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Abstract
In this paper, the concept of the bipolar spherical
fuzzy set (BSFS) and its operations is developed.
It is proposed as a generalization of fuzzy sets,
bipolar fuzzy sets, picture fuzzy sets, and spherical
fuzzy sets, allowing uncertain information to be
handled more flexibly in the decision-making
process. The key objective of this research paper
is to introduce a new version of the spherical fuzzy
set so called bipolar spherical fuzzy set (BSFS).
The bipolar spherical fuzzy set is a new extension
of spherical fuzzy sets and picture fuzzy sets. In
bipolar spherical fuzzy sets, membership degrees
are satisfying the condition 0 ≤ (s+)2(x)+(i+)2(x)+
(d+)2(x) ≤ 1 and 0 ≤ (s−)2(x) + (i−)2(x) +
(d−)2(x) ≤ 1 instead of 0 ≤ s2(x) + i2(x) +
d2(x) ≤ 1 as is in spherical fuzzy sets and 0 ≤
s(x) + i(x) + d(x) ≤ 1 as is in the picture fuzzy
set. Here, negative membership degree denotes
the implicit counter-property corresponding to a
bipolar spherical fuzzy set. Also, the BSF-set
weighted average operator and BSF-set weighted
geometric operator are given to aggregate the
BSF-sets. Further a multi attribute decision making
(MADM) technique is developed and the proposed
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aggregation operators are utilized. Finally, a
numerical approach for implementation of the
proposed technique is developed.

Keywords: fuzzy sets, picture fuzzy sets, spherical fuzzy
sets, bipolar spherical fuzzy sets, multi attribute decision
making.

1 Introduction
Zadeh [1] assigned membership grades to elements
of a set in the interval [0, 1] by offering the idea of
FSs. Atanassov [2] worked on IFS as a generalization
of FS. He extended the concept of FSs by assigning
nonmembership grade say d along with a membership
grade say s to elements with a constraint 0 ≤ s+d ≤ 1.
Strengthening the concept of IFS, Yager [3] suggests
Pythagorean fuzzy sets, which somehow enlarged
the space of membership and non-membership by
introducing some new constraint 0 ≤ s2 + d2 ≤ 1.
The ordinary FS and IFS cannot be applied in situations
because of their limited structure. To deal with
such kinds of situations and to develop a concept
which is sufficiently close to human nature, Cuong
[4] proposed PFS of the form (s, i, d) where the
elements in triplet represent satisfaction, abstinence
and dissatisfaction degrees, respectively, under the
condition 0 ≤ s + i + d ≤ 1 and with refusal degree
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defined as r = 1 − (s + i + d). This new structure
is considerably closer to human nature than that of
earlier concepts and is one of the richest research areas
now as it can be used in medical image processing and
diagnosis, radar image analysis, biometrics and iris
recognition, decision making and medical diagnostic
assessments, etc.
At the present, some authors have investigated the
problems under the PFS environment. Atanassov [5]
presented a decision-making method based on the
picture fuzzy weighted cross-entropy and utilized it to
rank the different alternatives. Wei [6] also develops
some similarity measures for picture fuzzy sets and
their applications. Garg [7] defined some picture
fuzzy aggregation operators and their applications to
multicriteria decision-making.
Mahmood et al. [8] introduced the concept of the
spherical fuzzy set (SFS) and T-spherical fuzzy set
(T-SFS) as a generalization of FS, IFS and PFS of the
form (s, i, d) where the elements in triplet represent
satisfaction, abstinence and dissatisfaction degrees,
respectively, under the condition 0 ≤ s2 + i2 + d2 ≤ 1
and 0 ≤ sn + in + dn ≤ 1 respectively. Ashraf et al. [9]
further developed some properties of spherical fuzzy
sets and their applications in multi-attribute decision
making problems. The application of fuzzy set theory
tomulti-attribute decisionmaking has been extensively
studied since the pioneering work of Chen and Hwang
[10]. In this paper, we propose a novelMADMmethod
based on bipolar spherical fuzzy aggregation operators
to handle uncertain information more effectively.
The objectives of this paper are: (1) to introduce
the new concept that is bipolar spherical fuzzy set
(BSF-set) (2) to define the bipolar spherical fuzzy
numbers (BSFNs) and related basic, operational, (3)
to suggest score, accuracy and certainty functions for
comparison, (4) to propose bipolar spherical weighted
average aggregation operators, weighted geometric
aggregation operator and discussed some on their
properties, (5) to present a MADMmethod based on
these aggregation operators based on bipolar spherical
fuzzy environment.
The remainder of this paper is organized as follows. In
Section 2, the basic notion of PFSs sets, SFSs, BFSs
and their some basic properties are presented. In
Section 3, the concept of BSF-sets and their operational
properties are discussed. In Section 4, the study of
weighted average aggregation andweighted geometric
aggregation operators to the bipolar spherical fuzzy
information is studied. In Section 5, a method for

