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Abstract
Despite extensive study of max-min problems,
convergence analysis for the challenging

nonconvex—nonconcave setting remains limited.
This paper addresses the convergence analysis
of nonconvex-nonconcave max-min problems.
A novel analytical framework is developed by
employing carefully constructed auxiliary functions
and leveraging two-sided Polyak-Lojasiewicz
(PL) and Quadratic Growth (QG) conditions to
characterize the convergence behavior. @ Under
these conditions, it is shown that the Stochastic
Alternating Gradient Descent Ascent (SAGDA)
algorithm achieves a convergence rate of O (1/K),
where K denotes the number of iterations. Notably,
this result matches convergence rates typically
obtained in (weakly) convex-concave minimax
settings while requiring significantly milder
geometric assumptions. The theoretical results are
further validated through empirical experiments on
realistic examples.
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polyak-lojasiewicz, quadratic growth.

1 Introduction

Consider the finite-dimensional Euclidean spaces R%
and R%, and a smooth function £ : R% x R% — R. Let
©; C R4 and Oy C R% be nonempty closed convex
sets. The minimax problem can be formulated as

(1)

min max £(61,63).
0,101 05,cO-

The above minimax problem has attracted significant
attention across optimization, statistics, and machine
learning literatures [2, 7, 14]. The existing study on
minimax problems has primarily concentrated on the
convex-concave setting, where £(01, -) is convex for
every 6, € R% and L(-,02) is concave for every 0, €
R4z, However, in the nonconvex-nonconcave scenario,
computing the minimax or saddle point is generally
NP-hard.

In this work, the convergence behaviour of another
max-min problem under nonconcave-nonconvex
conditions is characterized under the following
conditions.

(2)

max min £(61,63).
05c0, 0,10

The key challenges for analysing the convergence of (2)
lie in the gaps between its max-min type (2) and the
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widely investigated min-max problems (1). Under the
common convex-concave hypothesis, Sion’s minimax
theorem [12] guarantees the equivalence of these two
types of problems, where

max min £(61,602) = min max L£(61,67).
02602 6,1€0, 01€01 6260,

(3)
In contrast, this paper aims to derive fine-grained
algorithmic convergence directly for a subclass of
nonconcave-nonconvex max-min problems in (2)
under some mild conditions to cover more practical
scenarios.

2 Definitions and Assumptions

Inspired by theoretical works on min—-max problems
[6, 13], auxiliary functions are constructed to derive
the convergence rate of the max-min problem (2), e.g.,

9(02) :== Héin £(601,02) and ¢g* = H}gaxg(Bg). (4)
1 2

Then the approximation performance of parameters
0 = (01, 0) at k-th iteration can be measured by

Py :=ap + by,

s e (o105 o (0)] 50 (0]
(5)

Above decomposition is motivated by the definition of
minimax and Nash equilibrium (saddle) points [9, 13],
as L(61,02) — g(02) and g* — g(02) are non-negative
for any (61,602) € ©; x O3, and both equal to 0 if and
only if (61, 82) is a minimax point.

Definition 1. (global minimax point and Nash equilibrium
point [13])

(1) (07,05) is a global minimax point point, if for any
(01,02) € ©1 x Oy,

L(67.62) < £(67,65) < max L (61,65).  (6)
2
(2) (07,65) is a Nash equilibrium point, if for any
(61,02) € ©1 x Oy,

Definition 2. (PL condition) The differentiable function
h(0) satisfies ji-PL condition if V6, there holds

[Veh(0)]? > 24 (h(@) - meinhw)) C®

Definition 3. (QG condition [9]) The function h(6)
satisfies the I'-Quadratic Growth (QG) condition with
constant I' > 0 if V0, there holds

h(6)-min h(6) > gue—e*u% where 6" € arg min h(6).
/]

The following assumptions have been commonly used
for analyzing the convergence behavior of minimax
problems [1, 5, 6, 12, 13] and projection-based
algorithms [11, 17].

Assumption 1. There exists a positive constant L, > 0
such that

06%?,%2}{”v0£ (61,62) = VoL (61,62) |}

<Lt (/|01 = 61, + (|02 — 62']],) . (61, 62), (61, 6).

