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Abstract
This paper develops a third-order fully implicit
adaptive variable step-size superclass block
backward differentiation formula (VSBBDF3)
for the efficient numerical simulation of nonlinear
stiff dynamical systems, including oscillatory,
chaotic, and reaction-kinetics systems governed
by ordinary differential equations. The method
extends the classical block BDF framework through
a structured superclass coefficient formulation
while preserving full implicitness. By computing
multiple solution approximations simultaneously
within each block, the scheme enhances both
stability and computational efficiency. An adaptive
step-size strategy controls local truncation errors,
enabling dynamic response to rapidly varying
stiff behavior. Rigorous theoretical analysis
establishes consistency, zero-stability, convergence,
and A-stability, confirming their reliability for
stiff problems. Nonlinear systems from the
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implicit formulation are efficiently handled using
Newton-type iteration. Extensive numerical
experiments on stiff linear, oscillatory, and
nonlinear problems demonstrate that the proposed
method consistently achieves higher accuracy
with competitive computational cost compared
to existing methods, including NBDF, VSBBDF,
and MATLAB ODE solvers. The results further
show that combining block formulation, superclass
structure, and adaptive step-size control provides a
more effective accuracy-efficiency balance. Overall,
the VSBBDF3 method offers a robust, accurate, and
efficient framework for the numerical simulation of
nonlinear stiff dynamical systems, well suited for
scientific and engineering applications in dynamics,
control, and bifurcation analysis.

Keywords: nonlinear dynamical systems, variable step
size, superclass, block backward differentiation formula,
convergence.

1 Introduction
The numerical treatment of ordinary differential
equations (ODEs) governing nonlinear dynamical
systems is a central problem in scientific computation,
with wide-ranging applications in fields such
as physics, engineering, chemistry, biology, and
economics. Although many real-world models
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can be described using nonstiff systems—for
which classical explicit solvers perform well [1]—a
significant number of practical phenomena are
stiff, meaning they involve processes operating on
widely different time scales. Such stiffness commonly
occurs in areas including chemical reaction kinetics,
electrical circuit simulation, climate dynamics, and
control engineering. A key challenge posed by stiff
systems is that explicit numerical schemes often
demand extremely small step sizes to preserve
stability, which in turn results in high computational
expense and reduced efficiency [2, 3]. Nonlinear
dynamical systems governed by differential equations
frequently arise in many scientific and engineering
disciplines, where their numerical trajectories must be
accurately reproduced over extended time intervals.
However, nonlinear stiffness often introduces multiple
time scales and creates significant challenges for
conventional integration techniques. Therefore,
developing stable and efficient numerical schemes
for nonlinear stiff dynamical systems remains an
important problem in computational dynamics.

Implicit numerical schemes, especially backward
differentiation formulas (BDFs), are well known for
their effectiveness in solving stiff differential equations
because of their strong stability characteristics.
Standard BDF methods are multistep techniques
that estimate derivatives through backward finite
differences, producing stability regions that cover
substantial parts of the left half of the complex
plane. Despite these advantages, conventional BDF
approaches advance the solution step-by-step in
time, which reduces their suitability for parallel
computation and can restrict efficiency when dealing
with large-scale problems or when highly accurate
solutions are needed [4–6].

To address these limitations, block methods
have been proposed, in which the solution is
approximated simultaneously at several points
within an integration block. Block methods can
leverage modern computational architectures and
reduce overall function evaluations by exploiting
intra-block structure. Among these, block backward
differentiation formulas (BBDFs), block extended
backward differentiation formulas (BEBDFs),
and superclass of block extended backward
differentiation formulas (SBEBDFs) compute a
block of solution values in a single update, thereby
improving efficiency and providing a framework that
naturally accommodates implicitness and stability
requirements [7, 8]. Despite the advantages of block

formulations, there remains a need for systematic
generalization and refinement of these methods to
achieve higher accuracy and better stability for both
stiff and oscillatory problems.

In the context of block methods, the superclass
approach introduces a parameterized framework that
generalizes a family of block formulas. Block
formulations such as continuous block BDF
have demonstrated the flexibility of coefficient
parameterization for improved accuracy [9], while
foundational stability theory for linear multistep
methods—particularly the barrier on A-stable
methods—constrains the design space of any such
scheme [10]. Superclass block formulas exploit
this design space by allowing control over method
coefficients to produce schemes with enhanced
stability properties and reduced truncation error
constants. Although several superclass block methods
have been proposed in the literature, most existing
formulations are restricted to fixed time steps or do
not fully exploit the potential of variable step-size
strategies [11].

Variable step-size methods are crucial for efficiently
handling problems with varying solution behaviors,
such as transient layers followed by slow dynamics.
A robust variable step-size algorithm adapts the
step length based on local error estimates or
stability requirements, ensuring both accuracy and
computational efficiency. However, combining
variable step-size control with block and superclass
formulations poses significant theoretical and
practical challenges, including preservation of stability
properties such as A-stability and zero-stability under
step-size variation [12–14].

Although several numerical methods exist for
solving stiff ODEs, many classical schemes such as
BDF methods are sequential and computationally
inefficient, while existing block and superclass
methods are often limited to fixed step sizes or do
not fully integrate adaptive control with high-order
implicit formulations. The gap in the literature is the
absence of a third order fully implicit, variable step-size
superclass block method that simultaneously ensures
high accuracy, strong stability, and computational
efficiency within a unified framework. To address
this, this study proposes a novel Third Order Fully
Implicit Variable Step-Size Superclass Block Backward
Differentiation Formula (VSBBDF3), which uniquely
combines superclass parameterization, block implicit
formulation, and adaptive step-size control in a single
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scheme for stiff ODEs.

The primary objective of this study is to formulate and
analyze VSBBDF3, a new implicit block integration
scheme that integrates the strengths of superclass
formulations, block structure, and variable step-size
control. The proposed method is designed to deliver
high accuracy (third-order global convergence), strong
stability characteristics suitable for stiff ODEs, and
computational efficiency.

2 Formulation of the Method
Definition 1. The third order fully implicit variable
step size super class of block backward differentiation
formula (VSBBDF3) method is defined as:
3∑

k=0

σk,i,rvn+k−1 = hΨj,i,r(fn+j−ρfn+j−1), j = i = 1, 2.

