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Abstract

Rabies remains a serious public health concern,
as dog bites account for the majority of human
cases. In this study, we develop a comprehensive
mathematical model to investigate the dynamics
of rabies transmission by incorporating two key
intervention strategies: an asymptotic class (P)
and a booster vaccination class (B). The basic
reproduction number (R)) is derived as a threshold
parameter that governs whether the disease spreads
or dies out, based on a system of nonlinear
differential equations. A sensitivity analysis of
Ry is conducted to identify the most influential
parameters affecting disease transmission. The
results indicate that the transmission rate (/3)
has a significant impact on R;, emphasizing the
importance of reducing contact between susceptible
and infected populations. Stability analysis of both
the disease-free and endemic equilibria reveals that
the disease can be eradicated when R, < 1, whereas
it persists when Ry > 1. Numerical simulations,
performed using the classical Runge-Kutta method,
illustrate the comparative effects of vaccination and
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treatment interventions. The results demonstrate
that the inclusion of the booster vaccination class
(B) substantially reduces the number of infected
individuals compared to the scenario without
vaccination. Moreover, the therapeutic class (P)
further accelerates recovery and alleviates the
overall disease burden.  Analysis of varying
transmission rates () shows that higher values
lead to a rapid rise in infection levels, underscoring
the necessity for effective intervention strategies
in high-contact environments. Overall, the model
highlights that integrating booster vaccination and
treatment measures within rabies control programs
can significantly decrease disease prevalence. The
findings of this study provide valuable insights for
public health authorities aiming to design efficient
strategies for the control and eventual eradication of
rabies.

Keywords: rabies, mathematical model,
bifurcation, rabies model.

stability,

1 Introduction

Humans and other mammals are susceptible to the
zoonotic disease rabies, which is caused by a rabies
virus. It belongs to the genus Lyssa virus and family
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Rhabdomancy [1, 2]. Since the virus is found in
saliva, the most common method of transmission is
through an animal’s bite [3]. Dogs are the primary
mammals that transmit the rabies virus from other
animals to humans, along with bats, skunks, raccoons,
foxes, and cats [4]. Peripheral nerves allow rabies to
penetrate the central nervous system. The virus causes
encephalitis, which results in severe neurological
symptoms that worsen over time, such as paralysis
of the muscles, anxiety, and aberrant neurological
signs [5, 6]. Rabies continues to be a major global
health concern, accounting for over 59,000 deaths
annually, a large majority of which occur in Africa
and Asia [7]. It is true that rabies is a deadly disease,
and that once infected, recovery is quite unlikely. In
extremely rare instances, rabies virus infections can
be recovered from but result in serious neurological
impairments Since the illness may cause the patient
to suffer from severe physical or mental disability,
this is not a true cure in the traditional sense. There
have been reported cases of people surviving with
no significant neurological aftereffects,despite the fact
that they are incredibly rare. The research is incredibly
weak when it comes to assertions that an infected
animal with rabies can survive. Although there
have been fewer cases of rabies in some areas, the
disease is still widespread, especially particularly in
sub-Saharan Africa and Southeast Asia, where access
is restricted to inexpensive vaccinations of livestock
and prompt post-exposure prophylaxis [8]. Despite
the fact that vaccinations can prevent dog rabies, tens
of thousands of people die from the disease annually
in low- and middle-income nations [9, 10]. Even if
exposed to the virus, rabies is extremely uncommon
to strike someone who has received the recommended
vaccination against the disease Antibodies that guard
against the virus are produced as a result of receiving
a rabies vaccination.Before the rabies virus can
spread and infect people, these antibodies aid in
neutralizing it. Regardless of immunization status,PEP
is recommended following possible exposure to rabies
against the disease. Antibodies that guard against
the virus are produced as a result of receiving
a rabies vaccination. Before the rabies virus can
spread and infect people, these antibodies aid in
neutralizing it. Regardless of immunization status,
PEP is recommended following possible exposure to
rabies. In order to defend against the virus, PEP
entails giving rabies vaccines and, in certain situations,
RIG. Preventive and CDC state that people who
receive a full pre-exposure vaccination are thought
to have long-term immunity and typically do not

need booster doses unless they work in a field where
exposure to rabies virus is constant, such as veterinary
medicine or laboratory work handling samples of the
virus. Depending on the environmental circumstances,
domestic or wild animals can infect humans with
rabies, underscoring the significance of caution and
preventive measures [11-14]. Complex dynamics
including population density, wildlife populations,
and vaccination campaigns all have an impact on
the dynamics of rabies transmission. The dynamics
of illness, particularly the spread of rabies, have
been better understood thanks to mathematical
modeling. A number of disease modeling-related
topics, including asymptotic stability, media effect,
contagion, and treatment techniques, have been the
subject of recent research [15, 16]. Specifically. several
mathematical models have analyzed the dynamics
of rabies transmission and proposed mitigation and
control strategies. However, externally imported
illnesses are often overlooked in traditional models,
despite the fact that they might significantly affect the
transmission [17].