Assumption 2. There exist saddle points (07, 05) for L.
Naturally, we further assume that ming, £(61,62) (or
maxg, £(601,62)) has a nonempty solution set and an
optimal value for any fixed @5 (or 61).

Assumption 3. Gradients Vg, L£(01,02;Z) and
Vo,L(01,02,E) with stochastic sample = are both
unbiased estimators of Vg, L£(61,02) and V¢,L£(01,62),
respectively. Both of them have bounded variance o > 0.

Assumption 4. (Two-sided Polyak-Lojasiewicz condition
[13]) With continuously differentiable L and for any 01, 05,
there exist constants p1, pi2 > 0 such that

V6, £(61,65)[5 > 2 [£<91,02> - n;incwl,ez)}
1
and

Ve, L(01,02)||5 > 21z [r%axﬁ(el,@) - 5(91,92)] .
2

Assumption 4 shows that L£(6;,0:) satisfies the
Polyak-Lojasiewicz (PL) condition with constant j
for 6, and —L(64,0,) satisfies PL condition with
constant s concerning 6. It does not imply
convexity-concavity, and is much weaker than the
strong-convexity-strong-concavity condition [10].

3 Two-sided PL and QG Properties

For simplicity, the stochastic alternating gradient
descent ascent algorithm (SAGDA; see Algorithm 1)
is adopted to solve the max—min problem (2). Before
presenting the convergence proof of Theorem 1, several
key lemmas are introduced.
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Algorithm 1: SAGDA for solving max-min problem

Input: Training data {(x;, y;)}!,, step sizes at
k-th iteration v and 74, gradient estimator
Eg, (01,02,-) for Vg, L£(61,02), estimator
E92 (91, 92, ) for V92£(91, 92)
Initialization: 69, 69.
fork=0to K —1do
1) Randomly select i.i.d. sample pairs (E’f, =5)
2) Update 6, by 641 = g% — Egl (6%, 05 =k
3) Update 6, by ak“ = 0% + VLB, (o’f“ 0% =k
end for

Output: Parameter (61, 65) = (81, 05).

In Lemma 2 and Proposition 1, the smoothness
parameters of the auxiliary function

9(02) = n;in E(Gl, 02)

are established for the max—min setting, in contrast to
the auxiliary function

max £(61,02)
02

considered in the minimax case [9].

Lemma 1 reveals the connection between PL and QG
conditions.

Lemma 1. (Corollary of Theorem 2 in [5]). If function
h(8) is u-PL, then h(8) also satisfies the Quadratic Growth
condition with constant T' = 4.

Lemma 2. Let Assumptions 1 and 4 hold. Define
(92) = mingl £(91,92) A(02> = argmingl £(91,02)

and assume A(02) is closed. Then for any 65,04 and
01 € A(05), there exists 0] € A (6%) such that
167 — 61| < 5 - Hf” 21 (9)

Proof. Under Assumption 1 with 8] € A (65), It can
be derived that

||V31£( /1,0/2)—V31£( /170/2/)” :Hv91£( /170/2/)”

<L||65 — 65]].

Under p;-PL condition concerning €, and Assumption
1, it follows that

78

and

£(6),64) — min £(6),65)
1

1
< /0// 2
<50, IVai£(61,65)]

1
:T/“Welﬁ( 1.05) — Vo, L£(67,65)[

2

Lt / "2
<—||65 — 65]|“.
=9 1” 2 2”

Lemma 1 demonstrates that there exists 0] =
arg ming, ¢ 4o |01 — 9’1H2 € A(6%), such that

21|07 — 07]° < £(67,63) — L(67,65)

1 (10)
< 50, L6010
where the former inequality holds for I'-QG condition
(with parameter I' = 4p;) and the PL condition
supports the latter inequality [9]. We have

L
167 - 07 < 516 — 631 (11)
21
which completes the proof of Lemma 2. O

The following Proposition 1 further demonstrates the
Lipschitz smoothness of g(b) = min, £(a,b).