(1)

Definition 2. The Linear operator αi associated with
the VSBBDF3 is defined by:

αi[v(un), h] := σ0,ivn−1 + σ1,ivn + σ2,ivn+1 + σ3,ivn+2

− hΨk,i,r(v
′
n+j − ρv′n+j−1) = 0, j = i = 1, 2.

(2)

The derivation of the method is presented in two cases.
Case 1 corresponds to the derivation of the first point,
for which j = i = 1, while Case 2 addresses the
derivation of the second point.

2.1 Derivation of the First Point (Case 1): j = i = 1

To derive the first point vn+1, we define the associated
linear operator as:

α1[v(un), h] : = σ0,1v(un − rh) + σ1,1v(un)

+ σ2,1v(un + h) + σ3,1v(un + 2h)

− hΨ1,1(v
′(un + h)− ρv′(un)) = 0,

(3)

Expanding equation (3) in a Taylor series around un
and grouping terms of the same order results in the
following expression:

φ0,1v(un) + φ1,1hv
′(un) + φ2,1h

2v′′(un)

+ φ3,1h
3v′′′(un) + · · · = 0,

(4)

where,

φ0,1 = σ0,1 + σ1,1 + σ2,1 + σ3,1 = 0

φ1,1 = −rσ0,1 + σ2,1 + 2σ3,1 −Ψ1,1(1− ρ) = 0

φ2,1 =
1

2
r2σ0,1 +

1

2
σ2,1 + 2σ3,1 −Ψ1,1 = 0

φ3,1 = −1

6
r3σ0,1 +

1

6
σ2,1 +

4

3
σ3,1 −

1

2
Ψ1,1 = 0 (5)

In the derivation of the first point vn+1, the coefficient
σ2,1 is normalized to unity. Solving the resulting
system of simultaneous equations in (5) using Maple
18 yields the coefficients σj,i and Ψj,i as follows. The
coefficients for the first point are summarized in Table 1.
Substituting these values in equation (3), we obtain

Table 1. Coefficient of the first point.

Coefficient Expression

σ0,1 − 2ρ+ 1

2r2ρ+ 4rρ− r − 2

σ1,1 −1
2

3r2ρ− r2 + rρ− 2r − 2ρ− 1

r(2rρ− 1)

σ2,1 1

σ3,1 −1
2

r2ρ+ r2 + rρ+ 2r + 1

2r2ρ+ 4rρ− r − 2

Ψ1,1 − r + 1

2rρ− 1

vn+1 =
2ρ+ 1

(2r2ρ+ 4rρ− r − 2)
vn−1

+
1

2

3r2ρ− r2 + rρ− 2r − 2ρ− 1

r(2rρ− 1)
vn

+
1

2

r2ρ+ r2 + rρ+ 2r + 1

2r2ρ+ 4rρ− r − 2
vn+2

− r + 1

2rρ− 1
hfn+1 +

r + 1

2rρ− 1
hfn.

(6)

2.2 Derivation of the Second Point (Case 2): j = i =
2

To obtain the second point vn+2, the corresponding
linear operator is defined as follows:

α2[v(un), h] = σ0,2v(un − rh) + σ1,2v(un) + σ2,2v(un + h)

+ σ3,2v(un + 2h)− hΨ2,2(v
′(un + 2h)

− ρv′(un + h)) = 0,
(7)

Expanding equation (7) as a Taylor series about un
and collecting the like terms gives

φ0,2v(un) + φ1,2hv
′(un) + φ2,2h

2v′′(un)

+ φ3,2h
3v′′′(un) + · · · = 0,

(8)

145



Journal of Nonlinear Dynamics and Applications

where,

φ0,2 = σ0,2 + σ1,2 + σ2,2 + σ3,2 = 0

φ1,2 = −rσ0,2 + σ2,2 + 2σ3,2 −Ψ2,2(1− ρ) = 0

φ2,2 =
1

2
r2σ0,2 +

1

2
σ2,2 + 2σ3,2 −Ψ2,2(2− ρ) = 0

φ3,2 = −1

6
r3σ0,2 +

1

6
σ2,2 +

4

3
σ3,2 −

1

2
Ψ2,2

(
2− 1

2
ρ

)
= 0

(9)

In the derivation of the second point vn+2, the
coefficient σ3,2 is normalized to unity. Solving the
system of simultaneous equations in (9) yields the
coefficients σj,i and Ψj,i as follows. The coefficients for
the second point are given in Table 2.

Table 2. Coefficient of the second point.

Coefficient Expression

σ0,2
2(ρ+ 2)

r(rρ− 3r + ρ− 8)(r + 1)

σ1,2
r2ρ+ r2 + 3rρ+ 4r + 2ρ+ 4

−r(rρ− 3r + ρ− 8)(r + 1)

σ2,2
2(2r2 + rρ+ 8r + 2ρ+ 8)

(rρ− 3r + ρ− 8)(r + 1)

σ3,2 1

Ψ2,2 − 2(r + 2)

rρ− 3r + ρ− 8

By inserting these values into equation (7), the
resulting formulation is obtained:

vn+2 = − 2(ρ+ 2)

r(rρ− 3r + ρ− 8)(r + 1)
vn−1

+
r2ρ+ r2 + 3rρ+ 4r + 2ρ+ 4

r(rρ− 3r + ρ− 8)
vn

− 2(2r2 + rρ+ 8r + 2ρ+ 8)

(rρ− 3r + ρ− 8)(r + 1)
vn+1

− 2(r + 2)

rρ− 3r + ρ− 8
hfn+2

+
2(r + 2)

rρ− 3r + ρ− 8
ρhfn+1.

(10)

Hence, combining equations (6) and (10) leads to the
derivation of the VSBBDF3 scheme, which is given as

follows:

vn+1 =
2ρ+ 1

(2r2ρ+ 4rρ− r − 2)
vn−1

+
1

2

3r2ρ− r2 + rρ− 2r − 2ρ− 1

r(2rρ− 1)
vn

+
1

2

r2ρ+ r2 + rρ+ 2r + 1

2r2ρ+ 4rρ− r − 2
vn+2

− r + 1

2rρ− 1
hfn+1

+
r + 1

2rρ− 1
ρhfn,

vn+2 = − 2(ρ+ 2)

r(rρ− 3r + ρ− 8)(r + 1)
vn−1

+
r2ρ+ r2 + 3rρ+ 4r + 2ρ+ 4

r(rρ− 3r + ρ− 8)
vn

− 2(2r2 + rρ+ 8r + 2ρ+ 8)

(rρ− 3r + ρ− 8)(r + 1)
vn+1

− 2(r + 2)

rρ− 3r + ρ− 8
hfn+2

+
2(r + 2)

rρ− 3r + ρ− 8
ρhfn+1.

