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Abstract

This study elucidates the ramifications of
integrating a spatial fractional-order derivative
into a diffusive mussel-algae model. While
the formation in such models of patterns such
as Turing instability, Hopf bifurcation, and
Turing-Hopf bifurcation has been extensively
scrutinized in prior investigations, the impact of
spatial fractional-order derivatives remains largely
unknown. Beyond its ecological significance, the
fractional diffusion operator is of interest because
it elicits novel and nontrivial pattern formations,
particularly those emerging from Turing-Hopf
bifurcations. Our core objective is to dissect how
spatial fractional-order derivatives modulate the
spatiotemporal dynamics of a system’s solutions. To
characterize this degenerate bifurcation within an
anomalous diffusion framework, we employ weakly
nonlinear analysis to derive the corresponding
amplitude equations at the Turing-Hopf bifurcation
threshold.  Furthermore, a systematic analysis
of these amplitude equations under appropriate
parametric conditions reveals a rich repertoire of
spatiotemporal dynamical behaviors.
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1 Introduction

Building on Turing’s foundational seminal work [1],
substantial theoretical advancements have been
attained in the investigation of diffusive systems,
with particular emphasis on reaction-diffusion
paradigms.  Turing revealed that diffusion can
initiate a fundamental mechanism underlying
spatial pattern formation [2—4], a phenomenon that
continues to galvanize extensive scholarly inquiry
across diverse disciplinary domains, as corroborated
by seminal contributions [5-7]. Moreover, the
exploration of the Hopf bifurcation [10, 15, 16], Turing
bifurcation [8, 9, 11-13], and stability properties of
steady-state configurations remain a major focus of
contemporary research.

A notable recent advancement lies in the
characterization of the Turing-Hopf bifurcation,
which is a codimension-two bifurcation. = This
dynamical phenomenon emerges within specific
reaction-diffusion frameworks and is delineated by
the onset of spatiotemporal periodic oscillations
arising from the concurrent initiation of Hopf and
Turing bifurcations. The analytical investigation of
this pivotal dynamical regime constitutes a topic of
substantial scholarly interest [14-16], with empirical
support for spatially self-organized pattern formation
in mussel bed ecosystems further motivating this line
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of inquiry [17].

This study employs the mussel-algae model as a
paradigmatic framework. The model, whose ecological
structure was established in the foundational works
on intertidal mussel bed dynamics [21, 23], takes
the following form as adapted by Rovinsky and
Menzinger [18] to incorporate Turing-Hopf interaction
mechanisms:

’8M(t,x) B dkM(t,x)
5 =ecM(t,x)A(t,x) — m
— DAM(t, z),
P20) — (0 — Alt,2) p— A 2)M (1)
- VV,A(t, x).

(1)

This formulation reveals the intrinsic pattern-forming
processes in which the algae function as the primary
nutritional resource for mussels. Song et al. [19]
subsequently refined the model by introducing a
constant advection term for the algae to emulate the

environmental conditions in intertidal flat ecosystems.

Subsequent scholarly endeavors have extensively
investigated the regulatory factors governing the
propagation dynamics of mussel-algae bed systems;
for example, the effects of reduced food concentration
were studied by Song et al. [20]. Mathematically,
this ecological interaction is distinguished by its
dynamical intricacy, manifesting phenomena from
wave pattern generation [21] to nonlinear pattern
stability under stochastic perturbations [22], with
additional illustrative cases documented in [19, 22, 23].

A 2020 investigation by Djilali et al. [27] considered
the following temporal-fractional variant of the
mussel-algae model:

( (95M(t, JI) dkM(t, l’)
o M S N
‘f‘dlsz(tvx)?
DAt x) ¢
T (awp — A(t,z)) p — EA@v z)M(t, )
L + dQVQA(t7x)'

(2)

Here, M(t,z) and A(t, x) represent the mussel and
algal densities, respectively. Parameter e denotes
the conversion efficiency of algal biomass to mussel
biomass, ¢ signifies the algal consumption rate by
mussels, d is the maximum per capita mussel mortality
rate, k represents the mussel saturation constant, a.,
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defines the uniform algae concentration in the upper
sea stratum, and p quantifies the reciprocal exchange
rate between sea strata. Finally, d; and dy are the
spatial diffusion coefficients for mussels and algae,
respectively.

Like the prior work cited above, this study is
inherently limited by its adherence to conventional
diffusion formulations. Nevertheless, its analysis
of Turing-Hopf bifurcations within the theoretical
framework of classical reaction-diffusion systems
using the mussel-algae diffusion model yields the
first theoretical demonstration of higher-codimension
bifurcations in systems incorporating fractional
temporal derivatives, as corroborated by numerical
simulations.

Conventional Fickian diffusion is typified by a
mean-squared displacement that scales linearly
with time as (z2(t)) « t. However, a growing body
of empirical and theoretical evidence [25, 26] has
revealed that diffusion is frequently anomalous
over extended temporal scales. In anomalous
diffusion, the displacement follows (22(t)) oc t5,
where ¢ is the diffusion exponent. Exponents
within the ranges 0 < £ < 1, { =1,1 < § < 2,
and £ = 2 correspond respectively to subdiffusion,
normal diffusion, Lévy superdiffusion, and ballistic
diffusion [24, 27]. Such anomalous diffusion processes
are widely observed in natural systems [28-30], and
differential equations incorporating fractional orders
are increasingly recognized as more accurate
mathematical representations of anomalous
diffusion and complex system dynamics [31].
For example, studies [32, 33, 39] indicate that
animal movement observed at larger spatial or
temporal scales aligns with Lévy walk models.
Consequently, the corresponding biological models
should be described using anomalously diffusive
systems. In recent years, interest in predator-prey
systems that exhibit superdiffusion has grown. For
instance, Cheng and Yuan [34] investigated the
spreading properties in a prey-predator system
where diffusion was modeled using a fractional
Laplacian operator, whereas Bendahmane et al. [35]
introduced fractional-in-space operators into a
Lotka-Volterra competitive model to characterize
population superdiffusion and analyze its influence
on pattern formation, presenting the associated Turing
patterns. Prior studies on fractional reaction-diffusion
systems have further highlighted the importance of
nonlocal diffusion and memory effects in pattern
formation [36-38]. These works demonstrate that
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stability criteria and bifurcation mechanisms in
fractional activator-inhibitor and Brusselator-type
systems share structural analogies with those in
ecological reaction-diffusion models, motivating
the incorporation of fractional operators into the
present mussel-algae framework. This body of work
strongly motivates the incorporation of anomalous
diffusion mechanisms into reaction-diffusion system
analysis. Therefore, omitting the fractional operator
would amount to assuming normal diffusion, which
contradicts field observations of Lévy-flight-like
movement inthese ecosystems.

