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Abstract

Herein, we mainly focus on developing a new
two-grid Crank-Nicolson (CN) mixed finite element
(MFE) (TGCNMFE) method for the generalized
nonlinear time fractional fourth-order reaction
diffusion equation. To do so, by introducing an
auxiliary function, the nonlinear time fractional
fourth-order reaction diffusion equation is first

split into two second-order nonlinear equations.

Thereafter, a new time semi-discrete mixed
CN (TSDMCN) scheme is constructed through
discretizing the time derivative and time fractional
derivative by the CN difference quotient, and the
existence, steadiness, and errors of the TSDMCN
solutions are analysed. Next, a new TGCNMFE
method is developed through using two-grid MFE
technique to discretize the spacial variables, and
the existence, steadiness, and error estimations for
the TGCNMEFE solutions are discussed. Lastly, the
correctness of theory results and the superiority
of the TGCNMFE method are verified by some

Submitted: 29 May 2025
Accepted: 18 June 2025
Published: 29 June 2025

Vol. 1, No. 1, 2025.
4.10.62762 /JNSPM.2025.256666

*Corresponding author:
Zhendong Luo
zhdluol@ncepu.edu.cn

numerical experiments.
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1 Introduction

Let @ Cc R? (d = 2,3) be a bounded and
connected domain with the boundary 0. For
given time upper-limit ¢., we study the following

generalized nonlinear time fractional fourth-order
reaction diffusion equation (GNTFFORDE).

Problem 1 Seek w : [0,t.] — C*(2) from the following

equation:

wi(x,t) + DY Aw(x, t)
—Aw(zx,t) + A%w(x,t)

= f(w(z, 1)) + g(=, 1), (x,t) € 2x(0,t), (1)
w(zx,t) = Aw(x,t) =0, (x,t) € 02 x (0,t.),
w(zx,0) = wy(x), x € Q,

in which wy(x,t) = dw(x,t)/0t, x = (x1,22, * ,Zq),

A = 0 82/0a? is the Laplacian operator, f(w) is
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a function with continuous second-order derivatives that
satisfies f(0) = 0, the source term g(x,t) and the initial
function wo(x) are sufficiently smooth known functions,
and D¢ (0 < « < 1) stands for the ath-order
Gerasimov—Caputo fractional derivative (see [3, 4]), which
is denoted by

o 8aw aj’t
Diw(x,t) = &Ea)
1 taw(w78) dS
F(l—oz)/o 88 (t—S)OC’O\S\t\te(z)

Remark 1 There are various selections for the nonlinear

term f(w).

(i) If it is taken as f(w) = sin(w), it is a time fractional
fourth-order parabolic type sine-Gordon equation.

(i) If it is taken as f(w) = (1 —w?), it is just the nonlinear
time fractional fourth-order reaction diffusion equation in

[1].

Therefore, Problem 1 has wider applications than the
above-mentioned partial differential equations (PDEs),
named as so-called “"GNTFFORDE".

The fractional derivative has been around for a
long time. It was first proposed in the letter from
Leibniz to L'Hospital in 1695 (see [2]). Later, it was
popularized by Gerasimov [3] and Caputo [4] to
propose the Gerasimov-Caputo fractional derivative
[5]. It has been found that the fractional PDEs
have very wide applications in fields such as physics,
chemistry, and biology (see [6-10]). Peculiarly, the
GNTFFORDE (Problem 1) is procured by adding
a time fractional-order derivative and a generalized
nonlinear term f(w) to the standard fourth-order
reaction-diffusion equation (see [11-13]), so its
application scope is wider. It can be accustomed to
describe other problems besides the interaction and
proliferation for organisms (see [14]), the mesoscopic
systems of phase transition for binary systems (see
[15]), the marching waves for reaction diffusion
system (see [16]), and the directing wave movement in
nematic liquid crystals (see [17]), just like the standard
fourth-order reaction-diffusion equation. Thereby, the
research on the GNTFFORDE (i.e., Problem 1) has
great significance.

However, owe to the complexity for the fractional
PDEs, they generally can not be solved by analytical
methods. It is the best selection to calculate their
approximate solutions by numerical methods. The
numerical methods for solving the fractional PDEs
mostly include the finite difference (FD) scheme (see

[18-22]), the finite element (FE) method (see [23-26]),
the discontinuous Galerkin method (see [30, 31]), the
collocation method (see [27-29]), and the meshless
method (see [32]).

Whereas, the GNTFFORDE (i.e., Problem 1) with the
nonlinear term f(w) and the time fractional derivative
as well as the fourth-order derivative term A2w is very
difficult to calculate through the usual FE method.

Thereupon, the primary task for this article is to create
a new TGCNMFE method to the GNTFFORDE. The
TGCNMEFE method has at the fewest the next three
benefits. Firstly, by inducting an auxiliary function
¢ = w — Aw, the GNTFFORDE may be split into
two second-order equations to facilitate the solution
using lower-order FEs (such as linear or quadratic
FEs) and procure the optimal order error estimation.
Secondly, the TGCNMFE method is unconditionally
stable, thus allowing for a longer time step in numerical
calculations. Thirdly, the TGCNMFE method is made
up of a few nonlinear equations on coarser meshes
and the linear equations on sufficiently fine meshes,
which can greatly simplify the computing process and
enhance the calculating efficiency.

