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Abstract

In this article, we mainly develop a new two-grid
Crank-Nicolson (CN) mixed finite element
(FE) (TGCNMFE) method for the convective
FitzHugh-Nagumo equation. For the purpose, a
new time semi-discrete CN mixed (TSDCNM)
scheme is created, and the existence, steadiness,
and estimates of errors for the TSDCNM solutions
are attested. Thereafter, a new TGCNMFE method
is developed, and the existence, steadiness, and
estimates of errors for the TGCNMFE solutions
are discussed. Lastly, the rightness of the procured
theoretical results and the effectiveness of the
TGCNMFE method are attested through several
numerical experiments.
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1 Introduction

Let @ C R? be a two-dimensional bounded
domain with the boundary 0. For a known final
time t., we research the following the convective
FitzHugh-Nagumo equation.

Problem 1 Seek (w,w) € [C1(0,t.;C%(Q))]? from the
following system of equations:

wy(x, t) — Aw(x, t) + w(x, t)

= fwla, 1) + (@), (2,1) €2 x (0,t,),

wi(x,t) + w(x,t)

=w(x,t), (x,t) € Q x (0,te),

w(x,t) =0, (x,t) € 00 x (0,t.),
w(zx,0) = wo(x), w(x,0) = wo(x), = € Q,

(1)

w(x,t) =

in which C1(0,t.; C*(Q)) is the space formed by functions
with continuous 2nd-order derivatives about spatial
variables on Q) and continuous Irst-order derivative about
time on [0, t.], wi(x,t) = Ow(x,t)/0t, ¢ = (x1,22), A
indicates the Laplacian operatot, f(w) = w(1 — w)(w — a)
and a is a known constant, the source term g(x,t) and the
initial functions wo(x) and wo(x) are sufficiently smooth
and known.

The convective FitzZHugh-Nagumo equation is a very
important mathematical model to depict the neuronal
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excitation system and plays a significant role in
depicting the neuronal nonlinear behavior (see [1-3]).
It has a very high efficiency to simulate the electrical
activity of neurons. Specially, it has a significant
feature that can be stimulated through controlling the
range of parameters. Hence, it is also a mathematical
model to study the excitable systems and helical
waves [1]. Thereby, it is of meanings to study the
convective FitzHugh-Nagumo equation.

Unfortunately, owing to the complexity of the
convective FitzHugh-Nagumo equation with a strong
nonlinear term f(w) = w(l — w)(w — a), it
usually cannot be solved analytically. It is a best
choice to compute its approximate solutions through
numerical approaches. Though some finite-difference
(FD) schemes for the convective FitzHugh-Nagumo

stability, and estimates of errors for the TGCNMFE
solutions. In Section 4, we employ several numeric
tests to attest the rightness of the procured theory
results and the effectiveness of the TGCNMEFE method.
Finally, we give the dominating conclusions of this
article and the future research prospects in Section 5.

2 A New TSDCNM Scheme

The Sobolev spaces as well as their norms presented
in the following text are classic (see [9-11]). Let W =
H(Q) and W = L%*(Q). In order to facilitate theory
analysis and without loss of generality, we assume that
g(x,t) = 0. Thereupon, with the Green formula, we
may build the below weak form of Problem 1.

Problem 2Vt € (0, t.), seek (w, @) € W x W from the

equation were proposed in [4], their accuracy is very following system of equations:

poor, for instance, they have only lrst-order time
accuracy.

Massive numerical tests indicate that two-grid FE
technique is one of the most effective algorithms to
calculate nonlinear PDEs including the convective
FitzHugh-Nagumo equation. It is composed of a
nonlinear system including a few equations on coarser
meshes and a linear system on adequately fine meshes.
Thus, its computation process can be greatly simplified
and its computation efficiency is improved. It was
initially used to calculate the numeric solutions for
some quasi-linear second-order elliptic problems (see
[5]). Lately, in [6-8], it was accustomed to calculate
some slightly intricate nonlinear PDEs.

As far as we know, at the moment there has been no
report that the convective FitzHugh-Nagumo equation
is solved by TGCNMFE method. Though a two-grid
FE algorithm for the convective FitzHugh-Nagumo
equation was proposed in [3], it is not the TGCNMFE
method. Therefore, in this article, we develop a
new TGCNMFE method with time second-order
accuracy and unconditional stability for the convective
FitzHugh-Nagumo equation, which is completely
distant from the methods with only first-order time
accuracy in [6-8] and the method in [3].

