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Abstract
The initial mathematical model for rabies consists
of six compartments representing the human
and dog populations: Sh, Ih, Vh, Sd, Id, Vd. To
obtain a more realistic description of rabies
transmission dynamics, we extend the model by
introducing two additional human compartments:
Exposed (Eh) and Recovered (Rh) individuals.
The extended system therefore comprises eight
compartments: Sh, Eh, Ih, Vh, Rh, Sd, Id, Vd. This
extension captures important differences in disease
progression, treatment response, and transmission
pathways. Within this framework, we examine the
positivity and boundedness of solutions, derive
the basic reproduction number (R0), analyse
the sensitivity of R0 to key epidemiological
parameters, and investigate the global stability of
the endemic equilibrium. Numerical simulations
are carried out using both the classical fourth-order
Runge-Kutta (RK4) method and the Nonstandard
Finite Difference (NSFD) method, allowing us to
compare their accuracy and reliability in predicting
population dynamics.
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1 Introduction
Rabies is caused by a neurotropic virus belonging to
the genus Lyssavirus and the family Rhabdoviridae. The
term "lyssa" originates from the Greek word meaning
“frenzy” or “rage,” reflecting the furious behavior often
exhibited by infected animals [1]. The central nervous
system (CNS) is the primary target of the rabies virus,
eventually leading to progressive and irreversible
encephalitis and death. Dogs are the major source
of most human rabies cases worldwide. Rabies is an
acute and fatal zoonotic viral disease that affects nearly
all mammalian species [2, 3]. Animal saliva is the
principal reservoir of the virus, although it may also be
present in tears, urine, semen, and other bodily fluids
[4]. Rabies has one of the highest case-fatality rates
among viral diseases, approaching almost 100% [6].
Once clinical signs appear, the infection is invariably
fatal [7]. Humans contract rabies primarily from dogs,
and transmissionmost commonly occurs through bites
or scratches from infected animals [8, 9]. Direct contact
between a wound or mucosal surface (such as the
mouth, nose, or eyes) and the saliva of a rabid dog can
also transmit the virus [10]. Rabies may additionally
spread through aerosol exposure or through tissue
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and organ transplantation in both humans and other
species [11]. Early symptoms of rabies include
fever, discomfort, tingling or unusual sensations at
the bite site (paraesthesia), hypersalivation, sore
throat, cough, nausea, and vomiting [12]. These
symptoms resemble those of influenza. As the virus
progresses to the CNS, the brain and spinal cord
begin to swell progressively, leading to paralysis,
hyperactivity, and ultimately death [13]. According
to the World Health Organization (WHO), rabies is a
100% vaccine-preventable disease [14]. Three primary
strategies for rabies control have been identified
[15]: population management, mass dog vaccination,
and epidemiological surveillance. Mathematical
modeling has provided valuable insights into the
mechanisms underlying complex biological systems
and offers practical and optimal solutions for disease
control, as demonstrated in real-world urban settings
[5]. Motivated by these considerations, several
mathematical models of rabies have been developed
in recent years, including models incorporating
vaccination and post-treatment effects [17]. Unlike
many existing models, our study does not incorporate
explicit time delays, focusing instead on the immediate
dynamics of transmission. The model includes
transmission from dogs to humans and among dogs
themselves, resulting in a system of delay differential
equations. Furthermore, we propose three control
strategies annual puppy birth control and vaccination
of both humans and dogs aimed at reducing the
burden of rabieswithin human and canine populations.
The main objectives are to investigate the effects of
time delay and control strategies on the dynamical
behavior of themodel and to assess the persistence and
endemicity of the rabies virus within the interacting
populations.

2 Model formulation
Two populations are represented in the model dogs
and people coexisting in the same space. Three
sub-populations comprise the human population
at any given moment t) susceptible humans Sh(t),
infected humans Ih(t), and vaccinated humans Vh(t).
Rh(t) represent the recovered population. Thus,Nh(t),
which represents the whole human population, may
be stated as follows:

Nh(t) = Sh(t) + Eh(t) + Ih(t) +Vh(t) +Rh(t), (1)

Similarly, at any given time t, the dog population is
divided into three sub-populations: susceptible dogs
Sd(t), and Eh(t) Exposed population, infected dogs

Id(t), and vaccinated dogs Vd(t). As a result, the whole
dog population is represented by Nd(t),

Nd(t) = Sd(t) + Vd(t) + Id(t).

The equation of the proposed model is

dSh(t)
dt = Kh + α3Vh − (v + µh + βhdId)Sh,

dEh(t)
dt = βhdShId − (α1 + α2 + δ + µh)Eh,

dIh(t)
dt = δEh − (µh + µ1)Ih,

dVh(t)
dt = α1Eh + vSh − (α3 + µh)Vh,

dRh(t)
dt = α2Eh − µhRh,

dSd(t)
dt = Kd + k1Vd − (k + βddId)Sd,

dVd(t)
dt = kSd − (µd + k1)Vd,

dId(t)
dt = βddSdId − µdId.

(2)

Initial conditions are
Sh(0) > 0, Eh(0) ≥ 0, Ih(0) ≥ 0, Vh(0) ≥
0, Sd(0) > 0, Id(0) ≥ 0.

Figure 1 shows the proposed model.

Figure 1. Flow chart of the proposed model

The parameters used in the model are summarized in
Table 1.
All parameters are assumed to be non-negative, with
µh, µd > 0 to ensure biological feasibility.