Consequently, this study extends system (2) to
a two-dimensional spatial domain, investigating
the following superdiffusive mussel-algae system
incorporating spatial fractional-order derivatives:

OM (z,y,t) dkM . )
MTf—BC]\[A k+M+d1V A[, (l,y)EQ,
(‘t’y"):((LUP—A)P—}%A]W—F(ZQVHA, (z,y) € At >0,
M(z,y,t) = A(z,y.t) = 0, (z,y) €R2\Q, t>0,
M(z,y,0) = Mo >0, A(z,y,0)=A40>0, (z,y)€Q,
(3)

where V? (1 < 6 < 2) denotes a spatial fractional

operator, (z,y) € 2 (a bounded open domain in R?).

The anomalous diffusion operator V is defined via
the Riesz fractional derivative [30, 31]:

_0'M M
~Ol=|? " olyl?

L (Dt M D)
2 cos(m6/2) oo ortoo

1

~ 2cos(m0/2)

viMm

<RLD9_OO,yM + RLDZ_;_OOM) ;

The constituent Riemann-Liouville derivatives are
defined as:

Dl M= 82/36
RLZ—00x™ = (22 0) 022

ot /_+°°< )M (s, 0)d
TT2-0)o2), 7 5,508,

(JJ - 8)179M(57 Y, t)d87

RLD] 4o
where I'(-) is the Gamma function. The definitions for

r.D? o, M and g, DY . . M follow analogously.

2 Turing-Hopf bifurcation analysis

In this section, we analyze the existence of the
Turing-Hopf bifurcation. To reduce the number
of parameters, we employ the following variable
transformation:

- . A
j:xwag:ywat:dtvM:?aA:77

Qyp

and introduce the dimensionless quantities:

_oh
ok’

a—%
Tdn

_eClyy
=
Upon omitting tildes for notational simplicity, system
(3) transforms into

oM M

— _ 0
o = PMA = VI W
oA
S = (1= A)ma — aAM + da VO A.

As established in [27], the system admits the following
homogeneous steady-states

(i) The semi-trivial steady state (0, 1), corresponding
to mussel extinction, which exists unconditionally.
(ii) The interior homogeneous steady state E* =
(M*, A*) representing species coexistence, where

m(B —1)
1—mpB"’

1—mpg
Bl —m)’

whose existence requires satisfaction of either
condition

M* = A =

(Al):%<6<1.
(AQ);1<5<%.

To investigate the stability properties of the interior
equilibrium (M*, A*), a coordinate transformation is
applied to shift this steady state to the origin:

o= (i) - ()

For notational simplicity, we retain M (t) and A(¢) to
denote the transformed variables. The system (4) is
consequently reformulated as

Uy =Jy (Aj) - (g%ﬁi) +DVU,  (5)

where the diffusion matrix D and Jacobian J; are
defined as:

(dy 0
p=(5 a);

o (BA*(l—BA*> Ve
)=

> A <j11
—a(m + M) J21

with the nonlinear components given by

—aA*

j12>
Jo2 )’

f(M,A) = (BA*)*M? + BMA — (BA*)'M? + - -,
g(M,A) = —aMA+ .-
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The corresponding linearized system takes the form
veM M
(S ()

To examine the linear stability of (M*, A*), we consider
solutions of the form:

<Aj> = (2) exp( Mt + ik - z).

The characteristic equation for (6) generates a sequence
of quadratic equations

oM
ot
0A
ot

(6)

(7)

AL =N —-TAN+D, =0, VkeN,, (8)

where the trace 7}, and determinant Dy, are given by
Ty = BA*(1 = BA™) — a(m + M) — (dy + da)K’,
(9)
Dy = apA*(BA* —1)(m+ M*) + aBA*M*
— [doBA*(1 — BA®) — dya(m + M*)] kP

+ dydok?®. (10)

Under condition (A;), it readily follows that 7}, < 0
and Dy, > 0. This implies that both roots of equation
(8) possess negative real parts. Consequently, for any
a, the positive equilibrium point E* is asymptotically
stable. For the subsequent analysis, we assume the
validity of condition (A3).