The arrangement of the remaining content of this
article is as follows. In Section 2, we develop
a new TSDCNM scheme for the convective
FitzHugh-Nagumo equation and analyze the existence,
stability, and estimates of errors of the TSDCNM
solutions. In Section 3, we create a new TGCNMFE
method for the convective FitzZHugh-Nagumo
equation and discuss the existence, unconditional

(v,we) + (Vo, Vw) + (v, w)

= (v, f(w)), Vv e W,
(9, 1) + (¥, @) = (9,w), VI € W,
w(x,0) = wo(x), w(x,0) = wo(x), £EQ,

wherein (v,w) = [, v - wda.

By using the proof method in [9, Theorem 3.5.1] or
the same proof method as the next Theorem 1, we may
deduce the existence and stableness for generalized
solutions to Problem 2.

In order to develop the TGCNMFE method, we first
need to create a fire-new TSDCNM scheme. Thereby,
we assume that N > 0 is a natural number, At =¢./N
denotes the time-step, and w" and =" indicate the
approximations to w(x, t) and w(x, t) at moment ¢,, =
nAt (0 < n < N) separately.

Using a time implicit FD scheme with only time
1rst-order accuracy to discretize the 1rst and 2nd
equations in Problem 2 procures

(w" — w”_l,v) + (Vou, Vu") + (v,m")
f(w™),v), YveW.

B =
—~

(3)

|-

(=" — w"_l,ﬁ) + (9, @")

B>

t
= (w",9), V9eW.

Using a time explicit FD scheme with only time
1rst-order accuracy to discretize the 1rst and 2nd
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equations in Problem 2 procures

1
At
+(v, @™ = (f(w" 1), v), YoeW.

1
At
= (" 1,9), V9eW.

(w" —w" U) + (Vo, V™ 1)

(wn o wnfl’ 79) + (ﬁ?wnfl)

By adding (3) to (4), we procure a fire-new TSDCNM
scheme with time 2nd-order accuracy, which is
completely distent from the existing time semi-discrete

schemes such as those in [3, 6-8], since % (f(w") +

Flw"=) # (5(f(w") + fwh).

Problem 3 Calculate {(w",w")} € Wx W (1<n<
by the following system of equations

N)

S ) 4 (Yo, V" 4w )
(0@ + @) = (o, f") + fu ),

YVoeW, 1< n<N, (5)

w’ = wo(x), @’ =wy(x), .

The following discrete Gronwall lemma (see [12,
Lemma 3.1]) is repeatedly adopted in after theory
proofs.

Lemma1 Let {a,}, {b,}, and {9, } be three nonnegative
real sequences, and meet a,, < by, + 27;11 dja; (n > 1),

then they also meet a,, < by, exp (Z?;ll 6]-) (n>1).
For Problem 3, we obtain the following results.

Theorem 1 A solution set {(w", w™)}Y_| ¢ W x W can
be uniquely calculated from Problem 3 to satisfy the next
boundedness (i.e., stableness):

[w" (|1 + [@"lo < e([lwollr + [|=llo), 1 <n < N. (8)

where and subsequent ¢ > 0 is a constant independent of
At. Inaddition, if wo(z) and wo(x) is smooth enough, then
the errors of the TSDCNM solution set {(w"™, w")}fz\/:1 are
reckoned via the next inequalities

IV (w(tn) —w")lo + [@(tn) — =" [lo
<cAt?, 1<n <N, (9)

wherein w(t,) = w(x, t,) and w(t,) = w(x, t,).
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Proof. The demonstration of Theorem 1 is executed by
the next three steps.

Step 1. Discuss the existence and uniqueness of the
TSDCNM solutions.

Taking ¥ = @" + @™ ! in (6), by Holder and Cauchy
inequalities, we obtain

_ At _
leo™ (1§ = Il 1H%+7Hwn+wn i3
At
— 7(wn_,'_wn—lﬂﬂn_i_?ﬂn—l>

At
< It + et + e + @ G(10)

=t
4
Thereupon, we get

At

=™ 15 = ll=" Ml < =

(™ 3 + [l IE)- - (11)

Summing (11) from 1 until n procures

n
I I < 110°li§ + At ) lw'llg, 1 <n < N. (12)
=0

Taking ¢ = w™ — w™ ™! in (6), by H6lder and Cauchy
inequalities, we procure

7(wn + wn—l’wn _ wn—l)
1
— 5(wn + wn—17wn o wn—l)
1
o 7(%” o wnfl?wn . wnfl)
At
1
_ —7(?3” o wn—ljwn o wn—l)
At
1

+ 5w g = w5, 1 <n < N (13)

Taking ¥ = @" — @"~! in (6) and using the Holder
and Cauchy inequalities, we procure

