 , r[1 −

d
k(β−bd) ] = 3

2 > [qc +

q
√
c2 + 4pm(β − bd)/d]/2p = 1, Q1 = −1

6 , Q2 =
1
8 ,

Q2
1

Q2
= 2

9 and ρ = −0.3328 < 0. So, from the Theorem
3.1, when δ = 1.3 < δ1 = 4

3 , one knows that X0

of (18) is local asymptotical stable, and when δ =
1.357 > δ1 = 4

3 , an attracting invariant closed curve
occurs that is , respectively, displayed in Figures 2
and 3. With increasing the step δ, system (18) will

show that the complicated dynamical behaviors. The
maximum Lyapunov exponents of (18) is showed in
Figure 4, which confirms the existence of the chaos.
Based on Figure 4, if we choose δ = 2.9, we get that the
system (18) becomes a chaotic one that is illustrated
by Figure 5. Here, we choose x(0) = 0.95, y(0) =
0.47, E(0) = 0.95 are the initial values.

5 Conclusions
Here, a kind of discrete-time singular predator-prey
system was investigated. Let the step size δ be the
bifurcation parameter, some results on stability and
Neimark-Sacker bifurcationwere derived. The analysis
process of this paper provides us with a theoretical
basis for studying more reasonable discrete-time
singular predator-prey system, such as with non-linear
harvesting [12, 13], which will be further discussed in
our future works.
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