3 Model Analysis
We now examine the physiologically viable region of
model system (1). Considering its two components,
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Table 1. Model parameters and descriptions.
Parameter Description Dimension
Kh Human birth/recruitment rate persons/day
Kd Dog birth/recruitment rate dogs/day
α1 Progression rate from exposed to

infected (human)
1/day

α2 Recovery rate from exposed
(human)

1/day

α3 Rate of losing vaccine-induced
immunity (human)

1/day

µh Natural death rate of humans 1/day
µd Natural death rate of dogs 1/day
µ1 Disease-induced death rate of

humans
1/day

βhd Dog-to-human transmission rate 1/(dogs·day)
βdd Dog-to-dog transmission rate 1/(dogs·day)
δ Progression rate from exposed to

infected (human)
1/day

v Human vaccination rate 1/day
k Dog vaccination rate 1/day
k1 Rate of losing vaccine-induced

immunity (dogs)
1/day

the feasible region is defined as Ω = Ωh × Ωd [10].
lemma: The feasible area Ω still contains the solution set
{Sh, Eh, Ih, Vh, Rh, Sd, Id, Vd} ∈ R8

+ of the model system
(1).

Proof For any t > 0, {Sh, Eh, Ih, Vh, Rh, Sd, Id, Vd} ∈
R8

+, let’s say we want to study the dynamics of model
system (1) by demonstrating that the domain Ω is
positively invariant.

Nh(t) = Sh(t) + Eh(t) + Ih(t) +Vh(t) +Rh(t), (3)

Nd(t) = Sd(t) + Id(t) + Vd(t), (4)

where the total number of dogs at any one time is
represented by Nd(t). The total number of persons
at any particular time is shown by Nh and (t). (t)
Equation 5 gives

dNh(t)

dt
= Kh − µ1Ih − µhNh (5)

Similarly, equation
dNd

dt
= Kd − µdNd (6)

Assuming that the dogs’ compartment has no culling
effects or disease-related mortality rates, 5 and 6 now
become,

Nh(t)

dt
= Kh − µhN, (7)

dNd

dt
= Kd − µdN, (8)

Suppose Nh(t)
dt ≥ 0, Nd(t)

dt ≥ 0, Nh ≥ Kh
µh

and Nd ≥
Kd
µd

, following which using the differential inequality
theorem from [25] yields the following results: 0 ≤
Nh ≤ Kh

µh
and 0 ≤ Nd ≤ Kd

µd
7 and 8.

Nh(t)

dt
≥ Kh − µhN, (9)

Nd(t)

dt
≥ Kd − µdN, (10)

Utilizing the integrating factor (IF) approach, solve
9 and 10. Hence, IF = e(

∫
p(t)dt) and dy

dt + p(t)y =
Q. After some algebraic adjustments, the region
represents a potential solution for the dog population
in model system (1).

Ωd =

(
(Sd, Id, Vd) ∈ R3

+, Nd ≥
kd
µd

)
, (11)

The human population does the same thing. This
suggests that the location, 9, may have a resolved
human population in model system (1).

Ωh =

(
(Sh, Eh, Ih, Vh, Rh) ∈ R5

+, Nh ≥
Kh

µk

)
, (12)

Consequently, the feasible solutions are included in
Ω. As per the well accepted comparison theorem on
differential inequality in 12, Ω = Ωh × Ωd, therefore

[Nh ≥ Nh(0)] e−(µh)t +
Kh

µh

(
1− e−(µh)t

)
, (13)

[Nd ≥ Nd(0)] e−(µd)t +
Kd

µd

(
1− e−(µd)t

)
, (14)

Hence, the total dog population size Nd(t) → Kd
md

as
t → ∞. Similarly the total human population size
Nh(t) → Kh

µh
as t → ∞. This mean that the infected

state variables (Sh, Eh, Ih, Vh) of the two population
tend to zero as time goes to infinity. As a result, as
shown in [10], the area Ω is drawing (attracting) every
solution in R8

+, resulting in the model system (1)’s
workable solution set.



Sh
Eh
Ih
Vh
Rh
Sd
Id
Vd


∈ R8

+|



Sh ≥ 0
Eh ≥ 0
Ih ≥ 0
Vh ≥ 0
Rh ≥ 0
Sd ≥ 0
Id ≥ 0
Vd ≥ 0

Nh ≥ Ah
mh

Nd ≥ Bd
md


, (15)
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Therefore, (1) is both epidemiologically significant and
mathematically sound.
Theorem: (Positivity of the Model Solutions) To
demonstrate the positivity of the solutions of the model
system (2) with initial conditions (2) (see [11]), we must
show that all state variables remain non-negative for all
t ≥ 0, given non-negative initial conditions. proof Each
equation in system (2) can be written in the general
form

dx

dt
= f(x), (16)

where x ∈ {Sh, Eh, Ih, Vh, Rh, Sd, Vd, Id}. The terms on
the right-hand side represent rates of birth, infection,
recovery, and death — all of which are non-negative.
If the initial conditions are non-negative, i.e.,

Sh(0), Eh(0), Ih(0), Vh(0),

Rh(0), Sd(0), Vd(0), Id(0) ≥ 0,

then the differential equation system can be written as

dx

dt
= f(x),

where f(x) is continuous and satisfies f(x) ≥ −cx for
some constant c > 0. Therefore, the solution remains
non-negative for all t ≥ 0.
For Sh(t):

dSh
dt

= Kh + α3Vh − (v + µh + βhdId)Sh. (17)