Various mathematical models have recently analyzed
the dynamics of rabies transmission and proposed
control strategies for preventing the disease [18,
19, 23, 27, 28]. However, most traditional models
overlook the significant impact of infective immigrants
[20], vaccination waning [30], and the role of
booster vaccination and asymptomatic carriers —
factors that our model explicitly incorporates [30, 31].
Additionally, while optimal control strategies [21] and
spatial dispersal effects [23] have been examined in
some studies, few integrate vaccination, post-exposure
treatment, and immigrant infection within a single
framework as we do here. This paper addresses this
gap by incorporating the effects of infected immigrants
and combining the Routh-Hurwitz criterion, a
quadratic Lyapunov function, and a next-generation
matrix (NGM) approach. These methods aim to
enhance the model’s accuracy, dependability, and
practicality. Following WHO guidelines, we present a
new perspective on modeling the dynamics of animal
rabies while ensuring the credibility of the referenced
sources. This approach also aims to clarify the
common misconception about recovery from rabies,
which is often perceived as almost universally fatal.

2 Meterial and Methods

An analysis of animal rabies disease dynamics
with infective animals immigrants is conducted
using a nonlinear mathematical model of
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Susceptible-Vaccinated-Exposed-Infected-Recovered.
The flow of individuals between different
compartments is illustrated in Figure 1, which
presents the proposed model’s structure. There are
seven subgroups in the model: Susceptible S(t),
Vaccinated V(t), Exposed E(t), Infected I(t), Booster
vaccinated B(t) and Aysomptotic P(t), S(t) is a term
used to describe animals who do not have rabies
but may get infections if they come into contact
with an infected animal; E(t) refers to animals who
have become infected with rabies virus but are not
infectious; An animal with vaccinated status V (t)
is one that has been vaccinated from a population
of susceptible animals; an animal with infected
virus I(t) is one that is infectious; an animal with
recovered status R(t) is one that has recovered from
rabies infection either naturally or through treatment;
Booster B(t) Individuals who have received a booster
dose for the purpose of maintaining their immunity;
Asymptomatic P(t) An infected individual who does
not exhibit symptoms. A, Recruitment rate of new
individuals into the population, a1, Vaccination rate,
aw, Rate of decline in vaccine immunity, a3 , Vaccine
failure rate, 8, Transmission rate, d1, Progression rate
from exposed to progressed class, d2, Progression rate
from exposed to infectious class, d3, Progression rate
from progressed to infectious class, 1, Asymptotic
rate from exposed class, 72, Recovery rate from
Asymptotic class, 73, Recovery rate from progressed
class, K, Natural death rate, m, Disease-induced
mortality rate 7, Rate of recovered individuals
becoming susceptible again.

%:Ah—i—ag‘/—i—nR—(al—i—K)S

48 — BST + a3V — (51 462+ 1 + K)E
d = §,F + 63P — (K +m)I
%:alS—(a2+a3+K)V

4B — y\E— (v3+ K)B

L = 5B — (55 +73 + K)P

4R — 3P+ 2B — (K + )R

\ dt

(1)

3 Well-Posedness of the Model

The well-posedness of a mathematical model refers to
the existence, uniqueness, and stability of solutions to
the model’s equations (1).

3.1 Positivity of Solutions

Theorem: The solution to the system 1 with non-negative
conditions is non-negative.
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Figure 1. Flow-chart of the proposed model.

Proof: We suppose that there exists ty > 0 such that
S(tp) < 0. From the Intermediate Value Theorem,
there exists t; € [0,%p] such that S(¢;) = 0. From
Equation (1), we have

dZ(t

7 =Ap + a2V +nR — (a1 + K)S,

(2)

as(o)

dt (3)

The 1st order differential equation can be solved as
follows:

> —(a1+ K)S>0.

IF — 6f(((;quK)S)dt7 (4)

S(t)-1F > / IF(0) dt + C,
S(t) - elo (1)) > g (5)
Putting S(0) = Sy, we get

S(t) - (elol(r IS > g,

’ (6)
S(t) > S (e~ illerrrIir).

For all t; € [0,t], S(t) > 0 fort > t; since t > ti,
S(0) > 0, and this contradicts the initial assumption.
Thus S(t) > 0 for ¢t > 0. The solutions of the system
are non-negative. The same principle is applicable to
E,I,V, B, P, R, and we conclude that the solutions of
the system are non-negative. O

Restrictions of the Suggested Model

Let’s define the total population N (t) as the sum of all
compartments in order to test boundedness:

N(t)=S(t)+Et)+1(t)+V(t)+ B(t) + P(t) + R(t).
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AN _dS B
dt — dt = dt

al
dt

AV B 4B (AR g
e dt ' dt

dt

dN

o =Ap+aV+nR— (a1 + K)S
+BSI+ a3V —(61+0+m+K)E
+ 6 E 4+ 63P — (K +m)I
+a1S — (g +as+ K)V

+nE - (+K)B
+6E—(03+v3+ K)P

4+ v3P 4+ B — (K -+ 77)R.