1 _ 1 _
" = ="+ 5 (="llG = =" 6)
— (wn o wn—l’wn _ wn—l)
1 _
< m”wn — "3
At
+ 5 [l - w2, 1<n<N. (14)
Thereupon, we procure
1 n n—12 n||2 n—12
a# =@ o+ w6 = 1™l
< Atflw™ —w™ 2, 1<n<N. (15)
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Summing (15) from 1 until n procures

1 <& . .
~ 2= =@+ = 1 < (=13
i=1

+AEY w' —w TN, 1< n <N, (16)
i=1

Taking v = w™ — w"~! in (5), and using the Holder

and Cauchy inequalities, (13), and Lagrange’s Mean

Value Theorem of Differential Calculus (LMVTDC),

we procure
Sl =R+ SV~ (Ve )
+ 5"~ o™ 3)
= Ait(w” — "t —w™h)
S0+ fm ), w — )
< g™ = w3 + " — ")
At / n|2 n—12
201 Mool I3 + ™ 13). (17)
Simplifying (17) yields
™ =R o
< S Mool 3 + =" )
—i—EHw"—w”*ng,l <n < N. (18)

Summating (18) from 1 until n (n < N), while At is
sufficiently small to meet cAt < 1/2, using (16), we
obtain

1 & , A
5 2l = w R e}
=1
n—1

<13 + At flloeo Y 1w’}
=0

1 n—1 . '
DIl G
i=1

n—1
< w1 + |25 + ALl f llo,00 Z [w'(|F
1=0
n—1 4 '
+ Z Jw’ — w2, 1<n<N. (19)
=0

Applying Lemma 1 to (19), we procure

1 <& . .
7 2wt = w T+ e ]
i=1

(lw’llF + Nl [13) exp (nAH(L + Atl| f'[lo,0c))

<
< Co([[w’llf + 1=°ll§), 1 < n < N, (20)
where Cjy = exp (nAt(1 + At|| f'||o,00)). Thereupon, by
(12) and (20), we procure

lw™ 1+ " lo < Colllw’|ls + lll0), 1 < < N(21)

where Cy = max{+/Cy, /1 + T'Cy}, which is denoted
the general c. Thus, if w® = @ = 0, then from (21)
we can assert that w"” = @” = 0 (1 < n < N). This
implies that Problem 3 has at the least a solution set
{(wn’wn) nNzl‘

Nt

If Problem 3 has another solution set {(@", @™)},_,

should meet the below system of equations:

(1 ~n ~n—1 1 n ~n—1
" (w w ,U) + 2( +a" " v)
1
+5 (V(@" + @), Vo)
1 - ~n—1
=— " " Vv € W;
12(f(w )+ f(@ ),1v), veW, (2)
- ~n _ ~n—1 - ~n ~n—1
A7 (0, &" —@ )+2(19,w +@")
1 —
= 5(19,@" +a" ), Y9eW,1<n<N,
@0 = wo(x), @° =wo(x), zE.

If weset R = w" —w" and r"* = w" —@" and subtract
(22) from (5)—(5), then by the LMVTDC, we procure

1
_Rn_l,v) —1—5(’1“”4—7“”_1,’0)

(V(R" + R"™),Vv)
(R"f'(&n) + B" f'(nm1),v)
<n <N,

— (0, r" =Y + 1(19,7“" + r"_l)
2

(23)

1 —~
- 5(19,R"+R"‘1), V9 eW, 1<n<N,
R'=0, =0, xeQ,

in which ¢; are located between w' and @° (i = n,n—1).

Since (23) has the same form as (5)—(7), using the
completely same technique as proving (21), we can
get

IR™ |1 + [l llo < Co(IR”[l1 + [17°llo), 1 < n < N.(24)

Noting that 7 = RO

= 0, from (24), we obtain
r" = R" =0,1ie, w" = w"

and w" = @w" (1 < n <
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N). Therefore, Problem 3 has a unique solution set

{(wn’ wn) 7]1\[:1'

wn)}ﬁlzl'
Step 1 has proved that Problem 3 has a unique
TSDCNM solution series {(w", ") }\_,. By (21), we

assert that the solution series {w", w"}fle to Problem
3 is bounded, i.e., stabilized.

Step 2. Discuss the stability of solutions {(w"

Step 3. Evaluate the errors of the TSDCNM solution series
{(wn’ wn) 7]2[:1'

With the Taylor expansion, we procure

u(ty) —u(tn_1) A#?

it y) = )=o) B e (25)
u u — 2

u(tn_%) _ (tn) +2 (tn 1) - Alé u”(gn), (26)

Flult, 1) = 5 (F(ultn)) + Flultn 1))

—At*R(x, 1), (27)

in whichu = wor @, t,-1 < § <tpt1, tho1 <G <
by 1, and R(x,t) is a bounded remainder.