Although for the nonlinear time fractional fourth-order
reaction diffusion equation with nonlinear term
f(w) = w(l — w?), a general two-grid MFE method
without adopting CN technique was provided in
[1], it is not a conditional stable scheme in time
and had not provided the theoretical analysis of
time semi-discrete solutions. Therefore, it completely
differs from the TGCNMFE method of this paper. In
another words, the TGCNMFE method of this paper
is a new development.

The rest for this article is composed of the following
four sections. In Section 2, we construct a new
TSDMCN scheme for the GNTFFORDE and discuss
the existence, stability, and error estimations of the
TSDMCN solutions. In Section 3, we design a new
TGCNMFE method for GNTFFORDE and analyze the
existence, unconditional stability, and errors of the
TGCNMEE solutions. In Section 4, we resort to some
numerical experiments to confirm the procured theory
results and the advantage of the TGCNMFE method.
Lastly, we offer the major conclusions of this paper and
the prospects for future research in Section 5.

2 A New TSDMCN Scheme

The Sobolev spaces and their norms adopted
subsequently are classical (see [33-35]). Let W =
H}(Q) and ¢ = w — Aw. In order to facilitate theory
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analysis and without loss of generality, we assume
that g(«,t) = 0. Thereupon, with the Green formula,
we may build the below weak form of Problem 1.

Problem 2 Vt e (0, t.), seek (w,p) € W x W from the
following system of equations:

(U7wt) + (Ua Df(p) + (VU, th)

= (U7f(w))7 Vo e W,
(9, w) + (VI,Vw) = (J,¢), VIeW,
w(z,0) = wo(x), xS,

(3)

herein (p,9) = [, ¢ - dda.

By using the proof method in [8] or the proof method
as the next Theorem 1, the existence and stability for
generalized solutions to Problem 2 may be proven.

In order to build the TGCNMFE method, we firstly
set up a bran-new TSDMCN scheme. To do so, we
suppose that N > 0 is an integer, At = t./N
indicates the time step, and ™ and w" stand for the
approximations to p(z, t) and w(x, t) att, = nAt (0 <
n < N) separately. Thus, when ¢ = w — Aw, i.e., wis
fully smooth in time, the ath-order Gerasimov—Caputo
fractional derivative is expanded as follows (see [18])

0w (x, ty,)

D@, tn) = —

At~ C _
- Ry St ) ), 4

in which a,, x = (n — k)™ — (n — k — 1)}=® > 0,
leo| < C,At?™%, and C,, is a constant dependent on ¢
and ¢.. The above-mentioned coefficients a,,_j;, meet

l=ag>a; >a2>:-->a, >0,

an — 0 (n — 00),
n—1

Z(aj_l—aj):ao—an_l < 1, 1<n<N, (5)
j=1

n—1
> a; <K 1<n< N
j=1

Using an implicit FD scheme to discretize time for the
first equation in Problem 2 yields

1

At
AL ko k—1
= an—k(w —w 7U)

Il -—a) ;

= (f(w"),v), YveW.

(W™ — w1 v) + (V™ V)

(6)

Using an explicit FD scheme to discretize time for the
tirst equation in Problem 2 yields

1

At

" At Zn (wh — wh, )
- Ap—E(W — W v

(wn o ,wnfl7 ’U) + (V()Onfl7 V'U)

= (f(@"™),v), Vv eW. (7)
By adding (6) to (7), we obtain the following
brand-new TSDMCN scheme, which is distinguished
from the existed time semi-discrete schemes, including
thatin [1].
Problem 3 Seek {(w™,¢™)} € Wx W (1 <n < N)by
the following system of equations

i(wn _ wn—l

At

n At Zn (wh E=1 )
—_——C Ap_L(W — W v
Il -a) — n-k ’

1 _
o)+ 5(T(e" + 6", Vo)

1 n n—
= S + f@),v),

YoeW, 1<n<N, (8)
(Vw",VI) + (w", 1)
= (¢"9), VW eW, 0<n <N, 9)
w® = wo(x), ©° = —Awg(x), zEN. (10)
The next discrete Gronwall lemma (see [36,

Lemma 3.1]) is often used in succeeding theoretical
analysis.

Lemma 1 Let {by,} be a nonnegative real number sequence,
{cn} is a non-descending real number sequence, {5, } be
also a nonnegative real number sequence, and they satisfy
b, < en,+ Z;:ll d;b; (n = 1), then they also satisfy by, <

€n exp (Z?:_ll 5j> (n>1).
For Problem 3, we obtain the following results.

Theorem 1 From Problem 3 we can find a unique solution
set {(w”,«p”)}nNzl C W x W to meet the following
boundedness (i.e., stability):

IVw™{lo + [[Ve"[lo < ellwoll1, 1 <n < N.

(11)

where and subsequent ¢ > 0 is a constant independent of
At. Furthermore, while wo(x) is smooth enough, the error
estimations for the TSDCNM solutions {(w", ™) }_, to
Problem 3 are reckoned by the following inequalities
IV (w(tn) = w™)llo + V() = ¢")llo
<ceAt?™® 1<n <N, (12)

where w(ty,) = w(x,t,) and p(t,) = o(x, t,).
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Proof. Theorem 1 is proven by the below three parts.

(1) Prove the existence and uniqueness for the TSDCNM
solutions.