The dynamics of N(¢) may be obtained by adding
together all the equations:

dN

— = A, — KN.

a "
In this case, the natural death rate is represented by
K and the recruiting rate by A;,. This formula may be

simplified to:

AN
Y 4, — KN,
dt h

This differential equation has the following solution:

<N(O) — ‘;?) e Kt

The exponential term disappears when ¢t — oo, and
the whole population N(¢) becomes closer:

_ 4

N(t) = 2

This suggests that %, a positive constant, bounded the
population as a whole, ¢t — oo.

Each compartment (thatis, S, £, I, V, B, P, and R) is
bounded since the entire population N (¢) is bounded
and each compartment represents a non-negative
fraction of the population. The suggested model
has bounds. The whole population N(t), which
approaches the finite limit % as t — oo, bounded
all state variables S(t), E(t), I(t), V(t), B(t), P(t), and
R(t). As a result, the model is limited and biologically
possible.

4 Invariant Region

A collection in which the solutions persist for all time
t > 0 is known as a invariant region for a system of
differential equations. Stated differently, the system
will remain inside the region in which it begins and
remains during all subsequent eras.

Q= {(S,E,I,V,B,P,R) € RY

A
Mo < ©®

5 Disease-Free Equilibrium Point

In epidemiological modeling, the disease-free
equilibrium (DFE) represents a state in which
there are no infections within the population. At
this point, the number of infectious individuals is
zero, indicating that the disease has been completely
eradicated from the community.

The disease-free equilibrium for the given model is
expressed as

Ey=(S° E°,1°v° B° P’ RY),

where .
_ (012+O£3+K)V Oth
Eo = ( o 00 TR Gt as TR —araz)

Mathematically, the disease-free equilibrium is locally
asymptotically stable when the basic reproduction
number Ry < 1. In this case, each infected individual
produces, on average, less than or equal to one new
infection, causing the disease to eventually die out.
Conversely, if Ry > 1, the infection can invade
the population, leading to disease persistence or an
epidemic outbreak.

6 Basic Reproduction Number (R))

The basic reproduction number, denoted by Ry, is
a key threshold parameter in epidemiology that
determines the potential for disease transmission
within a population. It represents the average number
of secondary infections produced by a single infectious
individual in a completely susceptible population. In
other words, Ry quantifies the expected number of
new infections generated by one infected individual
during the infectious period. The value of Ry
plays a crucial role in determining the persistence or
elimination of a disease. Specifically, if Ry < 1, the
infection will eventually die out, and no epidemic
will occur among humans. Conversely, if Ry > 1,
the infection can invade the population and lead
to an epidemic outbreak. Therefore, appropriate
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control and containment strategies are required to
prevent the spread of the disease when Ry > 1. The
basic reproduction number Ry serves as an important
measure for understanding the dynamics and future
behavior of the Rabies model (18). Numerous
studies have investigated the computation of Ry for
different epidemic models [15, 16]. In this study,
we apply the next-generation matrix method [17]
to derive the expression for Ry corresponding to
the proposed model (1). To this end, we consider
the infected compartments of the system (1) and
construct the matrices F' and V in accordance with
the next-generation approach outlined in [22, 31].

BST+ o3V — (61 +02+m + K)E
0FE +63P — (K +m)I
1S — (ag+as+ K)V
WE —(03+v3+K)P

BSI o BSY 0 0

0 N 0 0 00
F= 0 |’ = 0 0 00

0 0 0 00

—a3V+(01+02+7+K)E
v — —0oF — 03P + (K +m)I

—a18+(a2+a3+K)V ’
—01E+ (03+v3+ K)P

A1 0 —Q3 0
V* = _52 K+m 0 (53
0 0 K+ az+ as 0 ’
-6 0 0 K+ 3+ 03
where A1 =k + 71 + 01 + d2
1
e 0 s 0
Vel —Z pea a1 Z3
Q 0 K+ag+as (1)
72 ===
where
Ao = Kagdl+pasoy
27 (stp)(rtaztas)(rty1+01+82)(rty3+03)
Aax = Kag+pag
3 = (rtm)(rtoztas)(rty1+01+02)’

7. = £02+7302+0193+0203
L= (etn) (k1 +01+62) (73 +03) °

Z — BS(na352+a37362+a36153+a35263)
2 7 (stp)(rtoztas)(kty1+01+02)(k+73+03)