A bifurcation is classified as Turing-Hopf type
when the following conditions are simultaneously
satisfied [40]:

I. There exists a nonnegative integer k such that Ay, =0
admits a pair of purely imaginary roots.

II. There exists a distinct positive integer n # k such
that A,, = 0 possesses a simple zero root.

III. No other roots of the characteristic equation (8)
have zero real parts.

IV. The transversality condition is fulfilled.

Theorem 1. Let E* be the positive equilibrium of
system (4). Taking « as the bifurcation parameter,
we define the maximum wavenumber

Konax = Max {k e Ny ‘ BA*(1 — BA™) — dik® > o}

_ WA*(IJ 6A*>>” 9J .
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Then, in the (a, d2) parameter plane, the bifurcation
phenomena of system (4) near E* are described as
follows:

(1).Hopf bifurcation

For each integer k£ with 0 < k < kpax, there exists a
Hopf bifurcation curve

Lk : do = dag(a, k)

m+ M* BA*(1 — BA*) — diK°
E— o+ 10
where o] = pAT(1 = SAY) = dik”

k BM*A*

(o, d2) crosses Ly transversely, system (4) undergoes
a Hopf bifurcation at E*, giving rise to spatially
nonhomogeneous periodic solutions.
(2).Turing bifurcation

For each integer k£ with 1 < k < kpax, there exists a
Turing bifurcation curve

, o < ag,

. As the parameter

Ly : o= ar(ds, k)
[BA*(1 — BA*KY — d1k*)] dy

T BA*(BA* — 1)(m + M*) + BM*A* + (m + M*)d k0

When the parameter (a, d2) crosses Ly, transversely
and T}, # 0, system (4) undergoes a Turing bifurcation
at £*, leading to the formation of spatial patterns.
(3).Turing-Hopf bifurcation

Define the slope function of the curve Ly, as

_ BA*(1—BA*)K? —d k27
T BA*(BA*—1)(m+M*)+BM* A*+(m+M*)d1k?’

S(k) 1<k < Kmax,

and let k¢ € [1,kmnax] be the wavenumber that
maximizes S(k). Then, the Hopf bifurcation curve
Lo and the Turing bifurcation curve L. intersect
transversely at the parameter point

(d3,a7) = (dar (0", 0), ar(dy, k%)) -

When (o, d2) = (a*,d}), system (4) undergoes a
Turing-Hopf bifurcation at £*, where Hopf instability
and Turing instability occur simultaneously.

Proof: A Hopf bifurcation occurs if and only if 7}, = 0
and Dj, > 0. Solving T}, = 0 from (9) and (10) gives
the Hopf curve (11), and solving Dy, = 0 yields the
Turing curve (12). Where

m+ M*  BA (1 — BA*) — dik?
E— a-+ 10

dz :dQH(Oé,k‘) = 5
(11)
while Dy, = 0 corresponds to
dy = dQT(Oz, k)
BA*(BA* — 1) (m + M*) + BM*A* + (m + M*)d k*
- BA(1 — BAKD — d k20 @

(12)
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The intersection of the lines do = daoy(a, k) and dy =
dor(a, k), obtained from (11) and (12), yields
o BA*(1 — BA*) — dyk°

(13)

Solving equation (11) for a provides the expression

o = ofg (dg,k)
;0 BA*(1 — BA*) — dik?
= - d2+ )
m+ M* m—+ M*

k= 172a"'7kmaxv
where
kenax = Max {k € No | BA*(1 — BA*) — dik® > 0} .

For a fixed wavenumber k € [0, kmax, if o < o and
dy = dap (e, k), then equation (8) possesses a purely
imaginary root pair tiw (w = /Dy > 0). To verify
the transversality condition for the Hopf bifurcation,
we treat « as the bifurcation parameter and denote the
root of Eq. (8) by A(«). Eq. (8) with respect to « yields

SULS (SR

1 (14)

do do

Evaluating at the Hopf threshold o = a7 (d2, k) where
T, = 0 and A = +iw, we obtain
dRe (o)
da

M*
)

’ (15)

a=ay(da,k)

Based on equations (11), (12), and (15), we define
lines in the a-dy parameter plane:

Lk :dQZdQH(O(,k), Oé<0é*, k=1,2,..., kmax-

(16)

Along each line Ly, system (4) undergoes a Hopf
bifurcation near the equilibrium E*, giving rise to
spatially inhomogeneous solutions.

The line Lo (k = 0) corresponds to the case without
diffusion. The stability conditions for the equilibrium
E* in the absence of diffusion are

_ml=—mp)(-1) amf(m—1)
h=""a—mr " 1-mp "
p, = eml=—mAE-1)

1-m

Consequently, the equilibrium (M*, A*) remains stable
BA*(1—pA")

— but becomes unstable when
m~+M

provided o >

BA*(1-BA")

< m-+M*

We now investigate the Turing bifurcation. To
analyze this instability, equations (11) and (12) are
reformulated as:

a:aH(dg,k)
K d+ﬁA*(1—ﬂA*)—d1k9 (17)
T mt+ Mr P m + M* ’

and

a = ar (da, k)

- [ﬂA*(l—ﬁA*)ke—dlk’Qe} ds
~ BA*(BA* —1)(m + M*) + BM*A* + (m + M*)d(lke)'
18

In the a-dy parameter plane, the curve defined by D;, =
0 constitutes the Turing bifurcation curve, denoted Ly,
fork =1,2,..., knax. Considering a as the bifurcation
parameter and letting \(«) represent the root of Eq.
(8), we obtain:

dRe \(«)
da

_ BA*(BA* —1)(m+M*)+BM* A* —(m+M*)d1 k° £0

Ty
(19)
verifying that system (4) undergoes a Turing
bifurcation near equilibrium (A*, A*) along L.

a=ar(dz,k

For wavenumbers k € [0, kpax], the relations —(m +
M*) < 0, _BA*(l;ﬁA}\;Zfd:lke < 6A;(i}[3:4*)/ and Eq.
(18) imply that all Hopf bifurcation lines L, (1 <
k < kmax) lie below Lpo. The slope of the Turing

bifurcation line L7y, is given by:

. BA*(1—LA* kO —d1 k20
T BA*(BA*—1)(m+M*)+BM* A*+(m+M*)d1 kO

S(k)
This slope exhibits distinct behavior:

_ | (para=pan\1/
>07 1§k§kmax— (%) ’

KBA*(LBA*))WJ
4 )

(20)
where [-] denotes the floor function. When &k > kyax,
the Turing bifurcation curve L7y, does not intersect the
Hopf bifurcation curve Lpo. Consequently, system
(4) does not undergo a Turing-Hopf bifurcation and
remains stable along Lyo. We therefore restrict our
analysis to 1 < k < kpax.