Taking ¥ = w™ — w" ! in (9), we obtain

(" L =W
=(V ( —w"), V(w" —w")

+ (w" —w" L W —w" )

= [V(w" =" H|[§ + [lw" —w" . (13)
(" — " w" —w )

— (Yt — ), V(" — )

+ (w* — wh L w™ — w1t

= [V (w* — ") F + [lw* — w3
HV(w" = w" DI[F 4wt —wHE (14)

Taking ¢ = w™ in (9) and using the Holder inequality,
we obtain

IV 1§ + [[w™ [ = (", w")

< [l [lollw™ o

1
<S5 + lw™le), 1<n <N (15)
Thereupon, we procure
V™ [[§ + w"ll5 < lle"ll3, 1< n<N.(16)

Taking v = ¢" — ¢" ! in (10), and using (13), (14),

the Holder and Cauchy inequalities, and differential
mean value theorem (DMVT), we obtain

IV (w" — " D + ™ — w3

At _
- (IVe™ 15 = 1V 13)
_ (Qpn _ Son 1 w” — wn—l)
At n n—1 n n—1
+ (V" + "), V(" = ")
At
— 7(f(wn) + f(wn—l)’wn _ wn—l)
Atl_a . k k—1 n n—1
—— k(" =" " =)
'l —a) —
1 _
< UV (W™ =" “OIE A+ w™ =™ )
n—1
ALY " an | V(w* — B
k=1
n—1
+eA2 2 Y gyt — w2
k=1
FAP (w5 + 0™ E 1< n <N (17)

10

Simplifying (17) and using (16) yields

"HIIG

lw™ — w"H§ + IV (0" —w
+AL(|Ve" I3 ~ 1V " I5)

n—1
< cAtT2 Z || V(W — wk™
k=1

Rl

n—1
+cAtE T2 Z e ||w® — w12
k=1

+eAP ([l 3+ 0" H5). 1 < n < N. (18)

Summating (18) from 1 until n (n < N), while At is
sufficiently small to meet cAt < 1/2, we obtain

n

D (VW' = w ™ Y5+ " —wF)
=1
+AH V"3
n—11i—1
<A N " an |V (wF — w3
=1 k=1
n—1i—1
ALY N gl lwb — B
=1 k=1
n—1 A
+AL VOIS + A @13, 1 < n < N.(19)
=0

Applying Lemma 1 to (19), and using (5), we procure

n

D (VW' —w'™!

=1
+AL|V" ||

MG+ llw’ = w=H5)

< ALV |2 exp (cAt2 20‘ an_k + cAt2n>
<

< eAt]|VeU3,1 (20)

n <
Thereupon, by (20) and (16), we procure

IVw™llo + V" [lo < e Vello, 1 <n < N. - (21)

Thus, if ¢° = 0, then from (21) we can assert that
w" = " =0 (1 <n < N). This means that Problem 3
exists at the fewest a solution set {(w", ")},

If Problem 3 has another solution set {(@", 3")}"_, it
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should meet the below system of equations:

2

+ AV i (~k ~k—1 )
— Qg — - v

(V(@"+¢" 1), Vv)

1
5 (@) + f@ ), 0) Yo e W1 < n< N, P
(Va", Vi) + (@™, 9)

= (¢",9),Y9 € W,0 < n < N,

@’ = wo(x), ¢ =—Awo(),

xel).

Let E" = w" — @™ and e™ = ¢" — ¢". Subtracting (22)
from (8)—(8) produces

1

At
AL k k-1
DR an—k(E -E 7U)

I'1l-a) ;

(E" —E" ' v) + % (V(e" +e" 1), Vo)

= 5 (B (&) + B £ (6 1),v)
YoeW, 1<n<N,
(VE",VV) + (E",9)

VieW, 0<n<N,
E'=0, =0, xeQ,

(23)

(en7 19)7

here ¢; lies between w' and @* (i = n,n — 1).
Using the second equation of (23), the Holder and
Cauchy inequalities, we procure

IV(E™ = E" D)5 + [ E" = E" S

= (V(E" - E" 1), V(E" - E"1))

+(En o En—l’En o En—l)

— (En _ En—l’en _ en—l)
1 n n— n n—
< SUE" = E"HG + [le™ — e, (24)
IV(E" = E"IIE + | E™ — E" V3
< le™ = e" 5. (25)
IVE™ |5+ I1E"I5 < ™5, (26)
204
L5 (R gkl gn  on—l
ra- a)( et e
20t
— Ek _ Ek—l E" — En—l
v ).9( )

+(Ek _ Ek)*leTL _ E’nfl)]
< A2 (|V(EF — BSYIE + | BF — B

1 n n— n n—
+5(IV(E" = E" D5+ [B" = E"HE), (27)

ALf (&) (B e — e
= Atf'(&)[(VEF, V(E" — E™1)

+ (B E" — E"Y)]
< i(”V(Ek — BRI 4 | B — BFY2)
+eAB(|VE™R + | E™3)
< Lv(E - B+ 1B - B R)

+eAt "5, (28)
ALf'(n1)(BF e —em )
= ALf' (&) [(VEF L, V(E" — E"7))

+ (Ekal7 E" — Enfl)]

1 _ -
< JUVE" = BSDF+ B - B*)
+eAC([VE"G + 1E"[5)

1 _ —
< o7 (IVER = EFDE + | BF = B*[G)
+eAL e 5. (29)