Z3 =

3
(rtp)(rt7y3+03)°
S ra3dat+a3y3datasdidz+asdads
I = ToFm) (rtaz+as) (k71 +01+02) (k+73103) °
. é

J2 = .
27 (st +o1+02)(k+73+33)°
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BS £S96
A SEm 2 Gt
F*V*flz 0 0 0
0 0 0 0
0 0 0 0

BSO(—kb2—v362—6103—0203)
k) (k+v1+01+62) (k+y3+03) ?

where A4 = 0

BA (B1) (K2 + 362 + 0163 + 0263)

Ry —
0 (k4 p) (K41 + 01+ 62) (k + 73 + d3) Ba) — a1

9)

where By = as + a3 + k and By = (051 + IQ)(OZQ +
a3 + k). Equation 18 explicitly shows that Ry
is directly proportional to the transmission rate j3
and the progression rate d2. The three-dimensional
surface plot in Figure 2 visualizes how R responds to
simultaneous variations in these critical parameters.

3D Surface Plot of Ru as a Function of g and 52

/A

Figure 2. §,, and 3.

Discussion

High R, Values

Regions with high Ry values indicate conditions that
are prone to outbreaks. In such situations, effective
control strategies are essential to prevent the rapid
spread of infection. Possible measures include:

e Reducing the contact rate, (see Figure 3) (A;) to
minimize transmission opportunities.

e Increasing the removal or recovery rate (k)
through timely isolation and effective treatment.
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3D Surface Plot of Rc as a Function of Ah and k
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Figure 3. k, and Aj,.

Low R, Values

Regions with low Ry values represent environments
where disease transmission is naturally limited. In
these settings, the infection struggles to spread, and
the disease is more likely to die out without extensive
intervention.

Parameter Sensitivity

The model results indicate that the basic reproduction
number (Rjy) is highly sensitive to variations in the
parameter k, especially at lower values. This sensitivity
emphasizes the importance of:

e Enhancing removal or recovery processes to
reduce the infectious period.

e Implementing effective strategies that increase k,
thereby decreasing the likelihood of sustained or
recurring infections.

7 Sensitivity Analysis of R,

In this study, the sensitivity analysis of the basic
reproduction number (Ry) with respect to the model
parameters plays a crucial role. It allows us to
identify the key factors that significantly influence
the transmission and control of the disease. This
section examines the sensitivity of several important
parameters in the Rabies virus model, as defined in
equation 1. The objective is to determine the relative
importance of each parameter in relation to Ry and to
understand how changes in these parameters affect the
disease dynamics. The method developed by Younas
et al. [31] is employed to compute the sensitivity
indices. The general expression for the sensitivity
index of Ry with respect to a parameter p is given by:

ORy 0
XPBo— 20 o 10
06 {061,062,063,,8,51,(52,(53,71,'}’3,%,/1/,Ah} (11)
We calculate 10 for each parameter in 11;
X =1
Xfo =1
a1 (M — aran)
Xk = i
2
a9 M1 — X109
2
Qs M1 — X109
ety = 50— oncn)
2
XRO i (5301 — (02M3 — a1a2M4)
[ M2
5
xRo _ S (M — aga) (12)
6y M2
03(My — ara)
Xfo o SV TR
03 ]\42
Ro _ Y1 (My — aron)
Yo M2
Ry __ 109
X’Y3O - Mo
A M,
xho - _ _PAnMs
M7 — 109
Xﬁo _ BARMs
Mg — 109

where My = (K +m)(K +71+61+02) (K +73+d3) (a1 +
K)(as + as + K),

My = BAp(a2 + as + K) (K& + 302 + 8103 + 0263) ,
Mz = (o + K)* (a2 + a3 + K)?,

My = (K +m)(K+ 3+ 063) (a1 + K) (a2 + a3 + K),
Ms = BAp(aa + as + K) (K& + 302 + 8103 + 0263) ,
Mg = d2(ag + a3 + 2K) 4 4302 + 0163 + 203,

M7 = (K +m)(K +7+ 01+ 52)(K+ Y3 + 53)(&1 +
K)(Ozz—l—O&g-l—K),

Mg = (ag + az + K) (K3 + 7302 + 6103 + d203),
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My = (K +m)*(K +v1 + 61 + 62) (K + 3 + 63) (a1 +
K)(O(Q—i-ag—l-K).

Sensitivity of R, with Respect to Parameters

4 T T T T T T T T T T T T

Sensitivity

dere FU 4o 4ot deer doe don dor doen e RE e
Parameters

Figure 4. Bar-graph.