Thereupon, subtracting (5)—(7) from (2), taking ¢t =
t, 1,using the LMVTDC, and setting e = w(t,,) —w"
and € = = w(t,) — w", we obtain the following system
of error equations.

Alt (e"—e" o)+ % (V(e"+e" 1), Vo)
— % (f/(nn)gn + f/(’l’]nil)f:‘nil,v)
1 n n— AtQ "
—5(6 + e >+ﬂ( (&), v)
t2 " A 2 "
+T6 (w (Sn)s ) + — 16 (V (Cn),VU)
~At* (R(z,t),v),1<n< N,Yo e W, (28)
é(en—e”’l,ﬁﬂ%( +e L)
A 2
S+ 0) + 8 (2 (6),9)
At A2,
+76( )7ﬁ)_ﬁ(w ((n),’ﬁ),
1<n<<N, Ve W (29)
V=€’ =0, (30)

where n; (i = nn,n — 1) are located between w(ty,)
and w". Taking ¥ = " + ¢"~! in (29), by Holder and
Cauchy inequalities, we obtain

At
=15 + Sl + € g

€15

46

At
= ("4 e

2
At?
+ ﬂ (w///(én)7€n +6n_1)
At?
+ ﬁ (w//(gn)’en + 6nfl)
At?
_ F (w//(gn)7€n + 6nfl)
At n n—12 t n n—1(2
< Sl R Sl + e
+eAt®, 1<n<N. (31)
Thereupon, we get
_ At
le™ 13 = 1le"HF < (||6”||o+|| ")
+ A5, 1<n< N. (32)

Summing (32) from 1 until n (n < N) and noting that

¢’ = 0 procure
n

IF < At + ALY w5, 1< n < N

=0

(33)

e

Taking ¥ = £"—¢"~1in (29), by the Holder and Cauchy
inequalities, we attain

5(6” 4t en —entl
= %(8” el en —gnh
- é(e” — e hen —enh
A g o
— Al? (w”(gn),an - zs"—l)
Al? (w"(sn), " — 5”_1)
= —é(e” — ™ — ™)
+ 5B =~ 1 1R)
A (), — )
— Al? (@ (sn),e" — 6”_1)
Algz (w"(sn), €™ — 5”_1) , 1 <n < N.(34)

Taking ¢ = €" — €"~! in (29) and using the Holder and
Cauchy inequalities, we attain

1 no1y2 , 1 2 —12
e — R 4 S~ e )
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1<n<N. (35)

Thereupon, we procure
1 _ _
e = e+ enls — Ml Ig
< Ate" — "2 4+ cAt®, 1< n < N.(36)

Summing (36) from 1 until » (n < N) and noting that
¢’ = 0 procure

1 & .
AL Dol —€7Hg + [l€M)§ < cAr
=1
n . .
+ALY e -3, 1<n< N, (37)
=1

Taking v = " — "1 in (28), and using the Holder
and Cauchy inequalities, (34), and Green’s formula,
we obtain

1 _ 1 _
gl =" Mg + (Ve llg = Ve iG)

1 _
+ 511G = 1" 15)

= Ait(en — e — el
S+ f e e )
+ 28 ()6 — )
+ Alfj (@ (sn) e — ")

_AE

(Aw//(gn),éﬁ . Enfl)

16
— At (R(z,t),e" — ")
1 _ _
S gagllle” —€" HE A+ 2ller = HIB)

At _
+ j\lf’llo,oo(lle”H3+ le"13)
+eAt’, 1 <n<N.

Simplifying (38) yields

ol =€ THIE A+ lle™ 1 — lle" R

At -
< S 1 Moo (™16 + 11e™113)

2
+ e - Y12+ cAt®, 1 <n < N.(39)

Summating (39) from 1 until n (n < N), while At is
sufficiently small to meet At|| f']|0,00 < 1/2, using (37),
and noticing that e = ¢ = 0, we procure

I ., ;
EZW—SZ g+l
=1

n—1

000 ) lI"N

1=0

4 n—1 '
g 2 lle— 3
=1
n—1

< A+ A oo D 1€
=0

< enAr + At|f!

n—1
+4Y - 1< n <N, (40)
i=0

Applying Lemma 1 to (40) produces

1 - 7 i— n
~7 DNl =TI+ e
i=1
< cAtt exp (nAt(4 + At f']lo,00))
<cAtt,1<n<N. (41)
Thereupon, by (33) and (41), we procure

lw™ [y + [l=" o < At?, 1 < n < N, (42)

which gets (9). The proof of Theorem 1 ends. O

Remark 1 The results of Theorem 1 show that the estimates
of errors for the TSDCNM solutions can reach the
optimal order O(At?) and the TSDCNM solutions are
unconditionally stabilized.