Taking v = €™ — e" ! in the first equation of (23), by
(24)—-(29), the Holder and Cauchy inequalities, and
the DMVT, noting that E? = € = 0, we get
2|V(E" — B3+ | E" — B
+AL([[Ve"|[5 = VeI
—9 (En o En7176n o enfl)
+At (V(e" + e”_l), V(e" — e”_l))
= AL (E" () + B[ (§n) " =
208 &
I'l—a) —
< IV(E" — B Y3+ BT — B2
+eAE ([l 17 + [le" )

n—1
+6At272a Z anfk(Hv(Ek _ Ek*l)Hg
k=1

en—l)

an—k(Ek . Ekfl’ e — enfl)

< N. (30)

It follows that

IV(E" — E"DII5 + [ E" — E"3
+ At([Ver [~ Ve IIE)
< AL ([le"llg + lle" 1)
n—1
A2 a (| V(EF - BF
k=1
HIEY = BEHE), 1<n<N. (31)
Summating (31) from 1 until n (n < N), when cAt is
sufficiently small to satisfy cAt < 0.5, we procure

n

Y (IVE - BN+ 1B — E7HE)
i=1

11
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+At| Ve |2 <

< cAr? Z lle™[13
n i—1

+eAPT2N N " an (| V(EF

i=1 k=1
EM5),

— EMHIS

+||EF — 1<n<N. (32)

Applying Lemma 1 to (32) procures

n

> (Ve

=1
+ALVe 3 =0,

" ETHFHIIE - ETG)

1<n<N.

By (26) and (33), we obtain e
and " = @" (1 < n < N).

=F"=0,iew" =w

Thereupon, Problem 3 exists a sole solution set
{(wn’ ()On) i\le
(2) Analyze the stability of solutions {(w" @”)}ﬁzl.

The above first step has procured that Problem 3 has a
unique TSDMCN solution set {(w", ¢™)
we conclude that the set of solutions {w", cp”}f:[:l for
Problem 3 is bounded, i.e., stable.

(3) Reckon the errors for the TSDMCN solutions
{(w", ")

Using Taylor’s formula, we obtain

, - w(ty) — w(tp—1)

w (tn_l) = At
2

_AQi m(fn), ln—1 < gn < thrl- (34>
w(t,_1) = oA +2w(tnl)
—Algw”(gn)’ tn—1 < G < tn—%' (35)
flu(t, ) = LD = (ll-r)
—At?R(x, t), (36)

in which R(x,t) is a bounded remainder.

Thereupon, subtracting (8)—(10) from (3) after taking
t = tn_% and setting p" = w(z,t,) — w" and " =
o(x,ty) — ¢", we obtain the following system of error
equations.

1
- (V(Qn + anl

2
= % (f'(™)p" + f(" e v)

1
A (p" — p”fl,v) + ),VU)

12

iLV:l' By (21)1

A "
—_——_— a _ —_—

k—l’v)

(w’”(én) v)

16 (Vap" (sn), V)

At2
+ (eo(z, t),v) + ——

A2, ,
+T6 (¢" (sn) ,U)

—At* (R(z,t),v),1<n< N,YoeW, (37)
(Vp", Vi) + (p", ) = (0", 9),

0<n<N, VIeW, (38)
P’ =" =0. (39)

By (38), the Holder and Cauchy inequalities, we
procure

IV (" = p™)ls + 12" = p"1I5
= (V(p" " =p"), V(p" " = p")
+(p" =" =)
— (pnfl . pn7 anl . Qn)

1 R _

§(||P — "l + 11" = 2"1B); (40)
IV (" = p™)le + 12" = ™15
< et = a"lp (41)
VO™ I5 + o™ 115 < [le™115, (42)
2At1 “ k—1 k n—1 n
m(ﬂ —p% 0" —0")

2At _ o N
= m[(v(Pk L), V(" = pM)
AR AN Lyl
< APV (" = M5+ 10" = 0" 11B)

1 n— n n— T
5V =M+ 10" = pE),  (43)
ALf () (0", 0" — ")
= Atf' (n)[(VP", V(o™ = p" 7))

+ (" " = ")

1 _ _

Z(Hv(pk — "I+ 10" = 18)
+eAP (VoI5 + 10" 115)

1 _ _
< Z(IIV(pk B 1 Rl Al [
+cAt? | 0" I5, (44)

Atf (1) (P, 0" — 0" )
= Atf/(&)[(VP L, V(p" — p" 1))

+ (P =)
< UV = B+ 15— M)
APV + 0 1R)
S (A R P
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+eA "3 (45) +AH|V "3
n 1—1
Taking v = o™ — 0"~ 1 in (37), by (40)-(45), the Holder < AP exp (cAtQQO‘ Z Z an_k>
and Cauchy inequalities, the Green formula as well as i=1 k=1
the DMVT, we procure < A2 1< n<N. (49)
201V (" = " DG+ llo" = " I5)
+AL([Ve[IF = Ve H[5) By (49) and (42), we get (12). Theorem 1 is proved.[]

:2(pn_pn_1ﬂgn_gn_1) k h h h h . .
A" + 0L, g — g 1) Remark 2 Theorem 1 shows that the error estimations
TAtle ) o e ) ) . ) of the TSDMCN solutions can achieve the optimal order
=At(f'()p" + """ = 0" oA,
Atd