Discussion

As shown in Figure 4, the bar graph provides a
clear and effective visualization of the sensitivity of
the basic reproduction number (Ry) with respect
to different model parameters such as «y, d1, 71,
and others. The analysis reveals that the height of
each bar represents the degree of sensitivity of Ry to
variations in that particular parameter. Parameters
associated with taller bars have a stronger influence on
Ry, implying that even small changes in their values
can lead to considerable variations in the reproduction
number. The parameters with the greatest bar heights
are identified as the most influential in determining
Ry. For instance, if X,,, X5, and X, exhibit the
tallest bars, they play a dominant role in shaping
the transmission dynamics of the disease. On the
other hand, bars extending below the zero line
correspond to parameters with negative sensitivity
values. This indicates that an increase in such
parameters leads to a decrease in Ry, while their
reduction would result in an increase in Ry. The bar
graph also allows for a comparative assessment of the
relative importance of the parameters. Parameters
with similar sensitivity magnitudes exert comparable
effects on Ry, highlighting their collective contribution
to disease transmission. Understanding these
relationships provides important insights into the
structural behavior of the model and the mechanisms
that drive infection dynamics. In conclusion, the
sensitivity analysis identifies the parameters most
critical in determining the basic reproduction number
Ry. Recognizing these key parameters is essential

90

for guiding public health interventions and resource
allocation. For example, if x, which may represent the
transmission or contact rate, shows high sensitivity,
then reducing this rate through control strategies such
as vaccination, isolation, or behavioral modification
becomes vital for limiting disease spread. Hence,
the results of this analysis contribute to a better
understanding of the model’s dynamics and support
the development of targeted and effective epidemic
control measures.

8 Local Stability of Disease-Free Equilibrium
Point

The local stability of system (1) at the disease-free
equilibrium point
Eo=(S°, E°, 7° v° B° P° R")
is analyzed, where
Ey = leatastlOVO g )
al s Uy Uy
0, 0, 0).

OclAh
((1+K)(az+az+K)—aiaz)’

The Jacobian matrix of system (1) evaluated at Ej is
given by

—Aq 0 0 a2 0 0 n
0 —Ay, BS% a3 0 0 0
0 0o —As 0 0 O3 0
JE = (65} 0 0 —A4 0 0 0
0 " 0 0 -4 O 0
0 01 0 0 0 —Ag 0
0 0 0 0 Y2 3 —Ar
(13)
where
Al=a1+ K, Ay=1273, A3=K+m, Ay= 74,
As =K +v3, As=25, Ar=K+n.
where
Zy=az+ a3+ K, Zs =03+ 73+ K.
The eigenvalues of Jg are
)\1:—(a1+K), AQZ—(K—i-m), )\3:—(K—|-77),
M=—-(03+1+K), Xs=—(K+3),

which are all negative, since the parameters are
positive.

The remaining eigenvalues arise from the reduced
subsystem involving the infected classes, represented

by
Ag

Jip = ( —a3(K +m)>
P arnyeyr + (K +y3)aimyid ’

_Z6
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where
ZG = (53 + 73 —I—K)(K—I-’I])(OQOQ — (052 + a3 + K))
Ag = — (6285 + (K +m)(61 + 62 + 71 + K)).

Theorem: 1 The disease-free equilibrium point Ey of
system (1) is locally asymptotically stable if Ry < 1 and
unstable if Ry > 1. [31]

proof: To ensure local stability of the disease-free
equilibrium, it is sufficient to show that the trace of J; g
is negative and its determinant is positive. The trace
of Ji g is given by

Tr(Jig) = —[((52,BSO+(K+TTL)(51+(52+’71+K))—Zﬁ] <0,

and the determinant is det(J15) = [(6285° + (K +
m) (01 + 02 +71 + K)) Zs — as(K +m)(arnyem + (K +
v3)a1my101)] > 0.

If both conditions hold, all eigenvalues of J;r have
negative real parts. According to the Routh-Hurwitz
stability criterion, these inequalities are satisfied if
and only if the basic reproduction number Ry < 1.
Therefore, the disease-free equilibrium Ej is locally
asymptotically stable when Ry < 1 and unstable when
Ry > 1.

8.1 Global Stability of the Disease-Free
Equilibrium

The global stability of the disease-free equilibrium

(DFE) is analyzed following the approach presented by

H. Younas [31]. The model system (1) can be written

in the general form:

dD

pr F(D,Q),
" (14)
E :G(D,Q), G(D,O) :O,

where D € R™ represents the number of uninfected
compartments, and ) € R" represents the number of
infected compartments. The disease-free equilibrium
is denoted by E° = (DY,0). To guarantee the global
asymptotic stability (GAS) of the DFE, the following
two conditions must be satisfied:

dD
[(H1)] For the subsystem i F(D,0), the
equilibrium point DY is globally asymptotically stable

(GAS). [(H2)] The function G(D, ) can be expressed
as

G(D.Q) = X:1Q - G(D.Q),
where G‘(D,Q) > 0forall D,Q € T',and X; = A
is a Metzler matrix (i.e., a matrix with non-negative

off-diagonal entries). Here, I' denotes the biologically
feasible

Theorem: 2 In the event that R < [, the disease-free
equilibrium point Eq = (BY,0) is globally asymptotically
stable; otherwise, it is unstable [31].