(11)
The selection of the superclass parameter ρ is essential
to the stability and efficiency of the proposed method.
In this study, the value ρ = −3

4 is adopted based
on established results in the literature, where it has
been shown to produce stable and accurate numerical
solutions for stiff differential systems [15–17].

This choice lies within the admissible interval (−1, 1),
ensuring that the method retains important properties
such as zero-stability and A-stability. As a result,
it provides a suitable balance between stability and
accuracy while remaining consistent with existing
methods.

With ρ = −3
4 fixed, varying the step-size ratio r in

equation (11) leads to different forms of the third-order
fully implicit variable step-size superclass of block
backward differentiation formulas. The corresponding
schemes for r = 1, r = 2 and r = 5

8 are presented in
equations (12)-(14), respectively:

For r = 1:

vn+1 =
1

15
vn−1 +

11

10
vn −

1

6
vn+2 +

4

5
hfn+1 +

3

5
hfn

vn+2 =
1

10
vn−1 −

9

25
vn +

63

50
vn+1 +

12

25
hfn+2 +

9

25
hfn+1

(12)

For r = 2:

vn+1 =
1

64
vn−1 +

9

8
vn −

9

64
vn+2 +

3

4
hfn+1 +

9

16
hfn

vn+2 =
1

39
vn−1 −

14

65
vn +

232

195
vn+1 +

32

65
hfn+2 +

24

65
hfn+1

(13)
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For r = 5
8 :

vn+1 =
512

3255
vn−1 +

637

620
vn −

481

2604
vn+2 +

26

31
hfn+1 +

39

62
hfn

vn+2 =
1024

4615
vn−1 −

189

355
vn +

6048

4615
vn+1 +

168

355
hfn+2 +

126

355
hfn+1

(14)

The implementation of the method adopts a
predictor-corrector framework. In particular, the
corrector is executed in PECE mode, whereby the
next solution value is predicted, evaluated, corrected,
and subsequently re-evaluated to improve the overall
accuracy of the method.

3 Order of the Method
In this section, we determine the order of the methods
given by (12), (13), and (14). To begin, we focus on the
formula in (12), which can alternatively be expressed
in the following form:

For r = 1:

− 1

15
vn−1 −

11

10
vn + vn+1 +

1

6
vn+2 =

4

5
hfn+1 +

3

5
hfn

− 1

10
vn−1 +

9

25
vn −

63

50
vn+1 + vn+2 =

12

25
hfn+2 +

9

25
hfn+1

(15)

The corresponding matrix representation of equation
(15) can be written as follows:[

− 1
15 −11

10
− 1

10
9
25

] [
vn−1
vn

]
+

[
1 1

6
−63

50 1

] [
vn+1

vn+2

]
=

h

[
0 3

5
0 0

] [
fn−1
fn

]
+ h

[
4
5 0
9
25

12
25

] [
fn+1

fn+2

] (16)

The general matrix representation of equation (16) is
given by:

1∑
k=0

γ∗kVm+k−1 = h
1∑

k=0

Γ∗kFm+k−1 (17)

where γ∗0 , γ∗1 ,Γ∗0,Γ∗1 are 2× 2 square matrices defined
by:

γ∗0 =

[
− 1

15 −11
10

− 1
10

9
25

]
, γ∗1 =

[
1 1

6
−63

50 1

]
,

Γ∗0 =

[
0 3

5
0 0

]
, Γ∗1 =

[
4
5 0
9
25

12
25

]
.

and Vm−1, Vm, Fm−1 and Fm are column vectors
defined by:

Vm−1 =

[
vn−1
vn

]
, Vm =

[
vn+1

vn+2

]
,

Fm−1 =

[
fn−1
fn

]
, Fm =

[
fn+1

fn+2

]
.

Let γ∗0 , γ∗1 ,Γ∗0,Γ∗1 be block matrices defined by:

γ∗0 =
[
γ0 γ1

]
, γ∗1 =

[
γ2 γ3

]
,

Γ∗0 =
[
Γ0 Γ1

]
, Γ∗1 =

[
Γ2 Γ3

]
.

where,

γ0 =

[
− 1

15
− 1

10

]
, γ1 =

[
−11

10
9
25

]
, γ2 =

[
1
−63

50

]
, γ3 =

[
1
6
1

]
,

Γ0 =

[
0
0

]
, Γ1 =

[
3
5
0

]
, Γ2 =

[
4
5
9
25

]
, Γ3 =

[
0
12
25

]
.

Definition 3. The order of the block method (12) and
its associated linear difference operator given by

α[v(u);h] =
3∑

k=0

[γkv(u+ kh)− hΓkv
′(u+ kh)]. (18)

is the unique integer p such that the difference operator
(18) and the associated method (12) is considered of
order p if δ0 = δ1 = δ2 = . . . = δp = 0 and δp+1 6=
0 [18–20].
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where,

δ0 =
3∑

k=0

γk = γ0 + γ1 + γ2 + γ3

=

− 1

15

− 1

10

+

−11

10
9

25

+

 1

−63

50

+

1

6
1

 =

[
0

0

]
.

δ1 =
3∑

k=0

(kγk − Γk)

=
(
(0)γ0 + (1)γ1 + (2)γ2 + (3)γ3

)
− (Γ0 + Γ1 + Γ2 + Γ3)

=

[
0

0

]
,

δ2 =

3∑
k=0

(
1

2!
k2γk −

1

1!
kΓk

)
=

1

2!

(
(0)2γ0 + (1)2γ1 + (2)2γ2 + (3)2γ3

)
− 1

1!

(
(0)Γ0 + (1)Γ1 + (2)Γ2 + (3)Γ3

)
=

[
0

0

]
,

δ3 =

3∑
k=0

(
1

3!
k3γk −

1

2!
k2Γk

)
=

1

3!