3 A New TGCNMFE Method

To establish the TGCNMFE method, it is necessary to
further discretize the spatial variables for the TSDCNM
scheme through the two-grid FE technique. Therefore,

(38) Weassume that Jg is a quasi-regular subdivision for

the coarsemeshon Q, H = sup { sup |z—yl/},{>1
KeJy xycekK

is an integer, and IP; (K) indicates the polynomial space

on K € Sg. Thus, the FE subspaces of W and W on

the coarse mesh subdivision Jg may be separately
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expressed as

Wy = {wH EW:U)H|K EP[(K),VK € jH},
Wy = {wH e W : Gyl € Pi(K), VK € jH}

Similarly, suppose that J, is a quasi-regular
subdivision for the fine mesh on Q and h =

sup{ sup ||z — y|} (h < H). Thereupon, the FE
KETn TYER

subspaces of W and W on the fine mesh subdivision
Jpn, may be separately expressed as

Wy, = {wp € W :wy|, € Py(k), VE € T},
Wh = {UNJh € W : UNJ}L‘H S IP[(F&), Vk € jh}

Suppose that T, : W — W, (y = h,H) are two
H 1-opera’cors that Vw € W, there are two unique
T, w € W, to satisfy the below formulas

(V(w - Tyw),Vwy) =0, Yw, € W, v =h, H,(43)
and the below estimates of errors

lw — Tywl, < ey 77 Yw € HTH(Q) NW,
vy=h, H, r=-1,0,1. (44)

Suppose that P, : W — W, (y = h, H) are two

L?-operators that Vv € W, there are two unique P,v €
W, to meet the below formulas

(v—Pyv,vy) =0, Yo, € WW, vy=h, H  (45)
and the below estimates of errors

AT e e HPL(Q) N W,
~1,0,1. (46)

[v— Pyolr <
y=h H, r=

Whereupon, a brand-new TGCNMFE method may be
constructed as below.

Problem 4 Step 1. On the coarse grid subdivision Jy,
compute (wh,w}y) € Wy x Wy (1 < n < N) through
the below nonlinear system:

2

2 (i om) + (@ + o)
+H(V(why +wh ), Vo)
= (f(wi) + f(wi ), vm),

\V/UH EWr,1<n<N; (47)

(ﬁH,w% —wy ) + (W, wpy + @y 1)

At
= (Vg,wy + U)Ir_bl_l),VﬁH S WH, 1<n

wY = Pyw®, in Q.

<N,

0
Wy = THwo,

48

Step 2. On the fine grid subdivision [J}, compute
(wp,wp) € W, x Wy, (1 < n < N) through the linear
system.:

,

wh vp) + (wp + @y~ Lup)

+(V(wy, +wy ™~ ), Vo) =
(f (wiy) + f'(wh) (wf — wir) + fwp="), on),
Vup, € Wy, 1 <n < N; (48)
=
At
= (0, wy +w
w) = Thwo(x),

At(

wz_l) + (O, @y, + @, 1)
VI, € Wy, 1<n <N,

wg = Py, xeq.

’&h,wh

By Problem 4, we procure the below results.

Theorem 2 On the coarse grid Jy and the fine grid Jh,
fwo sole solution sets {(wH,wH)}N , € Wy x Wy
and {(wy, wh)}fle C Wy x Wy, can be separately
calculated from Problem 4 to satisfy the below unconditional
boundedness (unconditional stableness):

w1 + llwy s + [ llo + Il llo
< c(flwolls + [[mollo), 1<n< N, (49)

and the next estimates of errors

w(tn) — willo + l=(tn) — @Hllo
+H ||V (w(tn) —wi)llo

c(At? + H'™), 1 <n < N, (50)
[w(tn) — wyllo + [w(tn) — @hllo
+h[[V(w(tn) —wp)llo

C(At2 + hl+1), 1<n<N. (51)

where ¢ used subsequently is also a generical positive
constant independent of At, H, and h, and At = O(h) =
O( Hit+L/ l).

Proof. The proof of Theorem 2 is finished by the next
two steps.

Step 1. Discuss the existence and unconditional stableness
to the TGCNMFE solutions.

(1) Study the existence and unconditional stableness of the
TGCNMFE solutions on the coarse mesh Jy.