S(k) =

<0, k>kpax=

Define the auxiliary function:

_ BA*(1-BA*)n—din?
- ﬂA*(ﬁA*—1)(m+M*)+BM*A*+(m+M*)C(l1")'
21

F(n)
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This function satisfies 7'(n) > 0 forn < nand F'(n) <
0 for n > n, with critical point:

pa*
Cdi(m+ M¥)
— /M (BA(m+ M) —m)).

n =

((BA*(m + M*) —m)

The critical wavenumber k¢ is then determined as:

ool S ey < s
(A0 +1, S([a]) <8 (|a] +1).
For k¢ €

(22)
the Hopf bifurcation curve Ly intersects the Turing
bifurcation curve L. transversely at (d5, o*), thereby

partitioning the stability region in the parameter plane.

Remark 1. Under the parameter configuration 3 =
2.5, m = 0.3, and d; = 0.15, the critical wavenumber
is computed as k¢ = kpax = 1, with corresponding

bifurcation values Lo = 0.1093 and S(k) = 0.1672.

The intersection of the Hopf bifurcation curve £ and
Turing bifurcation curve L7 occurs at the critical point
(a*,d3) = (0.1093,0.6535). In proximity to the positive
equilibrium (1.1538,0.2133), system (4) undergoes a
Turing-Hopf bifurcation, as illustrated in Figure 1.

Figure 1 illustration of the parameter plane,
divided into four distinct regions: R; (stable),
Ry (Turing instability), Rs (Hopf instability), and R4
(simultaneous Turing-Hopf instability).

3 Weakly nonlinear analysis

For theoretical analysis, periodic boundary conditions
are first imposed on a finite domain; the limit of
an infinite system size is subsequently considered
to render boundary effects negligible, yielding the
standard amplitude equations. As established in
the preceding section, this approach yields the
Turing-Hopf bifurcation point. We now derive the
amplitude equations at this bifurcation point using
weakly nonlinear analysis. Furthermore, our analysis
reveals an interaction between a Turing mode 7" (k¢, 0),
characterized by wavenumber k¢, and a homogeneous
Hopf mode H (0, w,), characterized by frequency w..
Consequently, the solution to Eq. (6) is expanded as:

U=cUW 4200 1 3uB) ... (23)

Z [Z; exp (ik; - ) + Bexp (iwct)] + c.c.,
J
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[1, kmax], the wavenumber maximizing S(k),

with c.c. denoting the complex conjugate term (used
consistently hereafter).

Introduce the slow time scale T, = £2t and expand the
variables M, A, and the bifurcation parameters o and
do as:

(1) =<C) =) w2 ()
dy = d + d?e?, (24)

a=a* +a@e

Treating the Turing mode amplitudes Z; and the
Hopf mode amplitude B as slowly varying quantities
implies:

07 _ 407
= O
B = an TOE) 25)
9B _ 52—8B +0 (53)
ot 0Ty

Substituting expansion (24) into system (6) and
collecting terms of order gl = 1,2,3) yields the
following hierarchy of equations:

oe: () () -0
o) 1() () =~ (12)

0
T,

owr 1) () (2) -~ (2)-

where the linearized system (6) is denoted by

{ ’f") +eN]U
0
Z)A* —a(z)(m+M*) de)v0 )
9) <BA* (1—-pBA") — dik? BM*
—a* A* —a*(m+ M*) —
((BA*M2 + BMy Ay
<952> a ( —aMi A )’
2(BA*) M1 Ay + ﬁ(MlAz + MrAq)
) —((AT)M

a(MiAs + M2A1)

The linear operator L. satisfies the eigenvalue
equations:

Lo (k)¢ =0, Lc(0)n = iwen,

f53)
Ge3 ’

d;‘ke) ’
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Hopf and Turing Bifurcation Lines

0.4
oast| ol .

: — L, (k=1)
03+ @ (d,, o) ]
0.25 .
¢ 02tR1 R2 -
0.15 L (d;=0,6885, a'=0.1093) |
01 F -
0.05 -R3 R4

0 1 1 1
0 0.5 1 1.5 2
d2

Figure 1. Bifurcation diagram of system (4) in the dz-o plane for k¢ = 1.

with eigenvectors given by

¢ L
(= ( 1) _ (d1k9+,BA*(,8A*1)>7
G2 1
BM*
)= (m) _ (iwcwm(ﬁm—l))
2 1

The first-order solution is assumed to be

3
M, X\ ik BM\ . .
— iki-x We . 2
<A1> ;:1(5/})6] —i—(BA e +c.c., (26)

1,2,3. This implies the

where \k:j|0 = k®for j =
correspondence:

X; BM
e (5) o - (51) -
J Y] J BA

Guided by the structure of the nonlinearities, the
second-order solution U®) is postulated to contain

specific resonant modes

My\ (Mo | o M;-) by (ij) k]
(i) =) 2 [C0)e+ ()
MH 12wt M"j i(kn—Fkj)x
+ (AH>€ + Z <.A " e

n#j>0 N7

+ (MTH> eilkjatwet) 4 ¢ o

Arnr (27)

Substituting (27) into the O (£?) equation,

<5A*(1 — BAY) + dlv0> My + BM* Ay = — f.2,

— o A* My + (—a*(m + M) + d2V9> Ay = —g.2,

and equating coefficients for each mode type results
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in the expressions
Mo = Mor + Mo, Mor = Er1rAor,
Aor = Eor |W; 7, Mon = ErgAon,

Aor = Earr[H|?, M; = qVj,

Mz = E5A;;2, Ajj = E4VVj2,
A1y = EsW1 W, My = B Ap,
Ap = EsH?, Mrg = EyArg,

Arg = El()WjB, ./\/ljj = Eg.Ajj.