(
(0)3γ0 + (1)3γ1 + (2)3γ2 + (3)3γ3

)
− 1

2!

(
(0)2Γ0 + (1)2Γ1 + (2)2Γ2 + (3)2Γ3

)
=

[
0

0

]
,

δ4 =
3∑

k=0

(
1

4!
k4γk −

1

3!
k3Γk

)
=

1

4!

(
(0)4γ0 + (1)4γ1 + (2)4γ2 + (3)4γ3

)
− 1

3!

(
(0)3Γ0 + (1)3Γ1 + (2)3Γ2 + (3)3Γ3

)
=

[
1
60
− 3

100

]
.

Therefore, the method (12) is of order 3, with error
constant

δ4 =

[
1
60

− 3
100

]
6=

[
0

0

]
.

Applying the same procedure to methods (13) and

(14), it can be shown that both are of order three, with
their respective error constants given as follows:

δ4 =

[
− 9

78
− 17

153

]
6=
[
0
0

]
and δ4 =

[
−76

94
− 93

267

]
6=
[
0
0

]
.

4 Stability Analysis of the Method
This section investigates the stability characteristics
of methods (12)-(14), with particular emphasis
on zero-stability and A-stability. The analysis
is carried out by examining the roots of the
associated characteristic (stability) polynomial and
their positions relative to the unit circle in the complex
plane. For each method, the stability region is derived
using the standard linear test equation v′ = λv, where
λ is a complex parameter satisfying <(λ) < 0. The
procedure is first demonstrated for formula (12), after
which the same approach is extended to formulas (13)
and (14). Substituting the test equation v′ = λv, with
<(λ) < 0, into formula (12) yields:

vn+1 =
1

15
vn−1 +

11

10
vn −

1

6
vn+2 +

4

5
hλvn+1 +

3

5
hλvn,

vn+2 =
1

10
vn−1 −

9

25
vn +

63

50
vn+1 +

12

25
hλvn+2 +

9

25
hλvn+1.

(19)

By rearranging the expression and grouping like terms
in (19), we obtain:

vn+1 −
4

5
hλvn+1 +

1

6
vn+2 =

1

15
vn−1 +

11

10
vn +

3

5
hλvn

−63

50
vn+1 −

9

25
hλvn+1 + vn+2 −

12

25
hλvn+2 =

1

10
vn−1 −

9

25
vn

(20)

These equations can be expressed in matrix form as
follows:[ (

1− 4
5λh

)
1
6(

−63
50 −

9
25λh

) (
1− 12

25λh
)] [vn+1

vn+2

]
=[

1
15

(
11
10 + 3

5λh
)

1
10 − 9

25

] [
vn−1
vn

]
.

(21)

Let H = λh in equation (21). This leads to[ (
1− 4

5H
)

1
6(

−63
50 −

9
25H

) (
1− 12

25H
)] [vn+1

vn+2

]
=[

1
15

(
11
10 + 3

5H
)

1
10 − 9

25

] [
vn−1
vn

]
.

(22)

Definition 4. Ifm is the number of block and y is the
number of points in the block, then n = my. Here
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s = 2 and n = 2m. By [21], we let

Vm =

[
vn+1

vn+2

]
=

[
v2m+1

v2m+2

]
,

Vm−1 =

[
vn−1
vn

]
=

[
v2m−1
v2m

]
=

[
v2(m−1)−1
v2(m−1)+2

]
.

Equation (22) can be rewritten in the following form:

AVm = BVm−1. (23)

where,

A =

[ (
1− 4

5H
)

1
6(

−63
50 −

9
25H

) (
1− 12

25H
)] ,

B =

[
1
15

(
11
10 + 3

5H
)

1
10 − 9

25

]
.

(1)

The stability polynomial β1(τ,H) of the method which
is the combination of first and second characteristic
polynomial is obtained by evaluating the determinant
of (Aτ −B) to obtain:

β(τ,H) = det(Aτ −B)

=

∣∣∣∣[ (
1− 4

5H
)

1
6(

−63
50 −

9
25H

) (
1− 12

25H
)] τ − [ 1

15
11
10 + 3

5H
1
10 − 9

25

]∣∣∣∣
=

121

100
τ2 − 61

50
τ2H − 269

250
τ +

48

125
τ2H2

− 176

125
τH − 67

500
− 27

125
τH2 − 3

50
H.

(24)

The absolute stability region of the method (24) is
determined by plotting the graph of

β1(τ,H) = 0, (25)

β1(τ,H) =
121

100
τ2 − 61

50
τ2H − 269

250
τ +

48

125
τ2H2

− 176

125
τH − 67

500
− 27

125
τH2 − 3

50
H = 0.

(26)

To establish the zero-stability of method (12), we
set H = 0 in equation (26), which yields the first
characteristic equation as follows:

121

100
τ2 − 269

250
τ − 67

500
= 0. (27)

Solving equation (27) with respect to τ , the roots are
obtained as follows:

τ = 1, τ = −0.110744.

Definition 5 (Root Condition). A first characteristics
polynomial of a LMM is said to satisfy the root
condition if all its roots lie within or on the unit circle,
with those on the boundary being simple. In other
words, the method is said to satisfy the root condition
if all the roots τi of the polynomial satisfy |τi| ≤ 1,
i = 1, 2, . . . , k, and any root with modulus |τi| = 1 is
simple (i.e., has multiplicity one) [22].

Definition 6 (Zero-Stability). A LMM is said to be
zero-stable if its first characteristic polynomial satisfies
the root condition. That is, the numerical solution
remains bounded as the step size h→ 0, ensuring that
small perturbations in the initial data do not lead to
unbounded growth in the solution. In other words, a
LMM is zero-stable if no root of the first characteristic
polynomial lies outside the unit circle, and any root on
the unit circle is simple (i.e., has multiplicity one) [4,
5].

Definition 7 (A-stability). A LMM is said to be
A-stable if the stability region covers the entire left
half side of the complex plane [23].