multiple attribute decision making (MADM) based on
the bipolar spherical fuzzy environment is developed.
A real-valued example is also presented to show
the effectiveness of the proposed decision making
approach. In Section 6, a comparative analysis is given
to show that the proposed approach is much better in
comparison to others MADM approaches. Section 7,
is the last section which contains the conclusion of the
paper.

2 Preliminaries
2.1 Picture Fuzzy Sets
Definition 1. [4] A picture fuzzy set A on a universe X
is an object in the form of:

A = {(x, µA(x), ηA(x), νA(x)) | x ∈ X}, (1)
where µA(x) ∈ [0, 1] is called the degree of positive
membership of x in A, ηA(x) ∈ [0, 1] is called the degree of
neutral membership of x in A and νA(x) ∈ [0, 1] is called
the degree of negative membership of x in A, and where
µA, ηA and νA satisfy the following condition:

(∀x ∈ X)(µA(x) + ηA(x) + νA(x) ≤ 1). (2)

Definition 2. [11] For any universal set X , a SFSs is of
the form:

A = {(x, sA(x), iA(x), dA(x)) | x ∈ X}. (3)
Here sA, iA, dA : X → [0, 1] represents the degree
of membership, degree of abstinence and degree of
non-membership, respectively, provided that

0 ≤ s2A(x) + i2A(x) + d2A(x) ≤ 1

and
r(x) =

√
1− (s2A(x) + i2A(x) + d2A(x))

are known as the degree of refusal of x in S.

Note 1. For SFS = {(x, sA(x), iA(x), dA(x)) | x ∈ X},
which is triple components (sA(x), iA(x), dA(x)) are said
to SFN and each SFN can be denoted by A = 〈sA, iA, dA〉,
where sA, iA and dA ∈ [0, 1], with condition that

0 ≤ s2A + i2A + d2A ≤ 1.

Consider two spherical fuzzy sets, A =
{(x, sA(x), iA(x), dA(x)) | x ∈ ξ} and B =
{(x, sB(x), iB(x), dB(x)) | x ∈ ξ}.

Definition 3. A is subset of B (A ⊆ B) iff:

sA(x) ≤ sB(x), iA(x) ≤ iB(x)

and dA(x) ≥ dB(x) ∀x ∈ X.
(4)
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Definition 4. A is equal to B (A = B) iff:

A ⊆ B and dA(x) ≥ B ⊆ A. (5)

Definition 5. The complement of a SFSs A is denoted by
Ac and is defined by:

Ac = {(x, dA(x), iA(x), sA(x)) | x ∈ ξ}. (6)

Definition 6. The intersection of two SFSs A and B is a
SFS set denoted by A ∩B and defined by:

A ∩B ={(x, λ(sA(x), sB(x)), λ(iA(x), iB(x)),

γ(dA(x), dB(x))) | x ∈ ξ}.
(7)

Definition 7. The union of two SFSs A and B is a SFS
denoted by A ∪B and defined by:

A ∪B ={(x,max(TA(x), TB(x)),max(IA(x), IB(x)),

min(FA(x), FB(x))) | x ∈ ξ}.
(8)