The termKh is always non-negative, and since Vh ≥ 0,
the expression α3Vh is also non-negative. The last term,
−(v + µh + βhdId)Sh, is non-positive, ensuring that Sh
cannot become negative. By Gronwall’s inequality, if
Sh(0) ≥ 0, then Sh(t) ≥ 0 for all t ≥ 0.
For Eh(t):

dEh
dt

= βhdShId − (α1 + α2 + δ + µh)Eh. (18)

Here, βhdShId ≥ 0, and the term −(α1 + α2 + δ +
µh)Eh prevents Eh from becoming negative. Hence, if
Eh(0) ≥ 0, then Eh(t) ≥ 0 for all t ≥ 0.
For the remaining compartments
Vh(t), Rh(t), Sd(t), Vd(t), Id(t): Applying the same
reasoning to each equation shows that every
compartment remains non-negative, provided the
initial conditions are non-negative.

Therefore, by the positivity theorem, all state variables

Sh, Eh, Ih, Vh, Rh, Sd, Vd, Id

remain non-negative for all t ≥ 0. This establishes that
the model is positive.

4 Disease-Free Equilibrium Point (DFE)
If there is no RABV infection in the community, then
there are no humans who have received treatment,
recovered, or contracted the disease from infected dogs,
so that

E0
h = I0h = I0d = 0.

The point F 0 represents the disease-free equilibrium
obtained from model equations (2).

F 0 =
(
S0
h, E

0
h, I

0
h, V

0
h , R

0
h, S

0
d , I

0
d , V

0
d

)
, (19)

F 0 =

(
Kh

α3 − (v + µh)
, 0, 0,

Kh

(α3 − (v + µh))(α3 + µh)
,

0,
(µd + k1)Kd

k(µd + k1)−Kd
, 0,

Kd

k(µd + k1)−Kd

)
,

(20)

5 Basic Reproduction Number R0

The basic reproduction number, denoted by R0, is
a fundamental threshold parameter that plays a
crucial role in understanding the potential spread and
persistence of infectious diseases. It represents the
average number of secondary infections produced by
a single infected individual in a completely susceptible
population. An epidemic occurs when one infected
individual transmits the disease to more than one
susceptible host, i.e., when R0 > 1. Conversely, if
R0 < 1, the infection will eventually die out.

Numerous studies [15, 16] have focused on
determining R0 for various epidemic models.
In this study, we compute R0 for the proposed rabies
model using the next-generation matrix approach as
described in [16, 20].

5.1 Identification of Infected Compartments
Following the next-generation matrix method, we
identify the infected compartments as Eh, Ih, and
Id. The equations governing these compartments are
extracted from system (2):
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dEh
dt

= βhdShId − (α1 + α2 + δ + µh)Eh,

dIh
dt

= δEh − (µh + µ1)Ih, (21)
dId
dt

= βddSdId − µdId.

5.2 The Disease-Free Equilibrium (DFE)
At the disease-free equilibrium, we have E0

h = I0h =
I0d = 0. Solving system (2) at steady state yields the
DFE:

E0 =
(
S0
h, E

0
h, I

0
h, V

0
h , R

0
h, S

0
d , I

0
d , V

0
d

)
, (22)

where

S0
h =

Kh(α3 + µh)

µh(α3 + µh) + vµh + α3v
, (23)

V 0
h =

vKh

µh(α3 + µh) + vµh + α3v
, (24)

S0
d =

Kd(µd + k1)

kµd
, (25)

V 0
d =

Kd

µd
, (26)

E0
h = I0h = R0

h = I0d = 0. (27)

5.3 Construction of F and V Matrices
The matrix F represents the rate of new infections
appearing in each infected compartment, while V
represents the rate of transfers of individuals into and
out of these compartments. At the DFE, we have:

F =

0 0 βhdS
0
h

0 0 0
0 0 βddS

0
d

 , V =

 A 0 0
−δ µh + µ1 0
0 0 µd

 ,

(28)
where A = α1 + α2 + δ + µh.
The inverse of V is:

V −1 =


1
A 0 0
δ

A(µh+µ1)
1

µh+µ1
0

0 0 1
µd

 . (29)

5.4 The Next-Generation Matrix and R0

The next-generation matrix isK = FV −1:

K =


0 0

βhdS
0
h

µd
0 0 0

0 0
βddS

0
d

µd

 . (30)

The eigenvalues ofK are:

λ1 = 0, λ2 = 0, λ3 =
βddS

0
d

µd
. (31)

The basic reproduction number R0 is the spectral
radius ofK:

R0 = ρ(K) =
βddS

0
d

µd
. (32)

Substituting S0
d =

Kd(µd + k1)

kµd
yields the final

expression:

R0 =
βddKd(µd + k1)

kµ2d
. (33)

5.5 Biological Interpretation of R0

Equation (33) reveals several important relationships:
• R0 is directly proportional to βdd (dog-to-dog

transmission rate) and Kd (dog birth rate).
Increasing either of these parameters will increase
the disease’s potential to spread.

• R0 is inversely proportional to k (dog vaccination
rate) and µ2d (square of dog mortality rate).
This indicates that vaccination campaigns
and population management (e.g., culling or
sterilization) are effective control strategies.