Thus, in line with Definition 6, the computed values of
τ show that method (12) is zero-stable, since all roots
lie within or on the unit circle and the root τ = 1 is
simple. Adopting a similar procedure for the value of
r = 2, the stability polynomial is obtained as:

β2(τ,H) =
600

520
τ2 − 619

520
τ2H − 2361

2080
τ +

24

65
τ2H2

− 161

130
τH − 67

2080
− 27

130
τH2 − 3

208
H = 0.

(28)

For zero stability, we set H = 0 in equation (28) to
obtain the first characteristics polynomial as

600

520
τ2 − 2361

2080
τ − 67

2080
= 0. (29)

Solving equation (29) for τ gives the following values:

τ = 1, τ = −0.0275947282.

Thus, by the definition of zero-stability, the method
(13) is zero stable.

Similarly, the same procedure is used for r = 5
8 , the
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stability polynomial of (14) is obtained:

β 5
8
(τ,H) =

13669

11005
τ2 − 27433

22010
τ2H − 51193

55025
τ

+
4368

11005
τ2H2 − 171799

110050
τH − 17152

550025

− 2457

11005
τH2 − 1536

11005
H = 0.

(30)

For zero stability, we set H = 0 in equation (30) to
obtain the first characteristics polynomial as

13669

11005
τ2 − 51193

55025
τ − 17152

550025
= 0. (31)

Solving equation (31) for τ gives the following values:

τ = 1, τ = −0.2509620309.

Thus, by the definition of zero-stability, the method
(14) is zero stable.

The boundary of the stability region of the methods
(12), (13) and (14) are determined by substituting τ =
eiθ into equations (26), (28) and (30). The graphs of
the stability region for the methods (12), (13) and (14)
using Maple 18 software are given as follows. Figure 1
illustrates the stability region of method (12) when
r = 1.

Figure 1. Stability region of the VSBBDF3 when r = 1.

Therefore, the stability region corresponds to the area
outside the circular boundary, indicating that the
method is A-stable, as the region encompasses the
entire left half of the complex plane. Subsequently,

the stability regions for methods (13) and (14) are
presented in Figures 2 and 3, respectively. Figure 2
shows the stability region of method (13) when r = 2.

Figure 2. Stability region of the VSBBDF3 when r = 2.

Similarly, the stability region lies outside the circular
boundary, indicating that the method is A-stable, as it
encompasses the entire left half of the complex plane.
The stability region for method (14) with r = 5

8 is
displayed in Figure 3.

Figure 3. Stability region of the VSBBDF3 when r = 5
8 .

Analysis shows that the region of absolute stability
for method (14) lies outside the circular boundary,
indicating that it is A-stable, as the stability region
encompasses the entire left half of the complex
plane. A-stability is a crucial requirement for the
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reliable numerical solution of stiff IVPs. Since
methods (12), (13), and (14) satisfy both zero-stability
and A-stability criteria, they are well-suited for the
numerical integration of stiff IVPs. The consistency
and convergence properties of these methods are
examined in the subsequent section.

5 Convergence of the Method
Convergence is a fundamental requirement for any
acceptable linear multistep method (LMM). In this
section, the convergence of the proposed methods is
established using the classical Dahlquist Equivalence
Theorem [4], which states that consistency and
zero-stability are necessary and sufficient conditions
for convergence.

Consistency determines the order and magnitude of
the local truncation error, while zero-stability governs
how errors are propagated during the numerical
integration process. A linear multistep method is
regarded as convergent if the numerical solution it
generates approaches the exact solution as the step
size h→ 0.

Thus, any method that fails to satisfy both consistency
and zero-stability is non-convergent and must be
discarded, as it is not suitable for the reliable numerical
solution of differential equations.

Definition 8 (Consistency). A LMM is said to be
consistent if it has order at least one. Equivalently,
a LMM is consistent if the following conditions are
satisfied [24]:

i.
j∑

k=0

γk = 0,

ii.
j∑

k=0

kγk =

j∑
k=0

Γk.

Theorem 1 (Dahlquist Equivalence Theorem). The
necessary and sufficient conditions for a linear
multi-step method (LMM) to be convergent are that it
is consistent and zero stable [19, 25, 26].

Theorem 2. The third-order fully implicit variable
step size super class of block backward differentiation
formula (VSBBDF3) converges.

Proof. To show that the VSBBDF3 method converges,
it is enough to show that the method is consistent and
zero stable. We begin by showing that the method is
consistent.

From what was established in the preceding section,
we deduced that the order of themethod is threewhich
is greater than one. Let γ0, γ1, γ2, γ3,Γ0,Γ1,Γ2 and Γ3

be as previously defined. Then
3∑

k=0

γk = γ0 + γ1 + γ2 + γ3

=

− 1

15

− 1

10

+

−11

10
9

25

+

 1

−63

50

+

1

6
1

 =

[
0

0

]
.

(32)

Thus, the first consistency condition in (i) is satisfied.
3∑

k=0

kγk = (0)γ0 + (1)γ1 + (2)γ2 + (3)γ3

= (0)

− 1

15
1

10

+ (1)

−11

10
9

25

+ (2)

 1

−63

50

+ (3)

1

6
1



=

 7

5
21

25

 .
(33)

and
3∑

k=0

Γk = (Γ0 + Γ1 + Γ2 + Γ3)

=

[0

0

]
+

3

5
0

+

 4

5
9

25

+

 0

12

25


 =

 7

5
21

25

 .
(34)

Hence,
3∑

k=0

kγk =

3∑
k=0

Γk.

Thus, the second condition of consistency in (ii) is also
satisfied.

The consistency conditions are therefore met. The
same procedure is applied for the consistency of
the methods (13) and (14). Hence, the VSBBDF3
methods are consistent. It has thus been shown that
the VSBBDF3 is zero stable and satisfies the consistency
conditions. Having these two conditions, consistency
and zero stability, the VSBBDF3 is convergent.

6 Implementation of the Method
Newton’s iterative scheme is employed in the
implementation of the method. The procedure is
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outlined as follows. Equations (12)-(14) can bewritten
in the following general form:

vn+1 = θ1vn+2 + π1hfn + π2hfn+1 + ε1

vn+2 = θ2vn+1 + π3hfn+1 + π4hfn+2 + ε2 (35)

where ε1 and ε2 are the back values. The formulae in
(35) can be cast in matrix form as:

(I −A1)V = h(B1F1 +B2F2) + ξ, (36)

where,

I =

[
1 0
0 1

]
, A1 =

[
0 θ1
θ2 0

]
, B1 =

[
0 π1
0 0

]
,

B2 =

[
π2 0
π3 π4

]
, V =

[
vn+1

vn+2

]
, F1 =

[
fn−1
fn

]
,

F2 =

[
fn+1

fn+2

]
, ξ =

[
ε1
ε2

]
.