Noting that the structure of (47) is the completely
same as that of (5)-(7), by using the same proof as the
existence and stableness for the TSDCNM solutions in
Theorem 2, we can prove that the equatlon (47) exists
a unique solution series {(w},, wH)} _ CWpg x Wy
to meet

lwirll + [l llo < e(llwollr + [lwollo), 1 <n < N.(52)
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(2) Study the existence and unconditional stableness to the
TGCNMEFE solutions on the fine mesh J,.

Let

A((w,w), (v,9)) = 2(w,v) + At (Vw, Vo)
— At(w, V) + At (w, V) + 2(w, V)
+ At(w v) = At(f'(wir)w,v),
=2 w 1,1})
- At(wZ L)
+ At(f (why) — f'(wip)wir + f(wy,~

— At(Vw™™ 1, Vo)

h,v).

Thereupon, (48) can be rewritten as the next problem.

Problem 5 Seek (wy,w}) € W) x Wy, (1
from the below linear system:

<n < N)

A((wngZ)a (rﬁfhvh)) -
V(ﬁh,vh) c Wh X Wh,

F(ﬂh,vh),
0<n<N, (53)

wh) = Thwo(x), wy = Py’ (x), .

When At is small enough to meet At|| f'||o,c0 < 1, there
is a constant oy = min{1, At,2 + At} > 0 to meet

A((w, w), (w,w)) = 2(w, w) + At (Vw, Vw)
— At(w,w) + At (w, w) + 2(w, )
+ At(w, w) — At(f (wi)w, w)

> 2||w|g + At|[Vwl[§ + (At + 2)||w]3

> aol|(w, @)1}, Y(w, @) € W), x Wy, (54)

where [|(w, @)[[1 = (|lw]|? + ||ew||2)*/? is the norm in

W x W. This implies that A((w, @), (v,1)) is a positive
definite bilinear function in W, x WhNIt is obvious that
A((w, w), (v,9)) is bounded in W}, x W}, and the linear
function F'(v,?) is bounded in W;, x W), for given
why, wy~ I and @y, -1 . Thereby, with the Lax-Milgram
Theorem in [9, Theorem 1.15], we claim that Problem 5,
i.e.,, Step 2 in Problem 4 has a sole solution series

{(wh,wh)} 1 C Wy x W), to meet

lwplly + Ik llo < e([[wollx + l[ewollo), 1 < m < N.(55)

This implies that, on the fine grid 7, the solution
series {(w}, w,’;)}fl\;l of Problem 4 is unconditionally
bounded, namely unconditionally stabilized.

Step 2. Evaluate the errors of the TGCNMEFE solutions.

(1) Evaluate the errors of the TGCNMFE solutions on the
coarse grid subdivision Jy.

By subtracting (47) from (5)—(7), taking v = vy and
¥ = Jgy, and settingf:% =w" —Thw", R = w" —w},
ey =Thw" —wyy, Ry =w" —wyy, e =w" —Tygw",
and €}; = Tpw" —w};, and by the LMVTDC, we obtain

At (RY — Ry og) + % (V(RY + Ry, Vog)
= 2 (OB + 7O )Ry o)

—E(Rn — R%Y og), Yo € Wi, 1< n < N,(56)
At(RH RYY 9g) + (RYy + R 9p)

:( %—FR?{_l,ﬁH),VﬁH EWg,1<n<N, (57)
RO :wo—THwo,R%:wo—PHwo, inQ, (58)

where y; (i = n,n — 1) are located between w’ and w?;.

By (56), (43), (57), the second equation of (48),
Taylor’s formula, and the Holder and Cauchy
inequalities, as At = O(H'*'/!), from (44) we get

1 _
7IIR” Ry 1||o+ (IIVR 15— IR 15)
At (Rn R%_l’gH E?I 1)
1 n— n—
+E( " — Ry 1) € — €fr 1)
1 — n—
+ B (V(Ry — Ry h, V(e — € 1))
1 — n—
+5 (V@B = Ry ), V(g — i)
1 n— n
Kt( =Ry ek —enh)
1 — n—
t+5 (Ve — el ). Ve =< )
1 210 N — n n—
5( u+ Ry 1a€H—€H 1))

45 (PO R+ T Con )Ry ey — i)

1
< A 4 || Ry — By IR + et Ry I
+IREHE) + cAt(|RE NG + I RS- (59)
It follows that
1 n n— 7 n—
g B = Ry I+ IVRE S — VRS
< cALH? + cAt(||RE (1 + |1 RE D)

+ eAt(||REIIE + IR HID), 1< n < N.(60)

Summating (60) from 1 until n (n < N) yields
1 - % i— n
~7 O 1R = B3 + IV R [
i=1
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Summating (64) from 1 until n (n < N) and using