• The vaccine waning rate k1 appears in the
numerator, meaning that faster loss of immunity
in vaccinated dogs increases R0, highlighting the
importance of booster vaccinations.

• The expression is always non-negative and
well-defined for all positive parameter values,
satisfying biological feasibility.

Figure 2 illustrates the dependence of R0 on key
parameters. As shown in Figure 2(a), R0 increases
with both k1 and βdd. Figure 2(b) demonstrates the
rapid decay of R0 as µd increases, confirming the
strong negative impact of dog mortality on disease
transmission.
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(a) a

(b) b

Figure 2. Surface plot of R0 as a function of (a) k1 and βdd,
and (b) as a function of µd.

6 Sensitivity Analysis of R0

Sensitivity analysis of the basic reproduction number
R0 with respect to themodel parameters is essential for
understanding the dynamics of disease transmission.
It helps identify the parameters that have the greatest
influence on the prevention and control of the disease.
The classical normalized forward sensitivity index of
R0 with respect to a given parameter p is defined as:

ΓR0
p =

∂R0

∂p
× p

R0
. (34)

We compute the sensitivity indices for the parameters
that appear in R0: βdd,Kd, k, µd, and k1.

6.1 Sensitivity Indices

ΓR0
βdd

=
∂R0

∂βdd
· βdd
R0

= 1, (35)

ΓR0
Kd

=
∂R0

∂Kd
· Kd

R0
= 1, (36)

ΓR0
k =

∂R0

∂k
· k
R0

= −1, (37)

ΓR0
µd

=
∂R0

∂µd
· µd
R0

= −2 +
µd

µd + k1
, (38)

ΓR0
k1

=
∂R0

∂k1
· k1
R0

=
k1

µd + k1
. (39)

Figure 3. Sensitivity indices of R0 with respect to key
parameters. Positive indices indicate that increasing the
parameter increases R0; negative indices indicate the

opposite.

6.2 Interpretation of Sensitivity Results
The sensitivity indices shown in Figure 3 lead to the
following conclusions:
• βdd andKd (Γ = +1): A 1% increase in either the

dog-to-dog transmission rate or the dog birth rate
results in a 1% increase in R0. These are the most
influential positive parameters.

• k (Γ = −1): A 1% increase in the dog vaccination
rate reduces R0 by 1%. This confirms that
mass dog vaccination is a highly effective control
strategy.

• µd (Γ = −2+ µd
µd+k1

): This index lies in the interval
(−2,−1). Increasing the natural death rate of dogs
(e.g., through population control measures) has
a strong negative impact on R0, reducing disease
transmission significantly.

14
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• k1 (Γ = k1
µd+k1

∈ (0, 1)): The vaccine waning rate
has a positive but less-than-proportional effect
on R0. This underscores the need for booster
vaccinations to maintain herd immunity.

From a public health perspective, the most effective
strategies to control rabies transmission are:

1. Reducing dog-to-dog transmission (βdd) through
isolation of infected animals and leash laws,

2. Increasing dog vaccination coverage (k),

3. Implementing population management to
increase effective mortality (µd), and

4. Maintaining vaccine efficacy through regular
booster campaigns (reducing effective k1).

7 Local Stability of the Disease-Free
Equilibrium

The local stability is analyzed via the Jacobian matrix
evaluated at the disease-free equilibrium, following
standard techniques for nonlinear systems [22]. We
now investigate the local stability of the disease-free
equilibrium E0. The Jacobian matrix of system (2)
evaluated at E0 is:

JE0 =



−D1 0 0 α3 0 0 0 −βhdS0
h

0 −D2 0 0 0 0 0 βhdS
0
h

0 δ −D3 0 0 0 0 0
v α1 0 −D4 0 0 0 0
0 α2 0 0 −D5 0 0 0
0 0 0 0 0 −k k1 −βddS0

d

0 0 0 0 0 k −D7 0
0 0 0 0 0 0 0 −µd(1−R0)


,

where
D1 = v + µh,

D2 = α1 + α2 + δ + µh,

D3 = µh + µ1,

D4 = α3 + µh,

D5 = µh,

D7 = µd + k1.

Theorem 7.1. The disease-free equilibrium E0 of system (2)
is locally asymptotically stable if R0 < 1, and unstable if
R0 > 1.

Proof. The eigenvalues of JE0 are:

λ1 = −(µh + µ1) < 0,

λ2 = −µh < 0,

λ3 = −(µd + k1) < 0,

λ4 = −(v + µh) < 0,

λ5 = −(α3 + µh) < 0,

λ6 = −(α1 + α2 + δ + µh) < 0,

λ7,8 = eigenvalues of
(
−k k1
0 −µd(1−R0)

)
.

The eigenvaluesλ7,8 are−k < 0 and−µd(1−R0). Thus,
all eigenvalues have negative real parts if and only if
R0 < 1. When R0 > 1, the eigenvalue −µd(1 − R0)
becomes positive, leading to instability.

8 Global Stability of the Disease-Free
Equilibrium

To establish the global asymptotic stability of the DFE,
we employ the approach proposed by Castillo-Chavez
et al. [23]. The system is written in the form:


dX

dt
= F (X,Y),

dY

dt
= G(X,Y), G(X, 0) = 0,

(40)

where X ∈ R5 represents the uninfected
compartments (Sh, Vh, Rh, Sd, Vd), and Y ∈ R3

represents the infected compartments (Eh, Ih, Id).
The DFE is denoted by E0 = (X0, 0).
The following two conditions must be satisfied for
global asymptotic stability:

(H1) For dX
dt

= F (X, 0), the equilibrium X0 is globally
asymptotically stable.