15 (w” (&), 0" — 0" )
oAfl-a 3 The TGCNMFE Method
Ti—a an—k(p* =" 0" = ") To build the TGCNMFE method needs to further
k=1 resort to the two-grid MFE method to discretize the
+At (go(w, t), 0" — ") spacial variables of Problem 3. To do so, let Sy
A3 Y o be a quasi-uniform coarse mesh partition on {2 and
- (A¢"(cn), 0" — 0" ) H = sup { sup |z —yl|}. For VE € 3 and integer
INE E€iny = yckE
+ = (¢"(sn), 0" — 0" [ > 1, if Pj(F) indicates the polynomial space on £
83 W with degree < [, then the FE subspace on the coarse
—At (R(x, 1), 0" — ") meshes S can be defined in the following
< A = At([lQ"[§ — lle" TG + cAr > )
HIV(e™ = p" DI+ lle™ = oG Wp = {wy € WNC(Q) : wn|p € P(E), VE € S}
n—1
+eAPT2N a4 [IV(0F = oG
=1 Similarly, let S, be a quasi-uniform fine mesh partition
_i_Hpk_pkflugL 1<n<N. (46) onQandh = Sup{sug e — y||} (h < H). Then the
e€J, TYEe
Simplifying (46) yiels FE subspace on the fine meshes 3, can be defined in

the followin
IV — DR+ 10" — o2 &

+AH(IV" (5 = V") Wy, = {wn € WNC(Q) : whle € Py(e), Ve € S}
n—1

< APy a1 (IV (0"~ YIS
k=1 Supposed that Ps : W — W;s (0 = h,H) is two

+lp" = pFYI2) + AP T2 1 < n < N. (47) H'-projections that for any g € W, there are two sole

P, isfying the bel li
Summating (47) from 1 until n (n < N) and noting 54 € W; satisfying the below equality

that p° = 0, we procure
p ) P (V(g — Psq),Vags) =0, Vg5 € Wy, 6 = h, H, (50)

n_ n—1y)2 n_ n—12
Z(HV(,O " lo+ e =" o) and the following error estimations

=1
At n (|2
+At[Ve ||0n i_l lg — Psqly < 6177, Vg e HPL Q) N'W,
<A N a1 (IV(F = P IS 6=h, H, r=-10,1. (51)
=1 k=1

k k—1)2 5—2a
— At 1<n<N. (48
Hle™ =" llo) + ’ " (48) Thus, a fire-new TGCNMFE method may be built in

Applying Lemma 1 to (48) procures the following.

n

Z(Hv(pn YR+ 1 = 2R Problem 4 Step 1. On the coarse mesh Sy, calculate

i=1 (Wi, o) € Wy x Wy (1 < n < N) from the below

13
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nonlinear system:

At
(w% - wzil + 7

= 28y + Ff ) om)

n

,UH) (Ve + ¢ ), Von)

2

AV ko ok
T~ a) 2 k(Wi i
k=1

Yog € Wy, 1 <n<N;

(Vwi, Viu) + (Wi, V) = (0. 9n),
Vg € Wy, 0<n<N,

[ WY = Pywo(x), Y = Py’ zeQ.

7UH)7

Step 2. On the fine grid 3y, seek (wy!, ¢}) € Wy, x W,
(1 < n < N) from the linear system:

(wp, — Wy, lavh) + ?(v((:@h + @y, 1); Vuy,) =

At n n n n n—

7(f(wH> + f(wi) (wy — wiy) + f(wy, ), up)

N k k—1

—=—— ) ap_p(w, —wy ", vp),
I(l-a) & b Th (53)
V’UhEWh, lgngN;

(Vwy, Vi) + (Vwy, VIy) = (¢}, In),
Vi, € Wy, 0<n<N,

w2 = Powo(x), @2 = Phcpo,:leQ.

For Problem 4, we have the following result.

Theorem 2 On the coarse grid Sy and the fine grid 3y,
from Problem 4 we can separately seek two sole sets of
solutions {(wi, ')}y C Wy xWgy {(w, o)}, C
W;, x Wy, to meet the below unconditional boundedness

(unconditional stability):

[l + llwilln + ekl + llenlh

< cflwpll2, 1 <n <N, (54)

and the following error estimations

[w(tn) — willo + lle(tn) — @Erllo
+H ||V (w(tn) — wi)llo + H|[V(e(tn) — ¢H)llo
<e(AtP 4+ HHY 1 <n < N, (55)

[w(tn) — wpllo + o (tn) = @hllo
+h|IV(w(tn) — wp)llo + 2V (e(tn) —¢p)llo

(A4 AL L ) 1 <n< N, (56)

where ¢ used subsequently is also a generical positive
constant independent of H, h, and At, and At = O(h)
O(H?).
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Proof. The demonstration for Theorem 2 is divided into
the next two parts.

(1) Analyze the existence and unconditional stability for the
TGCNMEFE solutions of Problem 4.

(i) The existence and unconditional stability for the
TGCNMFE solutions on the coarse mesh .

(52)

Noting that (52) holds the same construction as
(8)-(10), by using the same technique as proving
the existence and stability of the TSDMCN solutions
in Theorem 2, it can be proved that the system
of equations (52) has a unique series of solutions
{(w}, ¢7;I)}N:1 C Wy x Wy meeting

n

IVwirllo + Vel < clwoll, 1<n< N (57)

(ii) The existence and unconditional stability for the
TGCNMFE solutions on the fine mesh 3y,

Let
A((w7 90)7 (’UJ, 90)> = (V’U), V’Ll)) + (w?w) - (()07 w)
At JAN
+(w, ) + 5 (Veo, Vo) = == ([ (wh)w, ¢)
Atlfa
+ m(wﬂ))’
F(v,9) = (w};‘fl,v) — %(Vg&ﬁfl,VU)
Apl—« n-1
- I‘(lt—a) an—k(“’ﬁﬁh)
k=1
At

Thus, the linear system (53) may be rewritten into the
following form.