Definition 8. Let a = 〈sa, ia, da〉, a1 = 〈sa1 , ia1 , da1〉,
a2 = 〈sa2 , ia2 , da2〉 be three SFSs, and λ > 0, then their
operations are defined as follows:

i)
λa =

(√
1− (1− (sa)2)λ, (ia)

λ, (da)
λ

)
ii)

aλ =

(
(sa)

λ, (ia)
λ,
√

1− (1− (da)2)λ
)

Theorem 1. Let a = 〈sa, ia, da〉, a1 = 〈sa1 , ia1 , da1〉,
a2 = 〈sa2 , ia2 , da2〉 be three SFNs, and λ > 0, λ1 > 0,
λ2 > 0, then their operations are defined as follows:

i) a1 ⊕ a2 = a2 ⊕ a1

ii) a1 ⊗ a2 = a2 ⊗ a1

iii) λ(a1 ⊕ a2) = λa1 ⊕ λa2

iv) λ1a⊕ λ2a = (λ1 ⊕ λ2)a

v) (a1 ⊗ a2)λ = aλ1 ⊗ aλ2
vi) aλ1 ⊗ aλ2 = a(λ1+λ2)

Proposition 1. Let A,B & C are three SFNs. Then

i) A ⊆ B and B ⊆ C ⇒ A ⊆ C

ii) (Commutativity) A ∪ B = B ∪ A, A ∩ B = B ∩
A, A×B = B ×A

iii) (Associativity) A ∪ (B ∪ C) = (A ∪ B) ∪ C, A ∩
(B∩C) = (A∩B)∩C, A×(B×C) = (A×B)×C

iv) (Distributivity) A ∪ (B ∩ C) = (A ∪ B) ∩ (A ∪
C), A ∩ (B ∪ C) = (A ∩B) ∪ (A ∩ C)

v) (Idempotency) A ∪ A = A, A ∩ A = A, ∆∆A =
∆A, ∇∇A = ∇A

vi) (Absorption) A ∪ (A ∩B) = A, A ∩ (A ∪B) = A

vii) (De Morgan’s Laws) (A ∪ B)c = Ac ∩ Bc, (A ∩
B)c = Ac ∪Bc

viii) (Involution) (Ac)c = A

2.2 Score Function and Accuracy Function of SFSs
Let A be a SFS. Then, the score function and accuracy
function of a BSFS are defined as follows:
Definition 9. [3] A score function on a SFN A =
〈sa, ia, da〉 is denoted by Sc(A) and defined as follows:

Sc(A) =
1

3
(2 + sa − ia − da). (8)

Here, Sc(A) ∈ [−1, 1].

Definition 10. [3] An accuracy function on a SFN A =
〈sa, ia, da〉 is denoted by Ac(A) and defined as follows:

Ac(A) = sa − da. (9)

Here, Ac(A) ∈ [0, 1].

Definition 11. [13] (Ranking of SFSs) Let A and B be
two SFSs. The ranking of A and B by score function and
accuracy function is defined as follows:

i) If Sc(A) < Sc(B), then A < B.

ii) If Sc(A) = Sc(B) and if:

a) Ac(A) < Ac(B), then A < B.

b) Ac(A) > Ac(B), then A > B.

c) Ac(A) = Ac(B), then A = B.

Bipolar fuzzy sets were first introduced by Zhang
[12] to represent positive and negative information
simultaneously, reflecting the bipolar nature of human
decision-making. The concept was further developed
and formalized by Lee [14] as bipolar-valued fuzzy
sets.
Definition 12. [14] A bipolar-valued fuzzy set in the sense
of Lee [14] (BVFSL) on X is a mapping:

A : X → [−1, 1]. (10)
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AIFSs are also a particular case of bipolar-valued fuzzy set.
Evenmore, if we have anAtanassov intuitionistic pair (µ, ν),
with µ, ν ∈ [0, 1] and µ + ν ≤ 1, since we can consider
the linear transformation F : [0, 1] → [−1, 0] given by
F (t) = t− 1, we see that the pair (µ, ν) becomes a new pair
(p, q) ∈ [0, 1]× [−1, 0] with p+ q = µ+ ν − 1 ≤ 0.

