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Fixed-Time Stabilization for a Class of Dynamical
Systems and Its Application to a Chaotic System
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Abstract
In this letter, the fixed-time stabilization of a class
of dynamical systems is investigated. By using a
fixed-time stability lemma and feedback control,
new algebraic criteria ensuring the fixed-time
stabilization of the dynamical systems under
consideration are established. The obtained
results are then applied to stabilize a chaotic
system, and numerical simulations demonstrate the
effectiveness of the theoretical results.
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1 Introduction
As is well known, stability of linear and nonlinear
dynamical systems is important, since it is a
prerequisite for the practical applications of such
systems. In 2019, Li et al. [1] discussed the exponential
stability of nonlinear systems with delayed impulses.
In 2023, Chang et al. [2] investigated the global
exponential stability of delayed inertial neural
networks; however, such exponentially stable systems
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only converge asymptotically. Bhat and Bernstein [3]
established the fundamental theory of finite-time
stability for continuous autonomous systems.
However, exponential stability and finite-time stability
both have drawbacks in the estimation of convergence
time: an exponentially stable system converges only
asymptotically, while the settling time of a finite-time
stable system depends on the initial values, which
may be unknown in advance.

Fixed-time stability has the advantage that the
upper bound of the convergence time is a fixed
positive constant independent of the initial values [4].
Therefore, fixed-time stability has become a hot
topic in recent years; see, e.g., [5–8]. In 2023,
Zhang and Cao [6] obtained fixed/predefined-time
synchronization results for delayed fuzzy inertial
discontinuous neural networks. Qin et al. [7]
studied fixed/prescribed-time synchronization of
quaternion-valued fuzzy BAM neural networks under
aperiodic intermittent pinning control, andHu et al. [8]
proposed a fixed-/preassigned-time stabilization
approach for discontinuous systems based on strictly
intermittent control.

However, to achieve fixed-time stability and
stabilization, most of the controllers designed
in [5–8] contain two power-index terms. In this letter,
without using two power-index terms in the control
scheme, we investigate the fixed-time stabilization of
a class of general dynamical systems based on the
exponential function used in [9].
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The rest of this letter is organized as follows.
Preliminaries are given in Section 2. The main results
are presented in Section 3. In Section 4, the fixed-time
stabilization result is applied to stabilize a chaotic
system. Finally, conclusions are drawn in Section 5.

2 Preliminaries
Here, we consider the following dynamical system

dp(t)

dt
= Ap(t) +Bg(p(t)), t > 0, (1)

in which p(t) = (p1(t), p2(t), . . . , pn(t))
T stands for

the n-dimensional state vector, A = (aij)n×n and
B = (bij)n×n are real-valued matrices, and g(p(t)) =
(g1(p1(t)), g2(p2(t)), . . . , gn(pn(t)))

T is a continuous
vector function. The initial value of system (1) is
p(0) = (p1(0), p2(0), . . . , pn(0))

T .

Assumption 1. For system (1), each continuous
function gl(·) satisfies gl(0) = 0 and, for all x1, x2 ∈ R,

|gl(x1)− gl(x2)| 6Ml|x1 − x2|, (2)

whereMl > 0, l = 1, 2, . . . , n.

Definition 1. ([4, 8]) The origin of system (1) is said
to be fixed-time stable if it is globally finite-time stable,
i.e., it is Lyapunov stable and there exists a settling-time
function T (p(0)) such that limt→T (p(0)) ‖p(t)‖ = 0 and
p(t) ≡ 0 for all t > T (p(0)), and, moreover, there
is a constant L > 0 such that T (p(0)) 6 L for any
initial value p(0). Here, ‖p(t)‖ =

√∑n
l=1 p

2
l (t), and L

is called an upper bound of the settling time.

Lemma 1. ([9]) Suppose that the continuous function
V(·) is positive definite and radially unbounded, and
that along the solutions of the considered system it
satisfies

dV(t)

dt
6 −c bV

q(t)V1−q(t), (3)

where b > 1, c > 0 and 0 < q 6 1. Then the system
is fixed-time stable, and the settling time satisfies
T (p(0)) 6 L = 1

qc ln b .

3 Main results
If dynamical system (1) is unstable, we consider the
following controlled system

dp(t)

dt
= Ap(t) +Bg(p(t)) + U(t), t > 0, (4)

where the control input U(t) in (4) is designed as

U(t) =

{
−γp(t)− η bVq(t)V−q(t)p(t), p(t) 6= 0,

0, p(t) = 0,
(5)

in which γ, η > 0, b > 1, 0 < q 6 1, V(t) = pT (t)Qp(t),
and Q = diag{λ1, λ2, . . . , λn} is a positive definite
diagonal matrix.

Theorem 1. Suppose that Assumption 1 holds. Under
controller (5), if there exists a positive definite diagonal
matrix Q such that

QA+ATQ+ 2‖QB+M‖I − 2γQ 6 0, (6)

then the controlled system (4) is fixed-time stable,
i.e., system (1) is fixed-time stabilized, and the
settling time satisfies T (p(0)) 6 L = 1

2ηq ln b , where

‖QB+M‖ =
√
λmax

(
(QB+M)T (QB+M)

)
, M =

diag{M1,M2, . . . ,Mn} and B+ = (|bij |)n×n.