The coefficients E; are defined by:

brji2 — ara*jo /o

Evr = ; —
! aratjar /o —brjn
B brji2 —aga®jaa/a
1\H = — —,
aga*jor /o —bpjn
ar
For=——F7——,
T JuEar + ji2
afg
Eypy=———7—7—,
2 JutEie + 12
E3 = agr(a*jos /e — d3(2[k[)?) — barjrz
bor(j11 — d1(2|k|)?) — asra*jor/a’
B = ast
(j11 — (2|k])?) E5 + j12”
_ agr(a*ja/a — di(V3IK])’) — bsrjio
bsr(j11 — d1(V/3]k|)?) — asrajor /o’
Eg = — asr
(j11 — (V3IE|)?) Es + j12’
B = barrji2 — aaa™ oo/
asga*jor/a — bagjin’
asH
Eg=——rn—"—,
JutEie + J12
By — asr (e jag /o — d5|k|%) — bsrjiz
b (jun — dilk|?) — asratjor /o
a
Fio = — 5T

(j11 — |k|?)Eg + j12’

ar = 2(BA)|Q)* + B(GL+ Q)
br = —a(G1 + C1),

am = 2(BA*) |m* + B(m + ),
bg = —a(m + ),
asr = (BA*)*(} + BG1,

bor = —adi,
asr = ar,
bsr = br,
asg = asr,
by = bor,

asr = 2(BA*)* Qi + B(CL + M),
bsr = —a(C + 7).
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To solve the O (¢?) equation, the Fredholm solubility
condition requires the right-hand side vector to be
orthogonal to the null eigenvector of the adjoint
operator L. The null eigenvector associated with the
Turing bifurcation is (g) e~ %' where

* r 1
¢ = <Ci> = <d1k9,BA*(1BA*)>a
CQ 7&*14*

and for the Hopf bifurcation, it is (Zi) e~ et where
2

e (m 1
T’Q CM*A*

L! denotes the adjoint of L., (k?) for Turing modes and
of L.(0) for Hopf modes.

The orthogonality conditions for the O (%) equation

are: M
(G G)e™ [LC<A§>} -

—iw, M.
(nf m5)e Ct'[LC<A§)] -

Applying these conditions yields the amplitude
equation for the Turing mode W;:

8W1

aTQ =uWi +v (VQWg + Vg,WQ)

+ (& (WA + & (IWal” + W))W
+ €é|B|2W17
with coefficients defined as
T :Clgik + CQCék?
i =C¢aP o fa+ G (Ga@)jzz/a + CSdgg)kejm/Oé) :
v=C (2a1(} + a2G1G + 2a363)
+ ¢ (2b1GF + b2C1 G + 2b3(3)
& = (BrrEor + EsEy) [(f (20161 + a2(2)
+(5 (2611 + ba(2)]
+ (Ear + Ey) [(7 (a2C1 + 2a3(2)
4¢3 (boly + 2b380)] + 3aqC3,
& = (EvrEor + EsEy) [(f (201G + a2(2)
+¢5 (2b1C1 + baCa)] + (Ear + Eg) [(1 (a2 + 2a3(2)
+¢5 (baly + 2b3C0)] + 6a4C3,
&5 =[2¢7 (a1¢1 + asCa) 4 285 (011 + b3C2)] v Eopy
+ [¢Taz (G + C2) + (b2 (G + C2)] Ban
+6 (Clas+ Cba) G Im [,

and a; = (BA*)%,a2 = B,a3 = 0,as = —(BA*) by =
0,bp = —a,b3 = 0,by = 0. Equations for W5 and
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W3 are obtained analogously by cyclic permutation Expressed in terms of BM and Z JM , this becomes
of indices.

. . .y . M
Relating the amplitudes back to the original variables 9B —oBM 4 & |BM ‘2 BM
using (27) and (26), ot
y v (|20 124 + |20 [) B
Z; = (ZJA> - <gl) (eW; + €V, + 0 (%)),
Y 2 with coefficients
(5:) = ()
B4 2 ’ o G (o — a*) jor/
YA oW - T ’
i _ .3 j 4 P
at = £ C18T2+O(5)) .]_172737 601:%7
oBM . 0B 4 T
5 —677187,112—1—0(6)7 502:5’&.
T3

and substituting into the amplitude equation for Wy
gives the evolution for Z{/:

Thus, the complete coupled set of amplitude equations

0z} —nZM 4 hZVZV 4 (g | zM ’2 governing the interaction between one Hopf mode and
g three Turing modes with mutually orthogonal wave
+ & (]Zé”]z + ‘Z?f‘/[‘Q))ZV + & ‘BMIZ ZM . vectors is obtained:
. oBM M M2 pM
The coefficients are rescaled as o = oBY +{n|BY|°B
_ v & & _ & +&2 (12017 + 125" + 125" ") BY
h_?cl’ 51 0 23 52 o 2a 53_7_0772> aZM 7
(0= )i 1 o = nzl! + WZJT 2+ (|2 + e (123
oot HAYP)) 2 + 6l BV P2,
J22 | xp0(d2 —d5)jao 0z
+¢2 (42() +C2k€(a2)>] /7o a? = pZ + hZMZM - (¢1| 201
+6 (12071 +125"1)) 2" + &I BY 2y
Similarly, the amplitude equation for the Hopf mode ~ 9zM o
— ZMZM M2
H is derived o pZz' +hz" z3" + (61123
M2 M M M2 ;M
OH . (o). +6 (1212 + 123" %)) 23" + &|BY P Z5".
TﬁiTg :C17720¢(2)]21/04H + 5(/)1 |7'”2 H (28)