For every two bipolar fuzzy sets A = (µ+A, µ
−
A) and B =

(µ+B, µ
−
B) on X ,

(A ∩B)(x) = {min(µ+A, µ
+
B),max(µ−A, µ

−
B)},

(A ∪B)(x) = {max(µ+A, µ
+
B),min(µ−A, µ

−
B)}.

3 Bipolar Spherical Fuzzy Set
In this section the concept of Bipolar Spherical Fuzzy
Sets (BSFSs) is proposed. Also discuss BFSNs score,
accuracy and certainty function.
Definition 13. A bipolar spherical fuzzy set A in X is
defined as an object of the form

A ={(x, s+A(x), i+A(x), d+A(x),

s−A(x), i−A(x), d−A(x)) | x ∈ X}
(11)

where s+A, i
+
A, d

+
A : X → [0, 1], s−A, i

−
A, d

−
A : X → [−1, 0]

and

0 ≤ (s+A(x))2 + (i+A(x))2 + (d+A(x))2 ≤ 1

and

0 ≤ (s−A(x))2 + (i−A(x))2 + (d−A(x))2 ≤ 1.

where the positive membership degree s+A(x), i+A(x), d+A(x)
denotes the positive membership, neutral membership and
negative membership of an element x ∈ X corresponding
to a bipolar spherical fuzzy set A and the negative
membership degree s−A(x), i−A(x), d−A(x) denotes the positive
membership, neutral membership and negative membership
of an element x ∈ X to some implicit counter-property
corresponding to a bipolar spherical fuzzy set A.

For BSFS A = {(x, s+A(x), i+A(x), d+A(x), s−A(x), i−A(x),
d−A(x)) | x ∈ X}, which has six components,

〈s+A(x), i+A(x), d+A(x), s−A(x), i−A(x), d−A(x)〉

are said to BSFN and each BSFN can be denoted by

〈s+A, i
+
A, d

+
A, s

−
A, i

−
A, d

−
A〉

where s+A, i
+
A, d

+
A ∈ [0, 1], s−A, i

−
A, d

−
A ∈ [−1, 0] and

0 ≤ (s+A)2 + (i+A)2 + (d+A)2 ≤ 1

and
0 ≤ (s−A)2 + (i−A)2 + (d−A)2 ≤ 1.

Example 1. Let X = {x1, x2, x3}, then

A =


〈x1, 0.6, 0.3, 0.2,−0.6,−0.4,−0.3〉
〈x2, 0.3, 0.3, 0.6,−0.2,−0.3,−0.6〉
〈x3, 0.2, 0.5, 0.6,−0.4,−0.5,−0.2〉


is a bipolar spherical fuzzy sets in X .

Consider two bipolar spherical fuzzy sets, A = {〈x, s+A(x),
i+A(x), d+A(x), s−A(x), i−A(x), d−A(x)〉 | x ∈ X} and B =
{〈x, s+B(x), i+B(x), d+B(x), s−B(x), i−B(x), d−B(x)〉 | x ∈
X}.

Definition 14. A is subset of B (A ⊆ B) iff:

s+A(x) ≤ s+B(x), i+A(x) ≤ i+B(x), d+A(x) ≥ d+B(x)

and

s−A(x) ≥ s−B(x), i−A(x) ≥ i−B(x), d−A(x) ≤ d−B(x) ∀x ∈ X.
(12)

Definition 15. A is equal to B (A = B) iff:

A ⊆ B and B ⊆ A. (13)

Definition 16. The complement of a bipolar SFSs A is
denoted by Ac and is defined by:

Ac = {〈x, d+A(x), i+A(x), s+A(x), d−A(x), i−A(x), s−A(x)〉 | x ∈ X}.
(14)

Example 2. Let X = {x1, x2, x3}, then

A =


〈x1, 0.5, 0.3, 0.2,−0.6,−0.4,−0.3〉
〈x2, 0.3, 0.3, 0.6,−0.2,−0.3,−0.6〉
〈x3, 0.2, 0.5, 0.5,−0.4,−0.5,−0.2〉


is a bipolar spherical fuzzy sets in X .