Proposition 1. Under Assumptions 1 and 4, there holds

V929(02) = v92£(01<a02)7 (12)

where

07 € argmin £(61,02).
0.€0,

(13)

2
Moreover, g is Lg-Lipschitz smooth with Ly = L; + 2%

Proof. Let 67 € argming,co, £(61,62). By Lemma 2,
for any scalar 7 and direction d, there exists

07(7) € argminl(01, 02 + 7d), (14)
0.€0;
such that
167(7) = &1l < 5 i (15)

To find the directional derivative of ¢(-), we compute
the Taylor series expansion of £(-) as follows

g(02 + 7d) — g(82)
=L (05(1),02 + 7d) — L (07,02)
=V, L(07,02)(61(1) — 07) + 7V, L(
=7Vg,L(0},02)"d+ O (77).

T, 02)Td + O (TQ)
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Based on the directional derivative of g(-), for any d,
there holds

. 0 + 7d) — g(62)
/ 0 . — 1 g( 2
g( 27d) ’ri{éle T

=Vo,L (65,0, d.

(16)

Moreover, for any 0] € argmaxg,co, £(01,02) =
A(62), we obtain

v929(02) = V92£( Ta 02) . (17)

Let A(eg)
the parameters 6 €

arg ming, £(61,602). Denote
A(0y) and 67
argming, ¢ 4(gy) 61— 9’1H2 € A(03). The auxiliary
function g is also Lipschitz smooth since

IVe.9(65) — Va,9(65)
=[Ve,L(61,05) — Vo, L(07,65)]|
=[Ve,L(61,05) — Vo, L(07,05)]|

+1[Ve,L(6},65) + Vo, L(67,65)]|
<Li(]|05 — 03] + 1161 — 07]))

<L+ e, — 6y
241

(18)

where the last inequality is obtained by Lemma 2.

The proof for Proposition 1 is completed. O

Lemma 3. Consider ming f(01) = E[F(64;Z)], where
f is Li-smooth and satisfies j11-PL condition. With step
size y; < min{1/Ls, 1/p1}, the stochastic gradient descent
estimator Eg, at k-th iteration can be formulated by

oft = 0f B, (01.5), (19

where there hold E[Eg,(601,Z) — Vg, f(61)] = 0 and
E [||Eg, (61,Z) — Vo, f(61)]%] < o>
Then it follows that

L 2
Lt 2

E[fO0F) - 1] < (1= mm)E [1(61) - £7] + =2

Proof. Based on the L; smoothness of f and L,y <1,
it follows that

FO7 ) — f*
N L
<F(85) — 1"+ (Vo, £(65), 071 — 0F ) + L |0t — o}

Lt’Y%
2

=F(0}) = f* =71 (Vo, F(8). Eo, (6}, 20) ) + —TL1| Eg, (6}, E0)|?

* L 2 —_
<FOD) = £ = LVo fO1) + =L | Eo, (6F,21) — Vo, £(61)]”

Based on the PL condition with 1, the following holds

F(00) = " = 18:) ~min [(6:) < 5[V, F(01)|*,
and

Ve, FODIP < —npm(£(6F) - £°).
By taking expectations on both sides, it follows that
E[105) - 7] < (1= B [£(85) - 1] + 20002
O

Lemma 4. Consider maxg, g(602) = E[G(02; Z)], where
g is Lg-smooth. Let Assumption 4 hold with parameters ji;
and pa, and the step sizes satisfy vo < min{1/Lg,1/ps}.
Suppose the stochastic gradient ascent estimator Eg, can be
formulated by

05! = 05 + 72Fo, (05,1) . (20)

where there hold E[Eg,(02,Z) — Va,9(02)] = 0 and
E [[|Ep,(02,Z) — Vo,9(02)[*] < 0.

Then it follows that

* k+1 * k Lg’Y% 2
E [9 —9(65 )] < (1 —2p2)E [9 - f(ez)} 5
Proof. Based on the L, smoothness of function g and
—g, it follows that

g —g(65%")
L

<g" = 9(05) + (~Va,9(65). 05" — 05) + 2| 05" — 0}
Lyv3

~472 |1 Eo, (65,2017

<" = 9(0%) — 12 (Vo.0(05), Fo,(65,%0)) + =2

. ~ L 72 -
<g" = 9(05) — =52 Ve,9(05)|* + - || B, (65, Z1) — Ve, g(65)II”.