+ & (IWLP + [Waf? + W) 2

The amplitude equations (28) describing the coupled
dynamics of the Hopf mode and the three orthogonal
=Gt + G, Turing modes are now established. To determine
Lt (an \E-E S 9uaF) E the resultant spatiotemporal patterns, the subsequent
So1 = 1 (21 + axiip) By B + (a2 + 2a57) B analysis will focus on identifying the equilibrium
+3a4|m \2771] points of these amplitude equations and assessing their
+ 03 [(2b171 + baijz) ErEs + (baijy + 2bsipp) Es stability.
+3ba|mi [*m]
02 = 11 [(2a1C1 + a2(2) EgEro + (a21 + 2a3(2) Ero
2
+6aa| Gy [ ] ¢ = |BM| and phase angles ¢;, Aw. Substituting

+ 15 [(201G1 + b2C2) EoEro + (baCy + 2b3C2) Eao ZJM = pjexp (ip;) and BM = Bexp(iAwt) into Eq.
+6b4|C1|*m1] - (28) and isolating real and imaginary components

where

In Equation (28), each complex amplitude can be

expressed in polar form with moduli p; =
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yields:
dp _ ., pirs+ i+ 3es ;
ot p1P2P3 ’
8511 = pp1 + hpzps cosp
+ (107 + &205 + E3p3) p1 + &3IB [ p1,
% = pp2 + hpipzcosyp
+ (€103 + &apT + E303) p2 + &3|B|p2,
Ip

673 = pp3 + hpipz cosp

+ (€103 + &2p3 + E303) p3 + &3|B|p3,
5p = 0B +Re&o|BI*B + Re oo (o1 + p3 + p3) B,
Aw = Tm &p1 B2 + Im &oo (p% + p3 + pg) ,

0B

(29)

where ¢ = Z?=1 ;. Analysis of system (28) reveals
that stationary states require the phase to stabilize at
¢ = 0or ¢ = m. Given non-negative moduli p; >
0(i = 1,2,3), the solution ¢ = 0 is stable for » > 0,
whereas ¢ = 7 is stable for A < 0.

Pattern formation necessitates phase stability, leading
to the reduced amplitude equations:

Ip1
et h
5 = MLt |h|p2ps3
+ (€197 + &p3 + &303) p1 + E3|B 71,
Ip2
iC h
5p = Hp2 T |h|p1p3
+ (&3 + E2pT + &303) pa + &3] B[P pa, (30)
965 _ 1ps + [hlp1p
8t 3 1P2
+ (€103 + &203 + E3p%) p3 + &31DB)ps,
OB
5 =B+ Re &o1|B|*B

+Reloz (pf + 03 + p3) B.

Theorem 2. Consider the reduced amplitude
equations (30) derived from the weakly nonlinear
analysis of the superdiffusive mussel-algae system (4)
at the Turing-Hopf bifurcation point. The system (4)
admits two typical classes of pattern solutions in the
neighborhood of the Turing-Hopf bifurcation point,
and their existence and asymptotic stability conditions
are given as follows:

1. Spatiotemporal periodic pattern Let p2 = p3 = 0,
the spatiotemporal periodic pattern of system (4) has
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the moduli of the amplitudes satisfying:

_ o3 — pRe o1
PL=\ & Re oy — &3 Re gy’

’%‘ _ /‘LR‘eg[)Q - 510-
§&1Re&or — &3 Repo

The spatiotemporal periodic pattern exists if and only
if the non-negativity conditions of the moduli hold:
ofs — uReo1 20, pReoz — &0 > 0.

The pattern is asymptotically stable when the
denominator of the modulus expressions satisfies:

&1Re&o1 — & Re&pr > 0.

2. Hexagonal pattern Let p; = p2 = p3 = p (spatial
symmetry of hexagonal pattern), the hexagonal
pattern of system (4) has the moduli of the amplitudes
satisfying:

£3 Re & o
iy fin (e g -s i) (- 2t )

P o
2(&1+262 355502 ) ’
‘%|2 _ o+ 3Re§02p2 )
Re&o1

The hexagonal pattern exists and is asymptotically
stable if and only if the following conditions are
simultaneously satisfied:

2Re £01|B|? + 3|h|p + 6 (€1 + 2&) p* < 0,

&3 Re o2
26y —3——"">0
£1+ 52 Re§01 > )
Re o2 0&3
W% > 4 o¢, — g Recor -
IR > <£1+ 7 Retn )\ Retor )
2
o+ 3Re&pap >0
Re o1

Proof. The proof is based on the stationary state
condition of the reduced amplitude equations (30):
for a pattern solution to be observable in the system,
the time derivatives of the amplitude moduli must

vanish at the steady state, i.e., % = % = % =
%—? = 0. We verify the two pattern solutions separately

by substituting the symmetry conditions into Eq. (30)
and solving the resulting algebraic system.
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1) Proof for spatiotemporal periodic pattern (pa = p3 = 0)
Substitute the symmetry condition ps = p3 = 0 into
the reduced amplitude equations (30), the system is
simplified to a two-variable algebraic system for p; and
B:

0= pp1 + (&197) p1 + &IBp1, (30-1)

0 = 0B + Re &o1/B)?B + Re &nap?B. (30-2)

Since the pattern solution is non-trivial (p; # 0,8 #
0), we can divide both sides of Eq. (30-1) by p; and
Eq. (30-2) by B, yielding the non-trivial steady state
equations:

ot +&[B1* =0, (1-1)

o + Re&01|B[* + Re o2p] = 0. (1-2)

Treat Eqs. (1-1) and (1-2) as a linear system with
respect to p? and |B|?. We write it in matrix form:

<§1 §3><P%>_<—M>
Re&pz Reéoi) \|B|? =

Solve this linear system using Cramer’s rule. The
determinant of the coefficient matrix is:

A =& Re&o1 — &3 Repo.