Then the complement of A as follows:

Ac =


〈x1, 0.2, 0.3, 0.5,−0.3,−0.4,−0.6〉
〈x2, 0.6, 0.3, 0.3,−0.6,−0.3,−0.2〉
〈x3, 0.5, 0.5, 0.2,−0.2,−0.5,−0.4〉


Definition 17. The intersection of two bipolar SFSsA and
B is a bipolar SFS set denoted by A ∩B and defined by

A ∩B =


〈(x,min(s+A(x), s+B(x)),min(i+A(x), i+B(x)),

max(d+A(x), d+B(x))),max(s−A(x), s−B(x)),

min(i−A(x), i−B(x)),min(d−A(x), d−B(x)〉 ∀x ∈ X.

Example 3. Let X = {x1, x2, x3}, then

A =


(x1, 0.6, 0.3, 0.2,−0.6,−0.4,−0.3)
(x2, 0.3, 0.4, 0.6,−0.2,−0.3,−0.6)
(x3, 0.2, 0.4, 0.6,−0.4,−0.5,−0.2)


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and

B =


(x1, 0.4, 0.3, 0.3,−0.5,−0.5,−0.3)
(x2, 0.3, 0.3, 0.7,−0.4,−0.3,−0.6)
(x3, 0.3, 0.5, 0.5,−0.2,−0.6,−0.2)


is two bipolar spherical fuzzy sets in X .

Then their intersection as follows:

A ∩B =


(x1, 0.4, 0.3, 0.3,−0.6,−0.5,−0.3)
(x2, 0.3, 0.3, 0.7,−0.4,−0.3,−0.6)
(x3, 0.2, 0.4, 0.6,−0.4,−0.5,−0.2)


Definition 18. The union of two bipolar SFSs A and B is
a bipolar SFS denoted by A ∪B and defined by:

A ∪B =


〈x,max(s+A(x), s+B(x)),min(i+A(x), i+B(x)),

min(d+A(x), d+B(x))〉, 〈x,min(s−A(x), s−B(x)),

min(i−A(x), i−B(x)),max(d−A(x), d−B(x))〉 ∀x ∈ X.

Example 4. Let X = {x1, x2, x3}, then:

A =


〈x1, 0.7, 0.3, 0.2,−0.6,−0.3,−0.3〉
〈x2, 0.3, 0.4, 0.5,−0.2,−0.3,−0.6〉
〈x3, 0.2, 0.3, 0.6,−0.4,−0.6,−0.1〉

and

B =


〈x1, 0.4, 0.3, 0.3,−0.5,−0.6,−0.3〉
〈x2, 0.5, 0.3, 0.7,−0.4,−0.3,−0.5〉
〈x3, 0.3, 0.5, 0.7,−0.2,−0.6,−0.2〉

is two bipolar spherical fuzzy sets in X .

Then their union as follows:

A ∪B =


〈x1, 0.7, 0.3, 0.2,−0.6,−0.6,−0.3〉
〈x2, 0.5, 0.3, 0.5,−0.4,−0.3,−0.5〉
〈x3, 0.3, 0.3, 0.6,−0.4,−0.6,−0.1〉

Definition 19. Consider two bipolar spherical fuzzy
numbers (BSFNs), A = 〈s+A, i

+
A, d

+
A, s

−
A, i

−
A, d

−
A〉 and

B = 〈s+B, i
+
B, d

+
B, s

−
B, i

−
B, d

−
B〉. Then the operations for these

numbers are defined as below:

i)

λA =

〈√
1− (1− (s+A)2)λ, (i+A)λ, (d+A)λ,

(−s−A)λ, (−i−A)λ, −
√

1− (1− (−(d−A)2))λ
〉

ii)