proof: The syntax for the rabies model system 18 is as
follows: D = (S,V,B,P,R),Q = (E,I) and

_ ( (o2+az+K)VO o A
Eo = ( ) ;1 0,0, ((011+K)(042~|}a3h+K)7a1a2);0,0,0)
now we have

Ap+ a2V +nR — (a1 + K)S
dD S — (a2 + a3+ K)V
T mE-terrB (15)

"nE—(3+v3+ K)P
3P +7B — (K +n)R

At the equilibrium point of no sickness, we obtain:

Ah + a2 <(a2+0‘;irK)VfO — W1>
dD (ag + az + K)Voay — W iy
s 0 (16)
0
0
_ a1 A
where W1 = (a1 + K) (a1+K)(a2£a3h+K)_a1a2
Wy = <a2 taz+ K) (a1+K)(a2-;Oé3h+K)—a1a2
F(D°,0) has a unique equilibrium point
0 _ ((aztaz+K)VO° a1 A .
D" = : 21 ) ((a1+K)(a24:a3h+K)fa1a2)> which

is asymptotically stable globally. For this reason, (H;)
holds. Regarding condition two (H>)

. BSI+Q3V*(51+52 +’)/1+K)E
GX,Q) = ( 0 F + 03P — (K +m)I
(17)
Then we get
_ 0 _ (—(01+02+7+ K) 3S°
=40 ’O)—< b (K +m)

Now, it is clear that the Matrix X is M-Matrix since
its off diagonal element are non negative. Hence,
G(D,Q) = X1A—-G(D,Q) equals to

G(X,Q) = (551 + a3V — (61 + 02 + 71 + K)E) (E)

52F + 65P — (K +m)I I

B ﬁSI—FOégV—(&l—}—(SQ—F’yl—{—K)E
o F + 03P — (K +m)I

X, Q) = <ﬂ(S°—S) - (51()+62+71+K)>‘
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Since it clear that S° > S and it is clear that

G(D,Q) > 0,and

DO _ (a2+a3+K)VO a1 Ay iS
- » ((a1+K)(aztas+K)—araz) ) °

ai
globally asymptotically stable.

9 Endemic Equilibrium Point

An endemic equilibrium point (EEP) refers to a
steady-state condition in which a disease persists in
the population at a constant level over time. At
this equilibrium, the number of new infections is
exactly balanced by the number of recoveries and
disease-induced deaths, so that the total number of
infected individuals remains constant. This concept
plays a central role in epidemiological modeling, as
it provides insight into the long-term persistence and
behavior of infectious diseases within a population.

At the endemic equilibrium, all derivatives of the
system vanish, i.e.,

dS dE _dI _dV _dB dP dR

dat  dt  dt  dt  dt  dt  dt
and the corresponding equilibrium values
(S*, E*, I*,V*,B*, P*,R*) satisfy the following
system:
. Ap+aV*+nR*
St = ;
o]+ K
. BSTI"+azV*
N 51+52+71+K7
I — 0o E* + 03 P*
K+m ~’
_ qu*
gt az+ K’
B* — ’ylE*BS*I* + a3V*
b1+ 0+m+K)(n+K)
. WE*BS*I* + azV'*
S (G140t +K) (3 +y3+ K)
R* — 73P*+’YQ ) 71E*,8S*I*+043V*
K+n (i+6h+m+K)(i+K)

(18)

9.1 Global Stability of the Endemic Equilibrium
Point

To establish the global stability of the endemic

equilibrium point BY, the Lyapunov function proposed

by H. Younas [31] is employed. The Lyapunov

stability approach provides a rigorous mathematical

tool for analyzing the asymptotic behavior of nonlinear
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dynamical systems. Let V(z) be a continuously
differentiable Lyapunov function defined in a suitable
positively invariant region of the system. If the time
derivative of V' (z) along the trajectories of the system

satisfies
dVv

dt
for all z # B, then V() is said to be a Lyapunov
function for the system. Consequently, the endemic
equilibrium point BY is globally asymptotically stable
(G.A.S.) within the biologically feasible region. In
summary, the negativity of 27 ensures that all
trajectories of the system approach the endemic
equilibrium B? as t — oo, confirming that the disease
persists at a stable endemic level under the given
conditions.