(2)

Let

F = (I −A1)V − h(B1F1 +B2F2)− ξ = 0. (37)

Newton’s iteration for the VSBBDF3 method takes the
form

V
(i+1)
n+1,n+2 − V

(i)
n+1,n+2 = −

(
Fj

(
V

(i)
n+1,n+2

))−1
×
(
Fj

(
V

(i)
n+1,n+2

))
.

(38)

Equation (38) is equivalent to

V
(i+1)
n+1,n+2 − V

(i)
n+1,n+2 = −

(
(I −A1)− hB1

∂F1

∂V

(
V

(i)
n+1,n+2

)
− hB2

∂F2

∂V

(
V

(i)
n+1,n+2

))−1
×
(

(I −A1)
(
V

(i)
n+1,n+2

)
− hB1F1 − hB2F2 − ξ

)
.

(39)

For comparison purposes, the maximum error is
evaluated using the developed algorithm. Let vi and
v(ui) denote the numerical and exact solutions of
the initial value problem v′ = f(u, v), v(a) = v0,
respectively. The absolute error is defined as follows:

(errori)t = |(vi)t − (v(ui))t|, (40)

The maximum error is defined by:

MAXE = max︸︷︷︸
1≤i≤T

(max(errori)t)︸ ︷︷ ︸
1≤i≤N

, (41)

where T is the total number of steps and N is the
number of equations.

Let V (i+1)
n+1 denote the (i+ 1)th iterate and

E
(i+1)
1,2 = V

(i+1)
n+1,n+2 − V

(i)
n+1,n+2. (42)

Equation (42) can be written as

E
(i+1)
1,2 = Ā−1B̄, (43)

which is equivalent to

ĀE
(i+1)
1 = B̄. (44)

where,

Ā = (I −A1)− hB1
∂F1

∂V

(
V

(i)
n+1,n+2

)
− hB2

∂F2

∂V

(
V

(i)
n+1,n+2

)
,

B̄ = (I −A1)
(
V

(i)
n+1,n+2

)
− hB1F1 − hB2F2 − ξ.

Newton’s iteration would therefore be used to solve
the system (44) for the different values of r.

Ā =

(
1− π2h∂fn+1

∂vn+1
−θ1

−θ2 − π3h∂fn+1

∂vn+1
1− π4h∂fn+2

∂vn+2

)
,

B̄ =

(
−vin+1 + θ1v

i
n+2 + π1hf

i
n + π2hf

i
n+1 + ε1

−vin+2 + θ2v
i
n+1 + π3hf

i
n+1 + π4hf

i
n+2 + ε2

)
.

Specifically, when r = 1:

Ā =

(
1− 4

5h
∂fn+1

∂vn+1

1
6

63
50 −

9
25h

∂fn+1

∂vn+1
1− 12

25h
∂fn+2

∂vn+2

)
,

B̄ =

(
−vin+1 − 1

6v
i
n+2 + 3

5hf
i
n + 4

5hf
i
n+1 + 1

15vn−1 + 11
10vn

−vin+2 + 63
50v

i
n+1 + 9

25hf
i
n+1 + 12

25hf
i
n+2 + 1

10vn−1 −
9
25vn

)
.

When r = 2:

Ā =

(
1− 3

4h
∂fn+1

∂vn+1

9
64

−232
195 −

24
65h

∂fn+1

∂vn+1
1− 32

65h
∂fn+2

∂vn+2

)
,

B̄ =

(
−vin+1 − 9

64v
i
n+2 + 9

16hf
i
n + 3

4hf
i
n+1 + 1

64vn−1 + 9
8vn

−vin+2 + 232
195v

i
n+1 + 24

65hf
i
n+1 + 32

65hf
i
n+2 + 1

39vn−1 −
14
65vn

)
.
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When r = 5
8 :

Ā =

(
1− 26

31h
∂fn+1

∂vn+1

481
2604

−6048
4615 −

126
355h

∂fn+1

∂vn+1
1− 168

355h
∂fn+2

∂vn+2

)
,

B̄ =

(
−vin+1 − 481

2604v
i
n+2 + 39

62hf
i
n + 26

31hf
i
n+1 + 512

3255vn−1 + 637
620vn

−vin+2 + 6048
4615v

i
n+1 + 126

355hf
i
n+1 + 168

355hf
i
n+2 + 1024

4615vn−1 −
189
355vn

)
.

The proposed VSBBDF3 method is implemented using
a computer program developed in the C programming
language.

6.1 Local truncation error (LTE) and Step Size
Selection

To regulate the integration process, three step-size
control procedures are employed. At the initial stage
of the computation, an appropriate starting step size
is selected. The corresponding local truncation error
is then evaluated using

LTEr =
∣∣∣v(p+1)
n+2 − v

(p)
n+2

∣∣∣ . (45)

where v(p+1)
n+2 corresponds to the formula of order p+ 1

while v
(p)
n+2 refers to the formula of order p. The

computed LTEs serve as a measure of accuracy and
provide the basis for either accepting the current step
or adjusting the step size to maintain the desired error
tolerance.