Aλ =

〈
(s+A)λ, (i+A)λ,

√
1− (1− (d+A)2)λ,

−
√

1− (1− (−(s−A)2))λ, −(i−A)λ, −(−d−A)λ
〉

iii)

A+B =

〈√
(s+A)2 + (s+B)2 − (s+A)2 · (s+B)2,

(i+A · i
+
B), (d+A · d

+
B), −(s−A · s

−
B),

−(i−A · i
−
B), −

√
(d−A)2 + (d−B)2 − (d−A)2 · (d−B)2

〉

iv)

A×B =
〈
(s+A · s

+
B), (i+A · i

+
B),√

(d+A)2 + (d+B)2 − (d+A)2 · (d+B)2,

−
√

(s−A)2 + (s−B)2 − (s−A)2 · (s−B)2,

−(i−A · i
−
B), −(d−A · d

−
B)
〉

Theorem 2. Let A = 〈s+A, i
+
A, d

+
A, s

−
A, i

−
A, d

−
A〉 and B =

〈s+B, i
+
B, d

+
B, s

−
B, i

−
B, d

−
B〉 be two bipolar SFNs, and λ > 0,

λ1 > 0, λ2 > 0, then their operations are defined as follows:

i) A⊕B = B ⊕A

ii) A⊗B = B ⊗A

iii) λ(A⊕B) = λA⊕ λB

iv) λ1A⊕ λ2A = (λ1 ⊕ λ2)A

v) (A⊗B)λ = Aλ ⊗Bλ

vi) Aλ1 ⊗Bλ2 = A(λ1+λ2)

Proof. i)

A⊕B = 〈s+A, i
+
A, d

+
A, s

−
A, i

−
A, d

−
A〉+〈s

+
B, i

+
B, d

+
B, s

−
B, i

−
B, d

−
B〉

=
〈
(s+A)2 + (s+B)2 − (s+A)2 · (s+B)2, (i+A · i

+
B), (d+A · d

+
B),

−(s−A · s
−
B), −(i−A · i

−
B)
〉

−
(√
−(d+A)2 − (d+B)2 − (d+A)2 · (d+B)2

)
=
〈
(s+B)2 + (s+A)2 − (s+B)2 · (s+A)2, (i+B · i

+
A), (d+B · d

+
A),

−(s−B · s
−
A), −(i−B · i

−
A)
〉

−
(√
−(d+B)2 − (d+A)2 − (d+B)2 · (d+A)2

)
= B ⊕A.
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ii)
A⊗B = 〈s+A, i

+
A, d

+
A, s

−
A, i

−
A, d

−
A〉 ⊗ 〈s

+
B, i

+
B, d

+
B, s

−
B, i

−
B, d

−
B〉

=

〈
(s+A · s

+
B), (i+A · i

+
B),

√
(d+A)2 + (d+B)2 − (d+A)2 · (d+B)2,

−
√
−(s+A)2 − (s+B)2 − (s+A)2 · (s+B)2, −(i−A · i

−
B), −(d−A · d

−
B)

〉
=

〈
(s+B · s

+
A), (i+B · i

+
A),

√
(d+B)2 + (d+A)2 − (d+B)2 · (d+A)2,

−
√
−(s+B)2 − (s+A)2 − (s+B)2 · (s+A)2, −(i−B · i

−
A), −(d−B · d

−
A)

〉
= B ⊗A

The proofs of iii) and iv) are straightforward as i) and
ii).
v)

(A⊗B)λ =
〈
(s+A · s

+
B), (i+A · i

+
B),√

(d+A)2 + (d+B)2 − (d+A)2 · (d+B)2,

−
√
−(s+A)2 − (s+B)2 − (s+A)2 · (s+B)2,

−(i−A · i
−
B), −(d−A · d

−
B)
〉

=
〈
(s+A · s

+
B), (i+A · i

+
B),√

1−
(
1−

(
(d+A)2 + (d+B)2 − (d+A)2 · (d+B)2

))λ
,

−
(
(i−A · i

−
B)
)λ
, −(d−A · d

−
B)
〉

vi) Proof can easily as v.