(H2) G(X,Y) = MY − Ĝ(X,Y), where Ĝ(X,Y) ≥
0 for (X,Y) ∈ Ω, and M is an M-matrix
(off-diagonal entries non-negative).

Theorem 8.1. If R0 < 1 and conditions (H1) and (H2)
are satisfied, then the disease-free equilibrium E0 is globally
asymptotically stable in Ω.

Proof. For the rabies model, we have:

F (X, 0) =


Kh + α3Vh − (v + µh)Sh
vSh − (α3 + µh)Vh

−µhRh
Kd + k1Vd − kSd
kSd − (µd + k1)Vd

 .
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It can be shown that X0 = (S0
h, V

0
h , 0, S

0
d , V

0
d ) is

globally asymptotically stable for this subsystem. Thus
condition (H1) holds.

For condition (H2), we compute:

M =

−(α1 + α2 + δ + µh) 0 βhdS
0
h

δ −(µh + µ1) 0
0 0 βddS

0
d − µd

 ,

and

Ĝ(X,Y) =

βhd(S0
h − Sh)Id

0
βdd(S

0
d − Sd)Id

 .

Since S0
h ≥ Sh and S0

d ≥ Sd in the feasible region Ω,
we have Ĝ(X,Y) ≥ 0. Moreover,M has non-negative
off-diagonal entries. When R0 < 1, we have βddS0

d −
µd < 0, makingM anM-matrix. Hence condition (H2)
holds, and the DFE is globally asymptotically stable
for R0 < 1.

9 Endemic Equilibrium
When R0 > 1, the disease persists in the population,
and there exists a unique endemic equilibrium
E∗ = (S∗h, E

∗
h, I
∗
h, V

∗
h , R

∗
h, S

∗
d , I
∗
d , V

∗
d ). Setting the time

derivatives of system (2) to zero and solving yields:

S∗h =
Kh + α3V

∗
h

v + µh + βhdI
∗
d

, (41)

E∗h =
βhdS

∗
hI
∗
d

α1 + α2 + δ + µh
, (42)

I∗h =
δE∗h

µh + µ1
, (43)

V ∗h =
α1E

∗
h + vS∗h

α3 + µh
, (44)

R∗h =
α2E

∗
h

µh
, (45)

S∗d =
Kd + k1V

∗
d

k + βddI
∗
d

, (46)

V ∗d =
kS∗d

µd + k1
, (47)

I∗d =
kµd(R0 − 1)

βdd(µd + k1)
. (48)

Note that I∗d > 0 if and only if R0 > 1, confirming the
existence of a unique endemic equilibrium when the
basic reproduction number exceeds unity.

10 Global Stability of the Endemic
Equilibrium

To analyze the global stability of the endemic
equilibrium, we construct a Lyapunov function
following the approach of Vargas-De-León [21].
Theorem 10.1. If R0 > 1, the endemic equilibrium E∗ of
system (2) is globally asymptotically stable in the interior
of Ω.

Proof. Consider the Lyapunov function:

L =
1

2

[
(Sh − S∗h)2 + (Eh − E∗h)2 + (Ih − I∗h)2

+(Vh − V ∗h )2 + (Rh −R∗h)2 + (Sd − S∗d)2 + (Id − I∗d)2

+(Vd − V ∗d )2
]
.

Differentiating L with respect to time and using the
fact that at equilibrium the total population satisfies
N∗h = (Kh − µ1I∗h)/µh and N∗d = Kd/µd, we obtain:

dL

dt
= (Nh −N∗h)

dNh

dt
+ (Nd −N∗d )

dNd

dt
.

Since dNh
dt = Kh− µhNh− µ1Ih and dNd

dt = Kd− µdNd,
we have:

dL

dt
= (Nh −N∗h)(−µh(Nh −N∗h)− µ1(Ih − I∗h))

+ (Nd −N∗d )(−µd(Nd −N∗d )).

This simplifies to:
dL

dt
≤ −µh(Nh −N∗h)2 − µd(Nd −N∗d )2 ≤ 0.

The equality dL
dt = 0 holds only at the endemic

equilibrium E∗. By LaSalle’s invariance principle, E∗
is globally asymptotically stable when R0 > 1.

11 Numerical Simulation
The numerical simulations in this study were
performed using MATLAB 2016a and the ODE45
solver, which combines the fourth- and fifth-order
Runge–Kutta methods (RK4 and RK5). This solver
has proven to be highly accurate for simulating the
dynamics of the rabies transmission model. The initial
conditions were chosen arbitrarily to illustrate typical
model behavior.
Figure 4 shows the temporal dynamics of the rabies
population. The results indicate that the proportion
of susceptible animals declines rapidly during the
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initial years. This reduction is primarily due to disease
transmission from infected animals to humans and the
depletion of highly susceptible animals. As susceptible
animals come into contact with infected humans, their
susceptibility decreases while their exposure to the
virus increases.

Figure 4. Evolution of Humans Population with time.