For a unique real solution to exist, A # 0. Calculating
the cofactors and solving for p? and |B|*:

o _ 1 |=p & | _ o0& —pReln
PL= Al-¢ Reén A ’
|%|2 _ i &1 —H| _ pReo2 — &0

A |[Re&p —0 A '

Since p1 = +/p? and |B| = +/|B[2 are moduli of
complex amplitudes (non-negative real numbers),
their radicands must be non-negative, which gives the
existence conditions:

063 —pnRe&o1 >0, pRe&pa —&o > 0.

For asymptotic stability, the denominator A > 0 (a
necessary condition for the steady state to be a stable
node in the amplitude modulus phase plane), which
completes the proof for the spatiotemporal periodic
pattern.

2) Proof for hexagonal pattern (p1 = pa = p3 = p)

The hexagonal pattern is a spatially symmetric pattern
with p1 = p2 = p3 = p, which is a direct consequence
of the three mutually orthogonal Turing modes in the
2D spatial domain. Substitute p; = p2 = p3 = p into
the reduced amplitude equations (30), the system is
simplified by spatial symmetry:

0= pp+ |hlp* + (&10° + 2620°) p + &|B[?p, (30-3)
0= 0B + Reo1|B*B + Re o - 3p°B.  (30-4)

Again, the pattern is non-trivial (p # 0,8 # 0), so
divide Eq. 30-3 by p and Eq. (30-4) by 5:

pot bl + (& +26)0" + &BP =0, (21
o + Re&1|B|? + 3Re&pap® = 0. (2-2)
First, solve Eq. (2-2) for |B]?> (algebraic
rearrangement):
|%|2 _ o+ 3Re§02p2'
Re&n

This is the expression for |B|? in the theorem, and

the non-negativity of the modulus gives the condition

o+3Re £p2p?
Re o1 > 0.

Substitute the above expression for |B|? into Eq. (2-1):

o + 3Re gap? B

0.
Re &o1

p+ |hlp+ (&1 +2&)p° + &5 -

Combine like terms for p? and rearrange the equation
into a quadratic equation in p:

R
(51 + 26 — 3§3€§02> P+ |hlp+ <M - Rf{“:):n) =0

Re o1
(2-3)
Let A = & +26 — 353552 B = |h|, C = p — 22,

then Eq. (2-3) is Ap? + Bp + C = 0. For a positive
real solution of p (modulus is positive), the quadratic
equation must satisfy: 1. Discriminant A = B? —
4AC > 0 (two distinct real roots), i.e.,

2 §3 Re o2
A" >4 <51 + 28 — 37Re§01 ) <,u

a3

_Re€01>;

2. Coefficient A > 0 (ensures the positive root via
Vieta’s formulas, since B = |h| > 0,AC < 0 from
A >0).
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Using the quadratic formula to solve for the positive
real root of p:

—B+VB2—4AC ||+ /W —4AC
p: =
2A 2A

(the negative root is discarded because p > 0).

Finally, the asymptotic stability condition 2 Re £o; |B |+
3lhlp + 6 (&1 + 2&) p? < 0is derived from the linear
stability analysis of the steady state (p,|B|): we
linearize the reduced amplitude equations (30) around
the steady state, compute the Jacobian matrix of
the linearized system, and require all eigenvalues to
have negative real parts (a necessary and sufficient
condition for asymptotic stability). This yields the
aforementioned inequality, which completes the proof
for the hexagonal pattern. O

Remark 2. When B = 0, system (28) simplifies to the
scenario of Turing instability (or Turing bifurcation)
in system (4), as comprehensively analyzed in [41].
Conversely, under the condition p; = p2 = p3 =
0, system (28) reduces to the Hopf bifurcation case
of system (4). In these two limiting scenarios,
the respective bifurcations induce either spatially
nonhomogeneous patterns or temporally periodic
solutions. However, during a Turing-Hopf bifurcation
, spatiotemporally nonhomogeneous dynamics may
emerge, exhibiting complex spatiotemporal patterns.

Remark 3. Weakly nonlinear analysis is a perturbative
method valid in a small neighborhood of the
bifurcation point, where the amplitudes of unstable
modes are small. It expands the solution in powers
of a small parameter ¢ and yields universal amplitude
equations that govern pattern selection and stability
near onset. Its strength is analytical tractability
and predictive power for codimension-one/two
bifurcations. Strongly nonlinear analysis, by contrast,
applies far from the bifurcation threshold where
amplitudes are no longer small and perturbation
expansions diverge. It typically requires global
bifurcation theory, numerical continuation, or direct
simulation, and generally does not yield closed-form
normal forms. In this paper, weakly nonlinear
analysis is the appropriate tool because we aim to
classify the universal spatiotemporal patterns (stripes,
hexagons, mixed modes) in the immediate vicinity of
the Turing-Hopf point.

4 Numerical simulations

This section provides numerical simulations to validate
and extend the analytical results established in Sections
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Time Series

Population
[}

0 100 200 300 400 500 600 700 800 900 1000
Time

(a)

Phase Portrait

0.7

(b)

Figure 2. For system (4) with (d; = d2 =0),and a > o*,
time series and phase portrait show E* is asymptotically
stable.

2 and 3. Adopting spatial and temporal discretizations
Az = 1 and At = 0.005 respectively, we implement
the parameter set 8 = 2.5, m = 0.3, d; = 0.15, where
a and ds serve as bifurcation parameters. As derived
in Section 3, system (4) possesses a unique interior
equilibrium E* = (1.1538,0.2133). Initially examining
the non-diffusive case, the positive equilibrium E*
exhibits asymptotic stability when o = 0.115 >
o under initial conditions (M, Ap) = (0.1,0.1).
Conversely, when o = 0.105 < a*, a stable limit cycle
emerges via bifurcation from the unstable equilibrium
E* withidentical initial data. The corresponding phase
portraits are detailed in Figures 2 and 3.