21 21
< enAtH™ + cH* 4 cAt Z ||VRHH0 (46), we procure

=0
i L~ pi mie P
+eAtY | Ryllf, 1<n<N. (61) ~p 2 1B = B ' + 1R
i=0 i=1
n—1 o
Applying Lemma 1 to (61) yields < enAtH* Y 4 cHXED o enA Y || Ry 5
i=0
1 " i i n n—1 o
= IRy — B 3+ IV R < cHX) 4 oAt S Ry R <n< N, (65)
=1 =0
< (CHQl 1 eAt Z ”—%{H%) exp (cnAt) Applying Lemma 1 to (65) procures
. IR 13 < cH2HY exp(enAt)
<cH? +ceAtY |IRy[3.1<n< N, (62) <cH* M) 1<n<N. (66)
=0 Substituting (66) into (62) procures
By (57), (45), (46), Taylor’s formula, and the Holder [VR%|lo < cH', 1<n<N. (67)

and Cauchy inequalities, and (62), as At = O(H'+1/1),

we procure With the Nitsche technique in [9, Theorem 1.38] and

(67), we can procure the next estimates of errors

1 PN 1 — pN— n n n n
g 1B = R G + (HR 16 = 1257 13) lw" —wirllo + H|[V(w" —wir)llo
1 (Rn Rn—l ~n n— 1) < CHZ+17 I<n< N (68)
= Ap\UH T itH fH T &R
A I ) Combining (67) and (68) with Theorem 1 yields (50).
Ag\H H~ €H
1 ~ . (2) Estimate the errors of the TGCNMFE solutions on the
Z(R™ Rn 1 n  n-1
5 (R + € &) fine grid subdivision J.
[P pn—1 -n ~n—

+ 5( r+ Ry e -t By subtracting (48) from (5)—(7), taking v = v}, and
! el e e U = Jp, and setting e = w" — Thw", Rh =w" —wy,
_E(SH €y E€H —Em ) ey =Thw" —wp, R} = w" —w}, &) = w" —Tpw", and

+5 ! (% + &% 1 EN — &n 1) €y = Tpw™ — wy, and by the LMVTDC, we obtain

2 " " 1 n—1 1 n n—1
+}( no R En ety Kt( b= Ry o) + 5 (VR + Ry, Vo)
2 1
n n—1
< cAtH? M) L eAL(|RY |12+ | REY12) = 5 (F'Ca) By + f(Gu1) By on)
n— 1 n n n
2AtHRH R 1”0 —§(f/(wH)(wh — W), Un)
1 230 DN—
gcAtHQ(lH)—i—cAtZZHR%H% —5( —|—Rh 1,Uh)7 Youp € Wy, 1<n<N,(69)
i=0 . - -
~ Rn Rn_l,ﬁ + n oy Rn_l,lg
IRy - Ry 3 1<n< N (63) i ) (O R )
2At = (R} + R, 9;,), You € Wy, 1 <n < N, (70)
When At is sufficiently small to meet cAt < 1/2, by R) = wo — Thwo, R = wy — Pywy, inQ, (71)

simplifying (63), we get

plifying (63) & where (,,_1 is located between w™ ! with wy” L
1 = -
EHR — RYY2 + IRy 112 — || R I By (69), (70), (43), the Holder and Cauchy
< ALY inequalities, Taylor’s formula, and (50), when
<ec

. At = O(h) = O(H'"F/1), we get

+ A IRy §, 1<n<N. (64)

1 n n— n—
pard A B — By, R 5 IV ERIG = VR IE)
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(') RY + f'(Co1) R L e — Y

- w%)a € — 6271)

1 —12 2l
< xR — R + eath
+eAt(| Ry 1I6 + 1175 16)

+eA(|RRIZ + 1RYHIB), 1<n<N.  (72)

Thus, from (72) we obtain
IVR G — IVRE G
< eAth* + eAt(||RE(I§ + 1By IG)
+ eAL(||RRIIG + 1R HIE), 1 <n < N.(73)

When At is sufficiently tiny, by summating (73) from
1 until n (n < N), we procure

n—1
IVRR|IS < cnAth? + ch® + eAtY || Ry lIp
=0

n
+ ALY |IRG, 1<n <N, (74)
1=0

Applying Lemma 1 to (74) yields
IVRRIG < (Chzl +eAty HR%H?)) exp(cnAt)
i=0

<ch® +eAt) |IRIG, 1<n<N.
=0

(75)

By (70), (43), (44), and (75), using the same processes
as proving (63)-(66), we procure

R0 < eh™™, 1< n < N. (76)
Substituting (76) into (75) produces
IVRp|lo < ch', 1<n<N. (77)

By the Nitsche method in [9, Theorem 1.38 or Remark
3.1]) and (77), we can procure the next estimates of
errors

lw™ = whllo + AV (w" —wy)llo
<ch!* 1< n<N. (78)
Thereupon, (51) is gotten by combining Theorem 1

with (76) and (78). This completes the poorf of
Theorem 2. O

Remark 2 The results of Theorem 2 show that the theory
errors for the TGCNMFE solutions achieve optimal order
and the TGCNMEFE solutions are unconditionally stabilized.
In the following section, we will resort to numeric tests to
explain that the theory errors accord with the numerical
errors.