The graphical representation of these dynamics
provides important insights into the early effects
of disease transmission on the rabies population,
consistent with the One Health approach [24]. It also
emphasizes the critical role of vaccination programs
and the importance of controlling infection spread to
effectively manage rabies.
If the human-to-dog transmission rate βdh is low (e.g.,
βdh = 0.001), the susceptible population declines
slowly, indicating a slower rate of disease transmission.
In this scenario, the disease spreads less efficiently,
and the number of susceptible individuals decreases
gradually over time. Conversely, if βdh is high (e.g.,
βdh = 0.8), the transmission rate is higher, resulting
in a faster spread of the disease. The susceptible
population decreases rapidly as more individuals
become exposed and infected.
Examining the effect of different βdh values on the
exposed population E provides important insights
into disease dissemination. Lower βdh values
slow the spread of infection, while higher values
lead to a rapid increase in exposed individuals,
triggering a faster and more extensive epidemic.
This underscores the importance of controlling
transmission to mitigate the impact of infectious
diseases. The findings also emphasize the critical
need for interventions that reduce βdh, as illustrated in
Figures 5 and 6, which examine the global stability
of disease-free equilibrium (DFE). Strategies such
as vaccination, social distancing, mask usage, and

(a)

(b)

(c)

Figure 5. βhd effect on E.

improved hygiene can effectively lower βdh and reduce
disease transmission. Maintaining a lower βdh can
prevent a sudden and overwhelming outbreak, reduce
the overall disease burden, and facilitate more effective
management of healthcare resources.

The practice of immunization significantly reduces the
number of vulnerable individuals. Because vaccines
are administered promptly, fewer people remain at
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(a)

(b)

(c)

Figure 6. βdh, Different Values Eh, and Sh.

risk, leading to a decrease in both exposed and infected
populations, as observed in the vaccination scenario.
A higher proportion of recovered individuals in the
vaccinated case further indicates that immunization
plays an essential role in enhancing recovery rates.
The vaccinated group clearly demonstrates how
immunization limits the transmission of the disease.
Overall, Figure 7 these findings show that vaccination

(a)

(b)

(c)

Figure 7. With Vaccine and with out Vaccine.

effectively reduces the number of at-risk and infected
individuals, ultimately resulting in fewer cases and
faster recovery within the population.

11.1 Numerical Analysis
This section presents the numerical results ofmodel (2)
using the RK4 method and the MATLAB-coded
NSFD technique. The parameter values used in the
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simulations are collected from [1, 2] and are listed in
Table 1. We first develop the numerical schemes for the
epidemic model, then illustrate the dynamic behavior
of rabies over time t through graphs and simulations.
Finally, we discuss and interpret the numerical results.

11.2 RK4 scheme
To give an explicit numerical methodology for the
RK4 approach, the following assumptions need to be
established [2]. S(t) ≈ Sn E(t) ≈ En P (t) ≈ Pn

I(t) ≈ In V (t) ≈ V n R(t) ≈ Rn



a1 = h[Kh + α3V
n
h − (v + µh + βhdI

n
d )Snh ],

w1 = h[βhdS
n
hId − (α1 + α2 + δ + µh)Enh ],

m1 = h[δEnh − (µh + µ1)I
n
h ],

n1 = h[α1E
n
h + vSnh − (α3 + µh)V n

h ],

o1 = h[α2E
n
h − µhRnh],

q1 = [Kd + k1V
n
d − (k + βddI

n
d )Snd ],

p1 = [kSnd − (µd + k1)V
n
d ],

v1 = [βddS
n
d Id − µdInd ].

(49)

S̃h = Snh +
a1
2
, Ẽh = Enh +

w1

2
, Ĩh = Inh +

m1

2
,

Ṽh = V n
h +

n1
2
, R̃h = Rnh +

o1
2
,

S̃d = Snd +
q1
2
, Ṽd = V n

d +
p1
2
, Ĩd = Ind +

v1
2
.

a2 = h
[
Kh + α3Ṽh − (v + µh + βhdĨd)S̃h

]
,

w2 = h
[
βhdS̃hĨd − (α1 + α2 + δ + µh)Ẽh

]
,

m2 = h
[
δẼh − (µh + µ1)Ĩh

]
,

n2 = h
[
α1Ẽh + vS̃h − (α3 + µh)Ṽh

]
,

o2 = h
[
α2Ẽh − µhR̃h

]
,

q2 = h
[
Kd + k1Ṽd − (k + βddĨd)S̃d

]
,

p2 = h
[
kS̃d − (µd + k1)Ṽd

]
,

v2 = h
[
βddS̃dĨd − µdĨd

]
.

a3 = h
[
Kh + α3

(
V n
h +

n2
2

)
−
(
v + µh + βhd

(
Ind +

v2
2

))(
Snh +

a2
2

)]
,

w3 = h
[
βhd

(
Snh +

a2
2

)(
Ind +

v2
2

)
− (α1 + α2 + δ + µh)

(
Enh +

w2

2

)]
,

m3 = h
[
δ
(
Enh +

w2

2

)
− (µh + µ1)

(
Inh +

m2

2

)]
,

n3 = h
[
α1

(
Enh +

w2

2

)
+ v
(
Snh +

a2
2

)
− (α3 + µh)

(
V n
h +

n2
2

)]
,

o3 = h
[
α2

(
Enh +

w2

2

)
− µh

(
Rnh +

o2
2

)]
,

q3 = h
[
Kd + k1

(
V n
d +

p2
2

)
−
(
k + βdd

(
Ind +

v2
2

))(
Snd +

q2
2

)]
,

p3 = h
[
k
(
Snd +

q2
2

)
− (µd + k1)