Seek (wy!, of) € Wy, x Wy, (1 < n < N) from the below
linear system:

A((wﬁa ()DZ)7 (ﬁhavh)) = F(ﬁha Uh)7

V(ﬁh,vh) EW, xWy,, 0<n<N, (58)

w) = Pywo(x), ¢ = Prp’(x), 2.

Noting that there is a constant §, > 0 such that
19llo < [19lh < 6ol Vo (V9 € W = Hg(©2)), we can
assert that when At is small enough, there is a positive
constant

2 2
A max 11701 g2 n 22

T T2(1-a)

aozmax{l,%t— T
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meeting

A((wv (,0)7 (wa W)) = (V'LU, Vw) + (wv w) - (907 ’U))
Fw.9) + 5 (e, Ve) — S )

2
+£(w )
I'(l-a) 7
> aoH(w,go)H%, V(w,cp) € Wh X Wh’ (59>

where [(w, ¢)[l1 = (IVw[? + [|V¢][3)"/2 is the norm
in W x W. This means that the bilinear functional
A((w, p), (¥,v)) is positive definite in W, x Wy, It is
obvious that the bilinear functional A((w, ¢), (9,v)) is
bounded in W;, x W;, and the linear functlonal F(v,9)
is bounded in W, x Wy, for given wf;, w), ™ 1 and op L
Hence, according to the Lax-Milgram Theorem in [33,
Theorem 1.15], we assert that Step 2 in Problem 4 exists
a sole solution set {(w}, ¢}')} ivzl C Wy, x Wy, to meet

[Vwpllo + IVerllo < cllwollr, T<n<N. (60)

This signifies that, on the fine grid 3y, the series of
solutions {(w,’{,wﬁ)}g _, C Wj, x W, for Problem
4 is unconditionally bounded, in other words, it is

unconditionally stable.
(2) Reckon the errors for the TGCNMFE solutions.

(a) Estimate the errors for the TGCNMFE solutions on the
coarse mesh .

By subtracting (52) from (8)—(10) taking v = vy and
¥ = ¥y, and setting p};, = w" — Pgw", B}y = w™ —wY,
o = Prw™ —wiy, Efp = " — o, piy = ¢" — Pug”,
and 0% = Pry¢" — ¢, and by the LDMT, we obtain

. (i mn e
At (Bf — By on) + 5 (V(ER + B ), Von)
1 -
= 9 (f(Xn)E?I + f/(anl)E 1aUH)
A —Q
F(TZ% k(Efr — By o),
Yog e Wy, 1<n<N, (61)
(VER, VIn) + (B, 9n) = (Efy, Vm),
¥y € Wi, 1<n<N, (62)

E?{ = wqg — PHwo, E% = Yo — PHQO(), in €. (63)

where x; (i = n,n — 1) lies between w' and w;.

By (61), (50), (62), the second equation of (53),
Taylor’s formula, and the Holder and Cauchy
inequalities, as At = O(H'*'/!), from (51) we get

1 _ 1 _
SV (g - By O+ 155 — R

1 - .
+5 (IVERIE - IVE;17)

1 n mn— n n—
N, (V(EY — ER Y.Vl — o)

1 _
~ (V(ER - By Y, V(dh — o h)

+ 7 (Bl = By oty = ol ')
+57 (Bl = By )0 — o)
(Ve EH+E‘?;1> V(- )
(Vg + B, V(3 - a57h)

1 7 n— n n—
=5 (Vi =i ),V (ol = o )

HDH

+

+

l\’)\r—‘m\r—t[>

1 ~1 ~1
t A7 (B — Ef o — o h)

1 mn— n
A7 (EH Byt ot — o 1)
1 ~n—1 ~n—
+§ (V pr+ 0y ), V(P — P 1))
1 [ [m— ~n—
+5 (VB + i), V(ey - 8i7)
1

=+ (Vo - P D)Vl = o)
Alt (B — By Lol — o)

+= (VY + A5 ). V(P - 6 Y)

(Pir — Py ' Efy — Ej )

(&4 E‘}}_l,p?; o)

(0% — &y Bl — B )

V(Ej + B, V(@ - a5h)

HMH

+

/—~

~“‘H'>\HE\HE\

= Az (Vo — P ), Vol — P )
1
A7 (BEf —Ex ol — o)

1 - o N
+5 (Vi + ), V(6 — P )
Phr — ﬁ?[ ! B — EIZ_I)

(EH Ey oy — p}?l)

+

‘HD‘H
~+

+

M\HD

At

cAtH2l+—||EH ER2

t
(f(Xn)En + f (Xn—l)En_lv O — @nil

—
k—1 ~ _
mzankEH B0 =
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IV (&R — B DI

2At
o
T(1—

n—1

Zan IV (B — EF OIS

HwaEZWw,1<n<N

It follows that
IV(EE — BRI+ 1B — BRI
0t (IVERIE - IVE;I) < caH?