Proof. Consider the Lyapunov function

V(t) = pT (t)Qp(t). (7)

For p(t) 6= 0, the derivative of V(t) along the solutions
of system (4) is

dV(t)

dt

∣∣∣
(4)

=2pT (t)Q
(
Ap(t) +Bg(p(t)) + U(t)

)
=pT (t)

(
QA+ATQ

)
p(t) + 2pT (t)QBg(p(t))

− 2γpT (t)Qp(t)− 2η bV
q(t)V−q(t)pT (t)Qp(t).

(8)

By Assumption 1 with gl(0) = 0, one has |gl(pl(t))| 6
Ml|pl(t)|, l = 1, 2, . . . , n. Denote |p(t)| =
(|p1(t)|, |p2(t)|, . . . , |pn(t)|)T . Since Q is a positive
diagonal matrix, it follows from the Cauchy–Schwarz
inequality that

2pT (t)QBg(p(t)) 62

n∑
i=1

n∑
j=1

λi|pi(t)||bij |Mj |pj(t)|

=2|p(t)|TQB+M|p(t)|
62‖QB+M‖ pT (t)p(t), (9)

where the last inequality follows from xTMx 6
‖M‖2‖x‖2 for any M ∈ Rn×n and x ∈ Rn, with
‖M‖2 =

√
λmax(MTM) denoting the spectral norm

ofM . Noting that pT (t)Qp(t) = V(t) and substituting
(9) into (8), one obtains from (6) that

dV(t)

dt

∣∣∣
(4)

6pT (t)
(
QA+ATQ+ 2‖QB+M‖I − 2γQ

)
p(t)
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− 2η bV
q(t)V1−q(t)

6− 2η bV
q(t)V1−q(t). (10)

Based on Lemma 1 with c = 2η, the controlled system
(4) is fixed-time stable under controller (5), and the
settling time satisfies T (p(0)) 6 L = 1

2ηq ln b . This
completes the proof of Theorem 1.

Remark 1. When 0 < q < 1/2, controller (5) is
continuous at p(t) = 0. Indeed, since Q is positive
definite, there exist constants λ, λ > 0 such that
λ‖p(t)‖2 6 V(t) 6 λ‖p(t)‖2. Hence

η bV
q(t)V−q(t)‖p(t)‖ 6 η bλ

q‖p(t)‖2q λ−q‖p(t)‖1−2q,

which tends to zero as p(t) → 0 whenever 1 − 2q >
0, i.e., q < 1/2. Therefore, η bVq(t)V−q(t)p(t) → 0 as
p(t)→ 0, confirming that controller (5) is continuous
and sign-function-free in this case.
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Figure 1. Chaotic behaviors and state trajectories of
dynamical system (11) without control.

4 Application to the stabilization of a chaotic
system

In this section, based on Chua’s circuit [10]
as discussed in [1], we consider the following
three-dimensional chaotic system

dp(t)

dt
= A3×3p(t) +B3×3g(p(t)), t > 0, (11)

where

A3×3 =

 −2 9 0
1 −1 1
0 −15 0

 ,

B3×3 =

 2 0 0
0 0 0
0 0 0

 ,

g(p(t)) =

 |p1(t) + 1| − |p1(t)− 1|
0
0

 ,

p(t) = (p1(t), p2(t), p3(t))
T . (12)

With the initial values p1(0) = 0.2, p2(0) = −0.5 and
p3(0) = 0.3, the chaotic behaviors and state trajectories
of system (11) without control are displayed in
Figure 1.

Figure 2. State trajectories of dynamical system (11) with
controller (5).

Now, let γ = 8, η = 1, q = 0.4999 and b = 4. Since g1(·)
satisfies (2) withM1 = 2, and g2 = g3 ≡ 0 satisfy (2)
with arbitraryM2,M3 > 0 (which do not affectB+M
because the second and third columns ofB+ are zero),
we takeM = diag{2,M2,M3}. By solving condition
(6) with MATLAB, one gets

Q =

 1 0 0
0 15 0
0 0 1

 .

Now, all conditions of Theorem 1 are satisfied; hence,
the controlled system (11) with controller (5) is
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Figure 3. Input signals of controller (5).

fixed-time stable. Figure 2 shows the state trajectories
of system (11) with controller (5), from which one
can see that the states converge to zero within the
settling-time upper bound L = 1

2ηq ln b ≈ 0.72 s.
The corresponding control input signals generated by
controller (5) are shown in Figure 3, which verifies the
effectiveness of the designed controller.

5 Conclusions
Byusing feedback controlwith an exponential function
and the fixed-time stability method, we have discussed
the fixed-time stabilization of a class of general
dynamical systems in this letter. Compared with
previous work, our controller does not contain two
power-index terms, and, when 0 < q < 1/2, it
is continuous and involves no sign function, which
is more convenient for practical implementation. It
should be noted that our method can be extended
to investigate other dynamical systems, such as
systems with discontinuous right-hand sides [8],
complex-valued systems and memristive neural
dynamical systems, which will be considered in our
future work.
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