(
V n
d +

p2
2

)]
,

v3 = h
[
βdd

(
Snd +

q2
2

)(
Ind +

v2
2

)
− µd

(
Ind +

v2
2

)]
.

a4 = h
[
Kh + α3(V

n
h + n3)−

(
v + µh + βhd(I

n
d + v3)

)
(Sn

h + a3)
]
,

w4 = h
[
βhd(S

n
h + a3)(I

n
d + v3)− (α1 + α2 + δ + µh)(E

n
h + w3)

]
,

m4 = h
[
δ(En

h + w3)− (µh + µ1)(I
n
h +m3)

]
,

n4 = h
[
α1(E

n
h + w3) + v(Sn

h + a3)− (α3 + µh)(V
n
h + n3)

]
,

o4 = h
[
α2(E

n
h + w3)− µh(R

n
h + o3)

]
,

q4 = h
[
Kd + k1(V

n
d + p3)−

(
k + βdd(I

n
d + v3)

)
(Sn

d + q3)
]
,

p4 = h
[
k(Sn

d + q3)− (µd + k1)(V
n
d + p3)

]
,

v4 = h
[
βdd(S

n
d + q3)(I

n
d + v3)− µd(I

n
d + v3)

]
.

a7 = h
[
Kh + α3(V

n
h + n7)−

(
v + µh + βhd(I

n
d + v7)

)
(Sn

h + a7)
]
,

w7 = h
[
βhd(S

n
h + a7)(I

n
d + v7)− (α1 + α2 + δ + µh)(E

n
h + w7)

]
,

m7 = h
[
δ(En

h + w7)− (µh + µ1)(I
n
h +m7)

]
,

n8 = h
[
α1(E

n
h + w7) + v(Sn

h + a7)− (α3 + µh)(V
n
h + n7)

]
,

o8 = h
[
α2(E

n
h + w7)− µh(R

n
h + o7)

]
,

q8 = h
[
Kd + k1(V

n
d + p7)−

(
k + βdd(I

n
d + v7)

)
(Sn

d + q7)
]
,

p8 = h
[
k(Sn

d + q7)− (µd + k1)(V
n
d + p7)

]
,

v8 = h
[
βdd(S

n
d + q7)(I

n
d + v7)− µd(I

n
d + v7)

]
.

Sn+1
h = Snh +

1

16

(
k1 + 2k2 + 2k3 + 2k4 + 2k5

+2k6 + 2k7 + k8

) (50)

En+1
h = Enh +

1

16

(
w1 + 2w2 + 2w3 + 2w4 + 2w5 + 2w6

+2w7 + w8

)
(51)
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In+1
h = Inh +

1

16

(
m1 + 2m2 + 2m3 + 2m4 + 2m5 + 2m6

+2m7 +m8

)
,

(52)

V n+1
h = V n

h +
1

16

(
n1 + 2n2 + 2n3 + 2n4 + 2n5 + 2n6

+2n7 + n8

)
,

(53)

Rn+1
h = Rnh +

1

16

(
o1 + 2o2 + 2o3 + 2o4 + 2o5

+2o6 + 2o7 + o8

)
,

(54)

Sn+1
d = Snd +

1

16

(
p1 + 2p2 + 2p3 + 2p4 + 2p5

+2p6 + 2p7 + p8

)
,

(55)

In+1
d = Ind +

1

16

(
q1 + 2q2 + 2q3 + 2q4 + 2q5 + 2q6

+2q7 + q8

)
,

(56)

V n+1
d = V n

d +
1

16

(
v1 + 2v2 + 2v3 + 2v4 + 2v5 + 2v6

+2v7 + v8

)
.

(57)

11.3 NSFD scheme
The non-standard finite difference (NSFD) technique
developed in [18] serves as the foundation for
the reliable numerical method used in this study.
The NSFD method preserves important qualitative
properties such as positivity and boundedness,
consistentwith findings in nonstandard computational
analyses of rabies models [26]. This method can
be applied in various ways to examine practical,
real-world problems in mathematics and engineering.
For examples of the NSFD approach applied to
different areas of appliedmathematics, see [19]. Based
on the first equation of model (1), the following
assumptions are made to present a clear numerical

technique for applying the NSFD methodology to
equations (1) through (8) of model (1).

Sh
dt =

Sn+1
h −Sh

h , Sh(t) ≈ Sn+1
h , Ih(t)Sh(t) = InhS

n+1
h

Eh
dt =

En+1
h −Eh

h , Eh(t) ≈ En+1
h , Ih(t)Sh(t) = InhS

n+1
h

Ih
dt =

In+1
h −Ih
h , Ih(t) ≈ In+1

h ,

Vh
dt =

V n+1
h −Vh

h , Vh(t) ≈ V n+1
h , Eh(t) = Enh

Rh
dt =

Rn+1
h −Rh

h , Rh(t) ≈ Rn+1
h ,

Sd
dt =

Sn+1
d −Sd

h , Sd(t) ≈ Sn+1
d , Id(t)Sd(t) = Ind S

n+1
d ,

Id
dt =

In+1
d −Id
h , Id(t) ≈ En+1

d , Ed(t) = End ,

Vd
dt =

V n+1
d −Vd

h , Vh(t) ≈ V n+1
d ,

(58)
Using the aforementioned presumption, the model
(1)’s eight equations become, Therefore,

Sn+1
h =

Snh + h(Kh + α3V
n
h )

1 + h(µh + βdhI
n
d )