3.1 Comparison rules for bipolar SFNs
In this section we introduce some functions which play
an important role for the ranking of BSFNs are
Definition 20. For any BSFN A =
〈s+A, i

+
A, d

+
A, s

−
A, i

−
A, d

−
A〉, the score function of A is

defined as follows:

Sc(A) =
1

6
(s+A+1−i+A+1−d+A+1+s−A−i

−
A−d

−
A). (16)

For any two BSFNs A,B,

• if Sc(A) < Sc(B), then A < B;

• if Sc(A) > Sc(B), then A > B;

• if Sc(A) = Sc(B), then further study needed as
follows.

Definition 21. For any BSFN A =
〈s+A, i

+
A, d

+
A, s

−
A, i

−
A, d

−
A〉, the accuracy function of A

is defined as follows:

Ac(A) = s+A − d
+
A + s−A − d

−
A. (17)

For any two BSFNs A,B,

(i) if Sc(A) > Sc(B), then A > B;

(ii) if Sc(A) = Sc(B), then

(ii1) if Ac(A) > Ac(B), then A > B;

(ii2) if Ac(A) = Ac(B), then further study needed as
follows.

Definition 22. For any BSFN A =
〈s+A, i

+
A, d

+
A, s

−
A, i

−
A, d

−
A〉, the certainty function of A

is defined as follows:

Ce(A) = s+A − d
−
A

where Ce(A) ∈ [0, 1].

For any two BSFNs A,B,

(i) if Sc(A) > Sc(B), then A > B;

(ii) if Sc(A) = Sc(B), then

(ii1) if Ac(A) > Ac(B), then A > B;

(ii2) if Sc(A) = Sc(B), Ac(A) =
Ac(B), Ce(A) = Ce(B), then A ∼ B.

Example 5. Let X = {x1}, then

A = 〈x1, 0.8, 0.4, 0.3,−0.6,−0.3,−0.3〉

and

B = 〈x1, 0.4, 0.3, 0.1,−0.8,−0.5,−0.3〉

be two bipolar spherical fuzzy sets. Here,

Sc(A) = 0.517 and Sc(B) = 0.5, i.e., A > B.

Example 6. Let X = {x1}, then

A = 〈x1, 0.7, 0.4, 0.3,−0.6,−0.3,−0.3〉

and

B = 〈x1, 0.4, 0.3, 0.1,−0.8,−0.5,−0.3〉

be two bipolar spherical fuzzy sets. Here,

Sc(A) = 0.5 and Sc(B) = 0.5.

Now,

Ac(A) = 0.1 and Ac(B) = −0.2.

30



Journal of Numerical Simulations in Physics and Mathematics

Example 7. Let X = {x1}, then

A = 〈x1, 0.65, 0.6, 0.05,−0.8,−0.5,−0.3〉

and

B = 〈x1, 0.7, 0.4, 0.3,−0.6,−0.3,−0.3〉

be two bipolar spherical fuzzy sets. Here,

Sc(A) = 0.5 and Sc(B) = 0.5.

Also,
Ac(A) = 0.1 and Ac(B) = 0.1.

Now,

Ce(A) = 0.79 and Ce(B) = 1.0, i.e., B > A.

4 Bipolar spherical fuzzy aggregation
operators

Definition 23. Let sj = (s+j , i
+
j , d

+
j , s

−
j , i

−
j , d

−
j ) (j =

1, 2, . . . , n) be a collection of BSFNs, then we define the
bipolar spherical fuzzy weighted average (BSFWA) operator
as below:

BSFWAw(s1, s2, . . . , sn) =
n⊕
j=1

(wjsj) (19)

where w = (w1, w2, . . . , wn)T is the weight vector of sj
(j = 1, 2, . . . , n), and wj > 0,

∑n
j=1wj = 1.

According to the operational laws of BSFNs, we can get the
following theorem.