For the VSBBDF3 Method, the LTEs are given by

i. When r = 1

v
(3)
n+2 =

1

8
vn−1 −

1

2
vn +

11

8
vn+1 +

1

2
hfn+2 +

1

4
hfn+1

v
(2)
n+2 = −1

7
vn +

8

7
vn+1 +

4

7
hfn+2 −

2

7
hfn+1

LTE1 =
1

8
vn−1 −

5

14
vn +

13

56
vn+1 −

1

14
hfn+2 +

15

28
hfn+1

(46)

ii. When r = 2

v
(3)
n+2 =

1

31
vn−1 −

10

31
vn +

40

31
vn+1 +

16

31
hfn+2 −

8

31
hfn+1

v
(2)
n+2 = −1

7
vn +

8

7
vn+1 +

4

7
hfn+2 −

2

7
hfn+1

LTE2 =
1

31
vn−1 −

39

217
vn +

32

217
vn+1 −

12

217
hfn+2 +

6

217
hfn+1

(47)

iii. When r = 5
8

v
(3)
n+2 =

1024

3705
vn−1 −

203

285
vn +

56

39
vn+1 +

28

57
hfn+2 +

14

57
hfn+1

v
(2)
n+2 = −1

7
vn +

8

7
vn+1 +

4

7
hfn+2 −

2

7
hfn+1

LTE5 =
1024

3705
vn−1 −

1136

1995
vn +

80

273
vn+1 −

32

399
hfn+2 +

212

399
hfn+1

(48)

The step-size control procedure can be summarized as
follows:

1. If the computed local truncation error satisfies the
tolerance requirement, that is LTE ≤ TOL, the
step is accepted and the previous block step size
is retained (corresponding to r = 1). A new step
size is then estimated using

hnew = c× hold ×
(
TOL
LTE

)1/p

where p is the order of the method and c = 0.7 is
the safety factor.

2. To avoid an excessive increase in the step length,
if hnew > 1.6× hold, then the step size is restricted
to h = 1.6 × hold which corresponds to the case
r = 5/8.

3. If the local truncation error exceeds the prescribed
tolerance, that is LTE > TOL, the step is rejected
and the step size is reduced by half, h = 1

2hold
which is equivalent to the case r = 2.

7 Test problems and Numerical results
To evaluate the performance and efficiency of the fully
implicit variable step-size superclass of the third-order
block backward differentiation formula, it is tested
on selected systems of stiff initial value problems as
follows:

Problem 1 (Highly Stiff System)
The well-known Gear’s Problem, adopted from [27,
28], is given by

v′1 = 998v1 + 1998v2, v1(0) = 1, 0 ≤ u ≤ 20,

v′2 = −999v1 − 1999v2, v2(0) = 0.

The exact solutions are

v1(u) = 2e−u − e−1000u,
v2(u) = −e−u + e−1000u.

The corresponding eigenvalues of the Jacobian matrix
are λ1 = −1 and λ2 = −1000. Since there is a large
disparity in the eigenvalues, this problem is classified
as highly stiff.

Problem 2 (Highly Stiff and Oscillatory System)
This stiff system, obtained from [29], is defined by

v′1 = −20v1 − 0.25v2 − 19.75v3, v1(0) = 1, 0 ≤ u ≤ 10,

v′2 = 20v1 − 20.25v2 + 0.25v3, v2(0) = 0,

v′3 = 20v1 − 19.75v2 − 0.25v3, v3(0) = −1.
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The exact solutions are

v1(u) = 0.5
(
e−0.5u + e−20u(cos 20u+ sin 20u)

)
,

v2(u) = 0.5
(
e−0.5u − e−20u(cos 20u− sin 20u)

)
,

v3(u) = −0.5
(
e−0.5u + e−20u(cos 20u− sin 20u)

)
.

The eigenvalues are λ1 = −0.5, λ2 = −20 + 20i, and
λ3 = −20 − 20i. The presence of complex conjugate
eigenvalues indicates oscillatory behavior, while the
large negative real parts imply stiffness; hence, the
problem is highly stiff and oscillatory.

Problem 3 (Highly Stiff Nonlinear System)
A nonlinear stiff reaction kinetics problem taken
from [30, 31] is given by

v′1 = −1002v1 + 1000v22,

v′2 = v1 − v2(1 + v2),

v1(0) = 1, 0 ≤ u ≤ 20,

v2(0) = 1.

The exact solutions are

v1(u) = e−u,

v2(u) = e−u.

The corresponding eigenvalue is λ = −1002. Due to
the large negative eigenvalue, this system is classified
as highly stiff (nonlinear).

Table 3. The notations used in the following tables are
defined as:

SYMBOL DESCRIPTION

TOL Tolerance value used
METHOD Method used
TRS Number of rejected steps
TAS Number of accepted steps
TS Total number of steps
MAXE Maximum absolute error
ODE15s Variable-Step, Variable-Order Implicit

Solver
ODE23s Variable-Step Modified Rosenbrock

Method
NBDF Third Derivative Non-Block Method for

Stiff ODEs [32]
VSBBDF Fourth Order Variable Step-Size Block

Backward Differentiation Formula [31]
VSBBDF3 Proposed Fully implicit third-order

Variable Step-Size Superclass of Block
Backward Differentiation Formula

The test problems were solved using the built-in
Matlab ODE15s and ODE23s solvers, classical

Non-Block Backward Differentiation Formula
(NBDF) [32], the fourth order Variable Step-Size Block
Backward Differentiation Formula (VSBBDF) [31],
and our proposed fully implicit third-order Variable
Step-Size Superclass of Block Backward Differentiation
Formula (VSBBDF3).

Table 4. Numerical Result for Problem 1.

TOL METHOD TRS TAS TS MAXE

10−2

NBDF 13 58 71 3.52770E-001
ODE15s 0 37 37 1.76000E-002
ODE23s 0 22 22 7.31000E-003
VSBBDF 0 54 54 2.92585E-004
VSBBDF3 0 34 34 9.01240E-005

10−4

NBDF 18 101 119 1.12690E-003
ODE15s 0 89 89 1.86590E-004
ODE23s 0 67 67 3.68370E-004
VSBBDF 0 73 73 4.13979E-005
VSBBDF3 0 62 62 9.23058E-007

10−6

NBDF 22 165 187 6.80010E-006
ODE15s 0 167 167 3.95690E-006
ODE23s 0 287 287 1.70390E-005
VSBBDF 0 122 122 2.03559E-006
VSBBDF3 0 84 84 9.25266E-009

To evaluate and compare the accuracy and
computational efficiency of these methods, the
maximum absolute errors corresponding to various
tolerance values (TOL) are presented for each
problem. Furthermore, the numbers of rejected steps,
accepted steps, and total integration steps used in
solving each problem are also reported. The notations
used in the following tables are defined in Table 3.
The numerical results for Problems 1, 2, and 3 are
presented in Tables 4, 5, and 6, respectively.

This approach ensures that the comparison is based
on established benchmark results and is not affected
by differences in implementation, thereby providing a
fair and reliable evaluation of the proposed method.