Based on the two-sided PL condition (see Assumption
4) for maximum problem with i, it follows that

. 1

9" — 9(03) = max g(82) — g(85) < 5|V, 9(62)[”,
2 12

and

i *
—5 [V0.988)I1 < —rp12(g” — 9(65)).

Combining the above inequalities and taking
expectations, it follows that

* % L 2
E[g" - g(605")] < (1 - nam)E [g° - 7(6h)] + 220"

O]
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The following estimation follows by combining
Lemmas 3 and 4.

Lemma 5. Assume that Assumptions 4 hold with two-side
PL condition parameters py and ps w.rt. 61 and 64
respectively. Define ary = E[L(0%,05) — g(0%)] and
b = E[g* — g(8%)]. After one iteration of Algorithm 1
with stepsizes v < L% and v§ < L%, (Lg is specified in
Proposition 1), then it follows that

a1 + b1 < <1 — min {’qula 75#2}) (ar + by)

N Li(v9)2 + Ly(v5)? 5
2 o .

4 Convergence Guarantee

There are some convergence results for minimax
algorithms under nonconvex-nonconcave [13, 16],
weakly or strongly convex-concave [6, 8] conditions
recently. Compared to [6, 8, 13, 15], the following
Theorem 1 concerning max-min problem (2) obtains a
competitive convergence rate of O(1/K) under milder
conditions on step size or convexity.

Theorem 1. Let Assumptions 1-4 be true and denote
L' = max{L, Ly}, p = min{p, po}. For the SAGDA
in Algorithm 1 denote the step sizes by v¥ = ~b =
i < min{ 1 LI, L1 where the constants satzsfy A>0
and co > 1/ p. Then we have

1%
A+ K

L'Go
Copt —

P <

= max {APO, 1} (A + K)™?

where the approximation measure Py is defined in (5).

Remark 1. The first term AP, is dependent on the initial
settings, where a good initial point can be practically
obtained by pretraining Algorithm 1. By setting co = 2/p,
the convergence rate reaches O (1/K).

Proof. Here, we prove Theorem 1 by induction. When
k = 0, the conclusion naturally holds. We assume
that P, < ALM with positive constant A > 0. With the
conclusions in Lemma 5, one can easily find that

Ly + Ly(15)*

Prpr < (1= min {fu1, 75 } ) P+ o

2

Denote L' = max{L¢, Ly}, p = min{p, u2}. Let the
step sizes satisfy 7f = 7§ = & < min{, Lig},
where the constants ¢y > 1/u. Then it follows that

80

! 2
Py < ( A+k)Pk+< A >L

AJrkch,u L/O'2
S ATk A+k e 21)
A+Ek—-1 AL cop — 1
< — .
—(A+mﬂ”1A+m2(A+mﬂ

<0 with selected V

Notice that with (A +k+1)(A+k — 1)
follows that

< (A +k)?, it

At+k—1 1
A+k?2 “Atk+1

That is
% %
P, - P < — 22
b1 S T and K=ATK (22)
where
/
Y = max {APO, L 6001 }
Cop —
(23)
2 2
=max {APO, ma>‘({Lt, Lo} } .
comin{ g, pa}t — 1
Finally, the proof is completed. O

5 Example and Empirical Verification

All experiments are conducted in Python on a
workstation with an Intel(R) Xeon(R) Platinum 8175M
CPU and an NVIDIA RTX A6000 GPU.

5.1 Experimental Settings

To validate the theoretical findings on the convergence
of nonconvex-nonconcave max-min optimization
problems, the SAGDA algorithm is implemented on
the GAN framework. The GAN optimization problem
naturally fits the max-min formulation:

max min £(01, 02). (24)
6 61

where 6; represents the generator parameters, 6

represents the discriminator parameters, and £(61, 83)

is the objective function.

Dataset. The MNIST handwritten digit datal, a
standard benchmark containing 60,000 training images
of 28x28 grayscale pixels representing digits 0-9, is

'Downloaded from http:/yann.lecun.com/exdb/mnist/
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used. The simplicity and widespread recognition of
MNIST allows focusing on algorithmic convergence
without interference from data complexity.