<0,

Theorem: 3 For the Model System, the rabies epidemic has
a distinct endemic equilibrium point B*, which is globally
asymptotically stable if Ry > 1 and unstable otherwise. [25]

proof:
Examining the quadratic Lyapunov function by itself

n

1 %12

i=1

V(y17y27y37 ceey yn)

where y* is the endemic equilibrium point and y; is the
population of the ith compartment. The following is a
positive definite function for the model system (1).

n

1
V(S. E. IV, B, P, )= - u
i=1

—yi%, (19)

The rabies model system’s Lyapunov function is thus
expressed as follows:

V=—|(S=SY4+(E-E)+I-I")+(V-V")

N

F(B-BY+(P-PY+(R-R)| . (20)

It is evident that V : R7 — R is a differentiable and
continuous function. Next, the function V' (¢) can be
differentiated with respect to time to obtain:

O = (5= + (BB + (I =T +(V - V)4
(B—F%HP—F%HR—WH%@+E+I+V
+B+P+R) (21)
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av
=S+ E+I+V+B+P+R)-

d
S+ E+I+V+B+P+R)
(22)

But

C;—‘Z(S+E+I+V+B+P+R) = Ap—KN—mI (23)

Ap = KN* —mI* = 0= Ap — p(S* + E* + P* + T* +
V* 4+ R*) —mlI*

(S*+E*"+P" +I"+V*+R") = MTKI (24)
Now put 23 and 24 in 22 into gives C%f/

- [N(t) - Ah_um] Ay — KN —ml],
N
That is

(R A’L‘Km[r (25)
Consequently, 4 < 0 is evident, indicating that

BY, the Endemic Equilibrium Point, is globally
asymptotically stable.

10 Numerical Simulations

Numerical simulations were carried out using the
MATLAB 2018a software with the 0DE45 solver, which
employs a combination of the fourth- and fifth-order
Runge-Kutta (RK5) methods. This solver has proven
effective in accurately representing the dynamics of
the rabies transmission model. The initial conditions
used in the simulation are: S = 500, V = 0, E = 100,
I = 100, and R = 0. These values were chosen to
illustrate the dynamic behavior of the system under
realistic conditions. Figure 5 illustrates the temporal
evolution of the various compartments of the rabies
model. The results show a rapid decline in the number
of susceptible animals during the early stages of the
simulation. This decline can be attributed to two main
factors:

e The increase in vaccination coverage at a
constant rate of 0.1, corresponding to a vaccine
effectiveness of a; = 0.1. Vaccination reduces the
susceptibility of animals by providing immunity
against rabies.

e The transmission of infection through contact
with infected animals, which further decreases the
susceptible population as new infections occur.

These processes, illustrated graphically, provide
valuable insight into the early effects of vaccination
and disease transmission dynamics within the rabies
population. In accordance with the One Health
framework proposed by H. Younas [31], the results
highlight the crucial role of effective vaccination
strategies and the importance of controlling infection
spread to manage rabies effectively in animal
populations.

Dynamics of the System

18 —st)| |
—E()
16 It |4
V(t)
14 B(t) | 1
—P(1)
s =—-R0)|{
% 10
Qo
g s

N »~
T m— ——
==

0 26 4;) E;O i;U
Time
Figure 5. Animal population evolution over time.

0
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10.1 Impact of Transition Rate (m) on Infection
Dynamics

Effect of m on Infected Population Dynamics

Infected Population I(t)
(4]

0 10 20 30 40 50
Time (Day)

Figure 6. Effect of transition rate m on
infected population I(¢).
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This section analyzes how different values of the
transition rate m affect the infection dynamics over
time. The parameter m represents the rate at which
infected individuals progress to more severe stages or
experience disease-induced mortality. By plotting the
infected population I(t) for varying values of m, we
examine the influence of this rate on the infection peak,
duration, and overall prevalence.

As shown in Figure 6, increasing the value of m
leads to a significant amplification of infection levels
during the early epidemic phase. Higher values
of m result in a more rapid rise in the number of
infected individuals, reaching an earlier and higher
peak compared to lower values. This indicates that
faster disease progression accelerates the spread of
infection within the population.

Conversely, lower values of m produce a slower,
more prolonged infection curve with a reduced peak
magnitude. The findings demonstrate that m plays a
critical role in determining the temporal pattern and
intensity of the epidemic.

10.2 Effect of Transmission Rate () on Infection
Dynamics

mEffect of \beta on Recovered Population Dynamics

R(t), 5=0.10

9 ———R(t), 3=040| |
———R(t), 3=0.71

8 R(t), 5=0.90| |
R(t), 3=0.01

Recovered Population R(t)
o

0 'IIU 26 3‘0 4‘0 50
Time (Day)
Figure 7. Effect of transmission rate /3 on
infected population I(¢).

Higher values of 3 increase the transmission rate from
susceptible (5) to exposed (£) individuals, leading to
a faster rise in the number of infected individuals I(t).
This results in a sharper and earlier infection peak, as
susceptible individuals are more rapidly exposed and
infected. The analysis reveals that 3 strongly influences
infection dynamics: higher § values produce faster
and higher peaks in I(t), while lower values yield a
slower and more controlled infection trajectory (see
Figure 7). Understanding the effect of 3 is essential
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for developing effective control measures to manage
disease spread and reduce peak infection levels.