To provide a visual representation of the performance
of the method, the graphs of log10(MAXE) against
TOL are plotted in Matlab software environment. The
accuracy graph for Problem 1 is presented in Figure 4.

Similarly, the accuracy graphs for Problems 2 and 3 are
shown in Figures 5 and 6, respectively.
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Table 5. Numerical Result for Problem 2.

TOL METHOD TRS TAS TS MAXE

10−2

NBDF 8 48 56 4.92270E-002
ODE15s 0 33 33 1.09000E-002
ODE23s 0 20 20 6.40000E-003
VSBBDF 0 46 46 4.09523E-003
VSBBDF3 0 32 32 4.75020E-005

10−4

NBDF 15 100 115 5.96300E-004
ODE15s 0 70 70 8.55060E-005
ODE23s 0 54 54 6.97740E-005
VSBBDF 0 66 66 4.10262E-004
VSBBDF3 0 58 58 4.97203E-007

10−6

NBDF 19 167 186 1.04720E-005
ODE15s 1 139 140 4.00590E-006
ODE23s 0 232 232 1.70230E-005
VSBBDF 1 117 118 2.31132E-006
VSBBDF3 0 77 77 5.65481E-009

Table 6. Numerical Result for Problem 3.

TOL METHOD TRS TAS TS MAXE

10−2

NBDF 8 48 56 1.30840E-001
ODE15s 0 29 29 5.20000E-003
ODE23s 0 25 25 1.10000E-003
VSBBDF 0 27 27 1.07390E-004
VSBBDF3 0 21 21 2.31779E-004

10−4

NBDF 17 84 101 1.19000E-003
ODE15s 0 55 55 8.55060E-005
ODE23s 0 118 118 6.97740E-005
VSBBDF 0 47 47 5.48200E-006
VSBBDF3 0 44 44 1.55132E-006

10−6

NBDF 20 123 143 6.59590E-006
ODE15s 0 197 197 1.07900E-006
ODE23s 0 773 773 2.80810E-006
VSBBDF 0 104 104 2.24940E-007
VSBBDF3 0 63 63 3.05877E-009

Figure 4. Accuracy Graph for Problem 1.

8 Discussion of Results
The numerical performance of the proposed and
existing methods is evaluated using three stiff IVPs

Figure 5. Accuracy Graph for Problem 2.

Figure 6. Accuracy Graph for Problem 3.

under varying tolerance levels. The comparison is
based on computational effort, measured through the
number of successful steps, rejected steps, and total
steps, as well as accuracy assessed via the maximum
absolute error.

The results consistently show that all methods improve
in accuracy as the tolerance is tightened. This behavior
is in agreement with theoretical expectations, since
stricter tolerance levels enforce stronger local error
control and consequently reduce the accumulation of
global discretization errors. Across all test problems,
the proposed VSBBDF3method demonstrates superior
accuracy in most cases, particularly at tighter tolerance
levels from the literature, as well as the built-in
MATLAB ODE solvers. This indicates its enhanced
capability for handling stiffness and controlling
numerical error effectively.

In terms of computational efficiency, the classical
solvers generally exhibit increased computational
cost as the stiffness of the problems becomes more
pronounced. This reflects their reduced efficiency in
dealing with highly stiff systems. The NBDF method
exhibits more frequent step rejections, reflecting
greater sensitivity to stiffness, while the VSBBDF
method maintains better stability, though both achieve
comparatively lower accuracy than the proposed
VSBBDF3. In contrast, the proposed VSBBDF3 method
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achieves a more favorable balance between accuracy
and computational effort. Notably, it maintains
high accuracy without a corresponding increase
in computational cost, demonstrating its efficiency
advantage over the existing methods.

With respect to robustness, the proposed VSBBDF3
method exhibits consistent stability across all
test problems and tolerance levels. The existing
methods remain stable in most cases; however,
their performance is generally more sensitive to
increasing stiffness, particularly in terms of efficiency
and accuracy. The classical built-in Matlab ODE
solvers, in particular, show noticeable degradation
in performance as stiffness increases, reflected in
higher computational effort and reduced accuracy.
The NBDF and VSBBDF methods perform better than
the ODE15s and ODE23s but are still outperformed by
the proposed method.

Overall, the numerical experiments clearly
demonstrate that the VSBBDF3 method is the
most accurate and reliable scheme among all the
tested methods. It consistently provides improved
accuracy while maintaining computational efficiency,
making it particularly well suited for stiff ODEs. The
results therefore confirm that the proposed VSBBDF3
method offers clear advantages over existing methods
from the literature and classical Matlab ODE solvers
in terms of accuracy, stability, and computational
efficiency.

9 Conclusion
In this paper, a third-order variable step-size
superclass of the block backward differentiation
formula, denoted as VSBBDF3, has been successfully
developed for the numerical simulation of nonlinear
stiff dynamical systems governed by ordinary
differential equations, with direct relevance to
applications in dynamics, control engineering,
and bifurcation analysis. The proposed method
satisfies the fundamental requirements of consistency,
zero-stability, and convergence, and is further shown
to be A-stable, thereby confirming its theoretical
soundness and suitability for stiff problems.

The performance of the method has been validated
through extensive numerical experiments on a range
of stiff linear, oscillatory, and nonlinear test problems.
The results demonstrate that the proposed VSBBDF3
method is both highly accurate and computationally
efficient. When compared with existing methods
from the literature, including the non-block third

derivative method (NBDF), the variable step-size
block backward differentiation formula (VSBBDF),
and the built-in MATLAB ODE solvers, the proposed
method consistently delivers improved accuracy while
maintaining competitive computational cost.

Furthermore, the results highlight the effectiveness
of combining block formulation with adaptive
step-size control. Although VSBBDF also incorporates
these features, the proposed VSBBDF3 method
exhibits superior performance, indicating that the
structured superclass formulation, together with
dynamic step-size adaptation, provides a more
efficient balance between numerical accuracy and
computational effort.

Overall, the proposed VSBBDF3 method constitutes a
robust, reliable, and efficient numerical scheme for the
integration of stiff ordinary differential equations. Its
strong performance across a variety of test problems
suggests that it is well suited for practical applications
in scientific and engineering computations.
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