Apl—e L
el B oL
+F(1 7a) an k(Hv( H
k=1
EER),s

k—
- Ei Ol

+| By — 1<n<N. (65)

Summating (65) from 1 until n (n < N) yields

n

Y UIV(ER = EZOIs+ 1y — B (13

=1

+AHVEY|2 < enAPH? + cAtH?

t2 « n i—1 b1
ZZ an—k(IV (Bl — B IS

=1 k=1

HWH—EZWM,1<n<N. (66)
Applying Lemma 1 to (66) yields

n

Y IV (EL = B HIE + 1Bl — B 119)
i=1

+AL VE I3
tg,a n i—1
21
< CAtH exXp <F(1—0¢) Z Z an_k>
i=1 k=1
<cAtH?, 1<n<N. (67)
Thereupon
IVER o < cH', 1<n<N. (68)

By (62), (50), (51), and (78), we procure
IVERIG + IERIG = 1% 13 + (VER, Voi)
+(EF, p) + (EF, 0f)
= ok 1I5 + (Bl o) + (B, o)

1 ~
< cH + D[ B G + el B[l
1
<l 4 Z|BRR 1< n

< N. (69)

It follows that
IVEF|lo < cH (70)
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With the Nitsche technique in [33, Theorem 1.38], (68),
and (70), we can get the blow error estimations

[w™ = willo + H[[V(w" —wi)lo

<cH™ 1<n<N. (71)

Combining (71) with Theorem 1 yields (55).
(b) Reckon the errors for the TGCNMFE solutions on the

fine mesh 3y,

By subtracting (53) from (8)-(10), taking v = v;, and
¥ = ¥y, and setting p}! = w" — Pw", B} = w" —wy,
o = Pyw™ —w, EP = " — o, pit = " — P,e", and
oy = Pryp™ — ¢}, and by the LDMT, we obtain

_ L mn  mn
(B = By~ o) + 5 (VR + B, Vo)

At
1 _
= 7(f/(Xn)EI7—LI + f/(Cnfl)E}? 17vh)
2
1 n n n
—§(f,(wH)(wh — W), vp)
n—1
At _
T ay 2 Gk (B~ B ),
k=1
Yop, € Wy, 1 <n <N, (72)
(VE/TLLaVﬁh) + (Eﬁaﬁh)
= (B, %), Vg e Wy, 1<n<N, (73)
E}? = Wy — Phu)o, E2 = Yo — PhQO(), in Q, (74)

where (,,_1 lies between w™ ! with wy” 1

By (72), (73), (50), the Holder and Cauchy
inequalities, Taylor’s formula, and (55) or (71),
when At = O(h) = O(H'/!), we get

1 n— n n—
IV ER = EOIE + V(B = B [5]

1 - .
+5 (IVER I3 = IVE;~13)

1
= E (V(on

— N, V(o]
+= (VO + 8y ). V(r — 5 h)
—-EpY)

— 1)

)

— (Ef —E 1 pft

S

n ~n—1 n
h— P, s Eh

_l’_

(w) (B — Ep), By — B

— (F ) B+ f (G ER~Y B —

ﬁn 1)



ICJK

Journal of Numerical Simulations in Physics and Mathematics

1 )

+5 (f'(wh) (B — E), by — pp ')

At & L oEn E=a

“F ey 2 kB = BB - BT

k=1
At 2 i}

T a) Zan_k(E;’f—E,'i Lon—ap
2At[IIV(Eh EyHIs + 1By — B3]
Ath? + Tty [|V(EF — EE-1)|2

+c Ti—a) Zan sl n—E, o

k: 1
+HIEY - EFYE 1<n< N, (75)

Thus, from (75) we obtain
IV (B = B I3+ IV (B; - Bp IR
+at (IVERIR — IV Ep~17)

< AR + AtQ "y IIV(Er — EF D
S cAt Zan k[l n—E, o
k:l

+| By — By~ 1”07 1<n<N. (76)
Summating (76) from 1 until n (n < N) yields
> IV B, = B Y + 1B — B,IR)
i=1
+A|VER|2 < enA?2h? + cAth?
b A S (9 — EE IR
rl-ao) =i " ' S
HIEL = BN, 1<n<N. (77)
Applying Lemma 1 to (77) yields
> (IV(EL — B, YIE + 1B — E,7IR)
i=1
+AHIVEL|S
2« n t—1
21
cAth* exp (F =) ;Zan k>
cAth?, 1<n<N (78)
Thereupon, we obtain
IVE o < ch!, 1<n<N. (79)

By (73), (50), (51), and (79), we procure

IVELIG + I ERNS = lonllE + (VER, Vep)
+(Ey, ) + (B on)

= llphlI§ + (ER. i) + (B, o)

1 -
<eh® + §HE§$H% + | E1IG
1
<ch? + §\|E;;yyg, 1<n<N. (80)
It follows that
IVE!Mo <chl, 1<n<N. (81)

Through the Nitsche method in [33, Theorem 1.38 or
Remark 3.1]), (79), and (81), we can obtain the below
error estimations

lw™ —wpllo+ l¢™ = ¢hllo

HR(IV(w" —wp)llo + V(" = ¢h)llo)
= [Exloll Exllo + AUIVEL o + [IVEL o)
<chtt 1< n < N. (82)
Thus, (56) is obtained by combining Theorem 1 with
(82). This finishes the demonstration of Theorem 2. [

Remark 3 Theorem 2 explains that the theory errors of
the TGCNMFE solutions achieve optimal order and the
TGCNMEFE solutions are unconditionally stable. In the next
section, we will conduct numerical experiments to verify that
the theory errors of the TGCNMFE solution is consistent
with the computing errors.