10.3 Effect of Transmission Rate 5 on Recovered
Population R(¢)

The transmission rate /3 significantly influences the
dynamics of the recovered population R(t), as shown
in Figure 8.

10Effect of \beta on Recovered Population Dynamics

——R(t), 4=0.10

Recovered Population R(t)
(52

0 16 26 3‘0 4‘0 50
Time (Day)

Figure 8. Effect of different 3 values on the recovered

population R(t).

High 8 Values (8 = 0.9): A higher transmission
rate accelerates infection spread, resulting in a
faster accumulation of recovered individuals R(t) as
individuals progress through the susceptible, exposed,
and infected stages. This leads to a steeper rise in
the recovered population curve, with the majority of
individuals reaching the recovered state earlier in the
epidemic timeline.

Low (3 Values (5 = 0.009): A lower transmission
rate slows infection spread, producing a more gradual
increase in the recovered population. This indicates
slower disease progression, with fewer individuals
reaching the recovered stage over the same time period,
and a more extended recovery phase.

Overall, 5 has a significant effect on recovery dynamics:
higher values cause faster spread and earlier recovery
peaks, while lower values result in slower and more
extended recovery. Controlling transmission rates
through interventions such as social distancing or
isolation measures is therefore crucial for managing
recovery levels and reducing healthcare burden during
outbreaks.
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10.4 Impact of Vaccination Rates (a1, a2) on Disease
Transmission

The parameters aq and a9, representing vaccination
rates, are set to 0.13 and 0.15, respectively. In the model,
a portion of the susceptible population moves to the
vaccinated class over time, reducing the number of
individuals at risk of infection. This demonstrates
how vaccination decreases disease transmission by
limiting the pool of susceptible individuals (as shown
in Figures 9, 10 and 11) For comparison, a simulation
without vaccination is also considered, where oy =
a9 = 0. In this case, no immunization occurs, and the
disease spreads freely in the population, leading to
an increase in both exposed and infected individuals.
Dashed lines in the corresponding figure represent the
“no vaccination” scenario. Comparing these results
highlights the effectiveness of vaccination in lowering
infection peaks and controlling disease spread within
the community. The dramatic reduction in infected
individuals observed when vaccination and booster
doses are implemented aligns with large-scale field
evidence from national dog vaccination programs [24,
26]. In Mexico, sustained annual vaccination coverage
above 70% led to near-elimination of canine-mediated
human rabies deaths over two decades [24], while
in south-east Tanzania, high vaccination coverage in
domestic dogs was shown to disrupt transmission
even in areas with wildlife reservoirs [26]. These
real-world outcomes strongly support our model’s
prediction that combining primary and booster
vaccination represents one of the most cost-effective
and feasible strategies for achieving the WHO 2030
zero-dog-mediated-human-rabies target.

Comparison of S with and without Vaccination

S (Vaccination)
= = =S (No Vaccination) | |

S Population
N
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Figure 9. With vaccine and with out vaccine.
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Figure 10. With vaccine and with out vaccine.
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Figure 11. With vaccine and with out vaccine.

11 Conclusion

In this study, a mathematical model for the dynamics
of rabies transmission was developed and analyzed
by incorporating two important intervention
strategies: the booster vaccination class (B) and the
asymptomatic class (P). The model, formulated
through a system of nonlinear differential equations,
was used to derive the basic reproduction number Ry,
which serves as a threshold parameter determining
whether the disease persists or dies out. A sensitivity
analysis of Ry identified the key parameters that
most strongly influence disease transmission. The
transmission rate () was found to have the greatest
impact, emphasizing the importance of reducing
contact between susceptible and infected individuals.
The stability analysis of both the disease-free and
endemic equilibria showed that the disease can be
eradicated when R < 1, while it persists when Ry > 1
under biologically feasible conditions. To complement
the analytical results, numerical simulations were
carried out using the classical Runge-Kutta method.
These simulations illustrated the comparative effects of
vaccination and treatment interventions. The results
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clearly demonstrate that the inclusion of the booster
vaccination class (B) significantly reduces the number
of infected individuals compared to the scenario
without vaccination. Moreover, the treatment class
(P) further decreases disease burden and accelerates
recovery. The analysis of varying transmission
rates (/) revealed that higher values of 3 lead to
faster and higher infection peaks, highlighting the
importance of strong control measures in high-contact
environments. Overall, the model demonstrates that
the incorporation of booster vaccination and treatment
strategies can substantially reduce the incidence of
rabies. The findings provide valuable insights that can
support public health programs aimed at controlling
and ultimately eliminating rabies. It is worth noting
that parameter uncertainty, as explored in fuzzy and
crisp modeling frameworks [29], can further influence
threshold conditions and control efficacy, suggesting
that robust control strategies should remain effective
across plausible parameter ranges.
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