(59)

En+1
h =

Enh + h(βdhI
n
hS

n
h )

1 + h(α1 + α2 + δ + µh)
(60)

In+1
h =

Inh + hδEnh
1 + h(µh + µ1)

(61)

V n+1
h =

V n
h + h(vSnh + α1V

n
h )

1 + (α3 + µh)
(62)

Rn+1
h =

Rnh + α2E
n
h

1 + h(µh)
, (63)

Sn+1
d =

Snd + h(Kd + k1V
n
d )

1 + h(k + βddI
n
d )

(64)

V n+1
d =

V n
d + h(kSnd )

1 + h(µd + k1)
(65)

Theorem: The equilibrium points (E0 and E1,
respectively) of the continuous model (1) are preserved by
the discrete schemes 59 and 65. In other words, the only
fixed points in schemes 59 and 65 correspond either to
the disease-free equilibrium or to the endemic equilibrium
of the continuous model (1). Moreover, the equilibrium
points and the fixed points of the NSFD scheme share
the same stability properties. Figure 8 compares the
solutions obtained by the classical RK4 method and
the NSFD scheme for the key compartments (Sh,
Eh, Ih, Rh). It is evident that both methods produce
qualitatively similar trajectories in the short term, but
the NSFD scheme better preserves the positivity and
boundedness of the solutions, especially for larger
time-step sizes.
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(a)

(b)

(c)

(d)

Figure 8. Rk-4 and NSFD Method.

(a)

(b)

(c)

(d)

Figure 9. RK-4 vs NSFD (Time-Dependent).
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12 Discussion
Both the Nonstandard Finite Difference (NSFD)
scheme and the fourth-order Runge Kutta (RK4)
method demonstrate different behaviors when
simulating the dynamics of the susceptible Sh,
infected Ih, recovered Rh, and exposed populations.
The RK4 method, shown by the dashed blue line in
Figure 9, is widely recognized for its high accuracy
and numerical stability. Its simulation of the exposed
population over time clearly reflects the progression
and transmission dynamics of the disease. In contrast,
the NSFD method, represented by the solid red line, is
designed to preserve important qualitative properties
of the model, such as stability, boundedness, and
non-negativity of solutions. These properties are
especially important in epidemiological modeling,
where negative population values are not meaningful.
Although RK4 generally provides more accurate
results due to its fourth-order convergence, both
methods may exhibit similar oscillatory trends in
certain compartments, including the exposed class.
The performance of the NSFD scheme can vary
depending on the structure of the model and the
chosen parameter values. In many simulations, the
RK4 curves appear smoother and more closely aligned
with expected theoretical trends. However, NSFD
offers advantages when it is necessary to maintain
the inherent structural characteristics of the system.
Therefore, the choice between RK4 and NSFD should
depend on the objectives of the study and the nature
of the mathematical model. For simulations that
prioritize numerical accuracy and precise prediction,
RK4 is often preferred. On the other hand, when
preserving qualitative features such as positivity and
dynamical consistency is essential, the NSFD method
provides a reliable alternative.
This research observes that the results of both
numerical techniques are similar when investigating
the susceptible population dynamics that are
established by the Runge-Kutta 4th order (RK4) and
Nonstandard Finite Difference (NSFD) methods.
These methods effectively track a prevalence over
time in the population of interest. Moreover, while
comparing Runge-Kutta 4th order (RK4) and
Nonstandard Finite Difference (NSFD) methods for
analyzing the dynamics of the infected population,
the analysis shows that both methods provide
understanding of how the infected population
behaves over time.
The dashed blue line represents the RK4 solution,
which is highly reliable for approximating the

dynamical behavior due to its accuracy in solving
ODEs. To enhance structural precision, the NSFD
method, depicted by the solid red line, incorporates
a time-dependent linear perturbation while the core
mechanism remains invariant. In conclusion, although
both methods provide insight into the dynamics of
the sensitive population, the RK4 approach is often
preferred because it is accurate and robust, especially
when higher precision is required. However, the
NSFD technique remains attractive for certain studies
depending on specific requirements, as it possesses
distinctive properties that help preserve the stability
of the model and ensure non-negativity.

13 Conclusion
In this study, we developed and analyzed an extended
mathematical model for rabies transmission that
incorporates the Exposed (Eh) and Recovered (Rh)
compartments in the human population, alongside the
standard compartments for both humans and dogs.
The inclusion of these additional classes allows for a
more realistic representation of disease progression,
treatment response, and transmission dynamics. We
analyzed the model for positivity and boundedness
of solutions, computed the basic reproduction
number (R0), performed sensitivity analysis, and
investigated the global stability of endemic equilibrium
points. Our numerical simulations, conducted
using both the fourth-order Runge-Kutta (RK4)
method and the Nonstandard Finite Difference
(NSFD) method, demonstrate that both approaches
can effectively capture the dynamics of rabies
transmission. While RK4 provides high accuracy
in predicting population trends, NSFD preserves
important qualitative properties such as stability and
non-negativity, which are essential in epidemiological
modeling. The results highlight the critical role
of vaccination and timely interventions in reducing
the susceptible and exposed populations, increasing
recovery rates, and ultimately controlling rabies
outbreaks. This work underscores the importance of
selecting appropriate numerical methods and control
strategies based on the goals of the study and the
characteristics of the modeled system. The findings
can inform public health planning and provide a
framework for future studies on rabies control.
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