4 Numerical Tests

In this section, the rightness for the procured theory
results and the effectiveness for the TGCNMFE method
are attested through some numerical tests of the
convective FitzHugh-Nagumo equation that has a set
of analytical solutions, but it has no analytical solution
usually.

To do so, in the convective FitzHugh-Nagumo
equation, we take Q = [0, 7] x [0, 7], the initial value
functions wo(x) = 0.5sin(z;)sin(z2) and wo(x) =
sin(z1) sin(z2), and the source term as follows:

g(x,t) = sin(x1) sin(z2) exp(—0.5¢)
4 0.125 sin® (21 ) sin®(29) exp(—1.5t)
+ 0.25(a — 1) sin(xq ) sin(xa) exp(—t)

— 0.25asin?(z1) sin®(x2) exp(—t), (79)

then it has a set of analytical solution as follows:

u(x,t) = 0.5sin(z1) sin(z2) exp(—0.5t), (80)

w(x,t) = sin(x) sin(x2) exp(—0.5t),  (81)

to meet u(x,t) = w(x,t) = 0 on 1.

Suppose that the fine mesh subdivision 7}, is composed
of the squares with equal side length (1007)~!. In
order to reach optimal order estimates of errors,
the coarse mesh subdivision Jpy is composed of the
squares with equal side length (107)~!. Thus, when
I = 1and At = 1072, the estimates of theory errors for
the TGCNMEFE solutions can achieve O(107%).

We reckoned the errors of the TGCNMEFE solutions
whena = 1,and t = 0.2,0.4,0.6,0.8, and 1.0, shown
as Table 1.
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Table 1. The errors of the TGCNMFE solutions when a = 1,
and t = 0.2,0.4,0.6,0.8, and 1.0.

t n () —wgll l@(te) — ol
02 20 22134x107* 1.3217 x 107*
04 40 24463 x 107* 1.4545 x 10~*
06 60 2.6792x10~* 1.5873 x 1074
0.8 80 29121 x10~* 1.7211 x 10~*
1.0 100 3.0452 x 10~* 1.8459 x 104

The data in Table 1 imply that the numerical simulation
errors of the TGCNMEFE solutions can also reach
O(107%), which is accorded with the theory errors.
It is showed that the procured theory results is
correct and the TGCNMFE method is effective to
calculate the TGCNMEFE solutions of the convective
FitzZHugh-Nagumo equation.

5 Conclusion and Future Prospects

In this article, we have addressed a new TSDCNM
method and a new TGCNMFE method for the
convective FitzZHugh-Nagumo equation, and have
strictly attested the existence, stableness, and error
estimates of the TSDCNM and TGCNMEE solutions,
theoretically. We have also given some numeric
tests to attest the correctness of theoretic results and
the effectiveness of the TGCNMFE method. The
TSDCNM and TGCNMFE methods for the convective
FitzHugh-Nagumo equation are created for first-times
in this article and are completely distinct from the
existing time semi-discrete scheme and the MFE
method, including that in [6-8]. Therefore, the
TSDCNM and TGCNMFE methods in this article are
original and bran-new.

Although the TGCNMFE method in this article
is effective to calculate the TGCNMEFE solutions
of the convective FitzHugh-Nagumo equation,
when it is applied to calculating the convective
FitzHugh-Nagumo equation in the practical
engineering, it usually involves a great number
of (often more than tens of millions) unknowns
and requires expending a long time to compute
the results on a typical computer. Thus, after the
computer has been operating for a long time, owe
to the accumulation for the computation errors, the
procured TGCNMEFE solutions will have a significant
deviation from the genuine solutions, and there is
even a possibility of floating-point number overflow,
resulting in some incorrect computation results.
Hence, in future study, we will resort to a proper
orthogonal decomposition (POD) to lower the
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dimensionality of the unknown solution coefficient
vectors in the TGCNMFE method, and create some
new POD dimension reduction methods for the
convective FitzHugh-Nagumo equation.
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