Subsequently, we explore dynamical patterns proximal
to the Turing-Hopf bifurcation point. Parameterized
with 8 = 2.5, m = 0.3, d; = 0.15, and ¢ = 500, with
initial values (M, Ag) chosen as (M* + 0.001(cos(x) +
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Time Series

Population

200 300 400 500 900 1000

Time

(a)

Phase Portrait

600 700 800

0.7

(b)

Figure 3. For system (4) with (d; = d2 =0), and a < a*,
time series and phase portrait show that a stable limit cycle
bifurcates from E*.

cos(y)), A* + 0.001(cos(z) + cos(y))), where o and
dy constitute variable bifurcation parameters, the
bifurcation point is readily verified as (d},a*) =
(0.6538,0.1093).

When selecting parameters at criticality (do = d3,
a = «F) or within its neighborhood, these values
satisfy the existence conditions for spatiotemporally
periodic solutions. These solutions manifest as either
stripe patterns or hybrid stripe-spot configurations, as
visualized in Figures 4 and 5. Numerical evidence
further indicates that reducing the fractional order
exponent # induces a morphological transition from
stripes to composite stripe-spot patterns, accompanied
by the emergence of secondary bifurcations.

When selecting parameter values (dz, o) = (0.1, 0.05)
within region R3, solutions exhibiting hexagonal-like

e -
|y ——

I

b e

(a) =2 ()0 =15 ()6 =11

Figure 4. Under critical parameter conditions d> = d5 and
a = a*, the emergent mussel density patterns (M) are
presented in panels (a), (b), and (c) for§ = 2,1.5,and 1.1

respectively.
(a) =2 (b)yo=15 (c)p=11

Figure 5. Under critical parameter conditions dy = d5 and
o = a*, the emergent algae density patterns (A) are
presented in panels (a), (b), and (c) for 8 = 2,1.5,and 1.1
respectively.

patterns emerge. Numerical simulations reveal that
pattern morphologies remain qualitatively similar
under decreasing fractional order 6, as documented in
Figures 6 and 7.

WEsgs

(a) 0 =2 (b) 6 =15 ()0 =11

Figure 6. When ds = 0.1 < dj and a = 0.05 < o, the
emergent mussel density patterns (M) are presented in
panels (a), (b), and (c) for § = 2, 1.5, and 1.1 respectively.

0=2 (b)d =15 (c)f=1.1

Flgure 7.When d; = 0.1 < d and o = 0.05 < a*, the
emergent algae density patterns (A) are presented in
panels (a), (b), and (c) for § = 2, 1.5, and 1.1 respectively.

For the parameter configuration (dz,a) = (3,0.05)
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situated within region R4 at a significant distance from
the critical bifurcation point (d;, o*) these values fulfill
the existence criteria for spatiotemporally periodic
solutions.  Numerical simulations reveal that a
gradual decrement in the fractional order ¢ precipitates
a morphological transition, wherein labyrinthine
patterns undergo a progressive transformation toward
spot patterns.  This evolutionary dynamics of
pattern formation is empirically validated through the
comparative analysis of Figures 8 and 9.

(a) =2 (b) =15 () =11

Figure 8. When ds = 3 > dj and a = 0.05 < a*, the
emergent mussel density patterns (M) are presented in
panels (a), (b), and (c) for § = 2, 1.5, and 1.1 respectively.

(b) =15 )6 =1.1

Figure 9. When ds = 3 > dj and a = 0.05 < o, the
emergent algae density patterns (A) are presented in
panels (a), (b), and (c) for 6 = 2, 1.5, and 1.1 respectively.

(a8 =2

These results demonstrate that ¢ is not merely a
mathematical parameter but an ecological control
factor: as 6 decreases, the superdiffusive Lévy jumps
become more prominent, flattening spatial gradients
and triggering transitions from regular stripes to
disordered spot patterns.

5 Conclusions

This study investigated the impact of superdiffusion
on Turing-Hopf bifurcations within a mussel-algae
model. We established sufficient conditions that
rigorously guarantee the existence of Turing-Hopf
bifurcations, and employed a weakly nonlinear
analysis to derive the corresponding amplitude
equations in the vicinity of the bifurcation point
of system (4). Because Turing-Hopf bifurcations
are codimension-two, the dimensionless parameter
a and diffusion coefficient dy serve as the designated
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bifurcation parameters. These amplitude equations
govern the underlying pattern-selection mechanisms,
facilitating the classification of spatiotemporal patterns
and the analysis of stability. Our main findings reveal
that the fractional exponent 6 plays a decisive role in
pattern morphology: numerical simulations confirm
that as 0 decreases from 2 toward 1.1, the system
undergoes transitions from regular stripes to mixed
stripe-spot patterns and eventually to labyrinthine
or spot-like patterns, which are unattainable in
classical integer-order diffusion models. To our
knowledge, this is the first analytical derivation
of coupled Turing-Hopf amplitude equations for a
spatially fractional reaction-diffusion system; existing
studies on fractional reaction-diffusion have addressed
either temporal fractional derivatives [27] or spatial
fractional Turing instability without Hopf coupling [36,
38, 41], but not the full Turing-Hopf codimension-two
scenario under spatial fractional diffusion. The
stability criteria for both spatiotemporal periodic and
hexagonal patterns are also explicitly established.

Looking ahead, several directions merit further
investigation. It would be worthwhile to extend
the present framework to models with both
temporal and spatial fractional derivatives, to
explore higher-codimension bifurcations in enlarged
parameter spaces, and to generalize the methodology
to multi-species food-web models. Additionally,
titting the fractional exponent 6 against empirical
mussel-bed imagery would help bridge the gap
between theoretical pattern predictions and ecological
field observations.
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