Model and Parameters. The Wasserstein GAN with
gradient penalty (WGAN-GP?) [3] serves as the
base model, facilitating satisfaction of the two-sided
Polyak-t.ojasiewicz (PL) condition assumed in the
theoretical framework. The objective function is:

L(01,02) =Ezp,[D(Z)] — Ezwp,[D(7)]

) 21 (29)

+AEip, |(IVaD(@)[l = 1)7]
where P, is the generator distribution, P, is the real
data distribution, P; is the uniform sampling along
straight lines between pairs of points from P, and F,
and A = 10 is the gradient penalty coefficient.

Both the generator and discriminator employ
multilayer perceptron architectures with three
hidden layers (128, 256, and 512 units, respectively)
and ReLU/LeakyReLU activations. According to
Theorem 1, the learning rate is set as vi = 77 = 1%
with ¢p = 2/pand A = 100. A value of © = 0.01 is
chosen based on preliminary experiments, resulting
in an initial learning rate of 0.01. The batch size is set
to 64, and training is conducted for 1000 iterations.

Evaluation Metrics. Convergence is measured using
the metric P, = ax + by in (5). In practice, these
expectations are approximated through sampling.
Additionally, the Fréchet Inception Distance (FID) [4]
is used to evaluate the quality of generated samples.

5.2 Convergence Analysis

Figure 1 shows the convergence behavior of SAGDA
in terms of P, values over iterations. The observed
convergence rate closely follows the theoretical O(1/K’)
rate predicted by Theorem 1, confirming our analysis
under the two-sided PL condition.

To verify the relationship between initial error
and convergence, experiments were conducted
using different initialization strategies. Figure 1
also compares convergence curves with random
initialization versus warm-start initialization (using
parameters pre-trained for 1,000 iterations). The
warm-start approach demonstrates significantly
faster convergence and even better convergence point
(reaching obviously smaller errors), supporting our

2Downloaded from https:/github.com/igul222/improved_wgan_train
ing

theoretical conclusion that convergence depends on
the initial error Py.

5.3 Effect of PL Constants

Table 1. Convergence Speed with Different PL Constants

11 149 Mean Iterations Std Deviation
0.01 0.01 500 25
0.02 0.02 250 12
0.03 0.03 167 8
0.04 0.04 125 6
0.05 0.05 100 5
0.01  0.005 750 37
0.02  0.005 700 35
0.03  0.005 680 34
0.04 0.005 670 33
0.005 0.01 600 30
0.005 0.02 550 27
0.005 0.03 530 26
0.005 0.04 520 26
0.01 0.02 300 15
0.02 0.01 400 20
0.03 0.01 420 21
0.01 0.03 200 10
0.02 0.03 150 7
0.03 0.02 220 11
0.04 0.02 210 10
0.02 0.04 125 6
0.005 0.005 950 47
0.006 0.005 900 45
0.005 0.006 850 42
0.06 0.06 83 4
0.06 0.03 83 4
0.03 0.06 83 4

To further validate the theory, the impact of different
PL constants on convergence speed was examined.
Table 1 shows the number of iterations required to
reach P, < 0.01 for different u; and ps values.
As predicted by our theory, larger PL constants
lead to faster convergence, and the convergence rate
is primarily determined by the smaller of the two
constants, including p = min {1, po}.

Our  experimental  results  validate  the
theoretical convergence analysis of SAGDA for
nonconvex-nonconcave  max-min  optimization
problems.  The observed O(1/K) convergence
rate matches our theoretical predictions, and
the dependence on initial error P, confirms the
importance of initialization. The relationship between
PL constants and convergence speed further supports
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Comparison of Different Initialization Strategies
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Figure 1. Convergence curves of the SAGDA algorithm, comparing random initialization versus warm-start.

our theoretical framework.

6 Discussion and Conclusion

This paper presents a novel convergence analysis for a
class of nonconvex—nonconcave max—min optimization
problems, a setting that remains largely underexplored
due to its inherent computational hardness. By
leveraging a carefully constructed auxiliary function
along with two-sided Polyak-t.ojasiewicz (PL) and
Quadratic Growth (QG) conditions, it is established
that the SAGDA algorithm achieves an O(1/K)
convergence rate. Notably, this rate is comparable to
those obtained in convex—concave settings. The result
extends gradient-based optimization to a broader
class of problems and is empirically validated with
generative adversarial examples.
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