4 Some Numerical Experiments

In this section, we give a set of numerical tests to verify
the rightness for the procured theory results and to
reveal the advantage for the TGCNMEFE method.

Setthat Q = [0, 1]x[0, 1] and the initial value functions
wo(x) = sin(27z)sin(27zy) in GNTFFORDE (i.e.,
Problem 1).

The fine mesh partition 3y, consists of all squares with
equal side length 1/1000 and the all sides parallel to
the coordinate axis. When [ = 1, in order to satisfy the
condition of optimal error estimates h = O(H'*1/!) =
O(H?), the coarse mesh partition Iy was taken as the
squares with equal side length 1/1/1000 and the all
sides parallel to the coordinate axis. When o = 0.2,
0.4,0.6, and 0.8, I = 1, and At = h'*%/2, according
to Theorems 2, the L2 morn error estimations for the
TGCNMEE solutions to the GNTFFORDE can achieve
O(1079), theoretically.

First, when o« = 0.2, 0.4, 0.6, 0.8, we calculated four
series of TGCNMEFE solutions { (w2, ¢, )} atn = 1000
(ie., t = 1000At) and n = 2000 (i.e., t = 2000At) by
the TGCNMFE method (i.e., Problem 4), and recorded

17
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Table 1. The errors of the MGCNMFE and TGCNMEFE solutions and CPU running-time at ¢t = 1000A¢.

a MGCNMEE solutions TGCNMEE solutions MGCNMEFE method TGCNMEFE method
Errors Errors CPU Running-time  CPU Running-time

0.2 2.2316 x 107 1.0273 x 107° 215.332s 114.028 s

0.4 24187 x 1076 1.1438 x 1076 216.662 s 113.312s

0.6 2.8665 x 1076 1.2662 x 1076 217.153 s 113.634 s

0.8 2.9782 x 1076 1.3861 x 1076 216.709 s 112.451s

Table 2. The errors of the MGCNMFE and TGCNMMEE solutions and CPU running-time at ¢ = 2000A¢.

a MGCNMEE solutions TGCNMEE solutions MGCNMEFE method TGCNMEFE method
Errors Errors CPU Running-time  CPU Running-time

0.2 3.9781 x 107° 2.1563 x 107° 427562 s 214.731 s

0.4 3.6436 x 1076 2.2253 x 107 426.826 s 213.813 s

0.6 3.8841 x 1076 2.3265 x 1076 425.716 s 212.832's

0.8 3.9862 x 1076 2.4453 x 10~ 425.261 s 212.764 s

the CPU running-time and errors, which are estimated
by [lw?, —w™ o + |7, — ¢ o, listed in the third
and fifth columns in Tables 1 and 2.

Next, in order to exhibit that the TGCNMFE method is
superior to the monolayer-grid CNMFE (MGCNMEE)
method (i.e., the Step 1 of Problem 4 when
H = +/2/1000), we used the MGCNMFE method
to calculate four series of MGCNMEFE solutions
{(wly, ¢ly)} at n = 1000 (ie., t = 1000At) and
n = 2000 (i.e., t = 2000At) when o = 0.2, 0.4, 0.6,
0.8, and recorded the CPU runtime and errors, which
are estimated by ||w?, —w”, [0 +]|¢%, — ™ o, listed
in the second and fourth columns in Tables 1 and 2.

The data of Tables 1 and 2 manifest that when n =
1000 (ie., t = 1000At) and n = 2000 (ie. t =
2000At), and a = 0.2, 0.4, 0.6, 0.8, the numerical
computing errors of the MGCNMFE and TGCNMFE
solutions are coincided with the theory errors O(107°),
but the CPU running-time of TGCNMFE method is
nearly half that of MGCNMFE method. Therefore,
the TGCNMFE method is markedly superior over the
MGCNMEFE method and the TGCNMEFE method is
feasible and effective to solve GNTFFORDE.

5 Conclusions and Prospect

Above, we have proposed a new TSDMCN method
and a new TGCNMFE method for the GNTFFORDE,
and have strictly analyzed the existence, stability, and
errors for the TSDMCN and TGCNMEFE solutions,
theoretically. We have also provided the numerical
experiments to confirm the correctness of theory
results and shown the superiorities for the TGCNMFE
method. The TSDMCN and TGCNMFE methods for
the GNTFFORDE are firstly proposed in this paper.

18

Hence, they completely differ from the existed time
semi-discrete scheme and the MFE method, including
that in [1]. Of course, the new TGCNMFE method is
also distinct from the existing FE methods with only
first-order time precision and conditional convergence
in [23-26]. Therefore, the TSDMCN and TGCNMFE
methods herein are original and fire-new.

Although the TGCNMFE method here can greatly
simplify computation, save CPU-time, and improve
calculation efficiency, when it is applied to settling
the GNTFFORDE of practical engineering problem,
it usually contains many (often more than tens of
millions) unknowns and needs to take a long time
to calculate the result on a computer. Thus, after the
computer has been running for a long time, due to
the accumulation of calculation errors, the obtained
TGCNMEE solution may deviate from the correct
solution, and even floating-point overflow may occur,
resulting in incorrect calculation results. Therefore,
in future research, we will adopt appropriate
orthogonal decomposition (POD) methods to reduce
the unknowns in the TGCNMFE method, and create
some new POD dimension reduction methods for
the GNTFFORDE and other nonlinear and unsteady
fractional PDEs.
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