Theorem 3. Let sj = (s+j , i
+
j , d

+
j , s

−
j , i

−
j , d

−
j ) (j =

1, 2, . . . , n) be a collection of BSFNs, then their aggregated
value by using the BSFWA operator is also a BSFN, and

BSFWAw(s1, s2, . . . , sn)

=

〈√√√√1−
n∏
j=1

(
1− (s+j )2

)wj

,
n∏
j=1

(i+j )wj ,
n∏
j=1

(d+j )wj ,

−
n∏
j=1

(−s−j )wj , −
n∏
j=1

(−i−j )wj , −

√√√√1−
n∏
j=1

(
1− (−d−j )2

)wj

〉

where w = (w1, w2, . . . , wn)T is the weight vector of sj
(j = 1, 2, . . . , n), and wj > 0,

∑n
j=1wj = 1.

Proof. We can prove the theorem by utilizing the
technique of mathematical induction. Therefore, we
proceed as follows.

(a) For j = 2, since

w1s1 =

〈√
1− (1− (s+1 )2)w1 , (i+1 )w1 , (d+1 )w1 ,

−(s−1 )w1 , −(i−1 )w1 , −
√

1− (1− (d−1 )2)w1

〉
and

w2s2 =

〈√
1− (1− (s+2 )2)w2 , (i+2 )w2 , (d+2 )w2 ,

−(s−2 )w2 , −(i−2 )w2 , −
√

1− (1− (d−2 )2)w2

〉
Then,
BSFWAw(s1, s2) = w1s1 + w2s2

=

〈√
1− (1− (s+1 )2)w1 , (i+1 )w1 , (d+1 )w1 ,

−(s−1 )w1 , −(i−1 )w1 , −
√

1− (1− (d−1 )2)w1

〉
+

〈√
1− (1− (s+2 )2)w2 , (i+2 )w2 , (d+2 )w2 ,

−(s−2 )w2 , −(i−2 )w2 , −
√

1− (1− (d−2 )2)w2

〉
=

〈√
1− (1− (s+1 )2)w1(1− (s+2 )2)w2 , (i+1 )w1(i+2 )w2 ,

(d+1 )w1(d+2 )w2 , −(s−1 )w1(s−2 )w2 , −(i−1 )w1(i−2 )w2 ,

−
√

1− (1− (d−1 )2)w1(1− (d−2 )2)w2

〉

=

〈√√√√1−
2∏
j=1

(1− (s+j )2)wj ,
2∏
j=1

(i+j )wj ,

2∏
j=1

(d+j )wj , −
2∏
j=1

(−s−j )wj , −
2∏
j=1

(−i−j )wj ,

−

√√√√1−
2∏
j=1

(1− (−d−j )2)wj

〉

(b) Suppose that outcome is true for j = m, that is,
BSFWAw(s1, s2, . . . , sm)

=

〈√√√√1−
m∏
j=1

(1− (s+j )2)wj ,
m∏
j=1

(i+j )wj ,

m∏
j=1

(d+j )wj , −
m∏
j=1

(−s−j )wj , −
m∏
j=1

(−i−j )wj ,

−

√√√√1−
m∏
j=1

(1− (−d−j )2)wj

〉
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(c) Now we have to prove that outcome is true for
j = m+ 1. By utilizing (a) and (b) we have:
BSFWAw(s1, s2, . . . , sm+1)

= BSFWAw(s1, s2, . . . , sm) + wm+1sm+1

=

〈√√√√1−
m∏
j=1

(1− (s+j )2)wj ,
m∏
j=1

(i+j )wj ,

m∏
j=1

(d+j )wj , −
m∏
j=1

(−s−j )wj ,

−
m∏
j=1

(−i−j )wj , −

√√√√1−
m∏
j=1

(1− (−d−j )2)wj

〉

+

〈√
1− (1− (s+m+1)

2)wm+1 , (i+m+1)
wm+1 ,

(d+m+1)
wm+1 , −(−s−m+1)

wm+1 ,

−(−i−m+1)
wm+1 , −

√
1− (1− (−d−m+1)

2)wm+1

〉

=

〈√√√√1−
m+1∏
j=1

(1− (s+j )2)wj ,

m+1∏
j=1

(i+j )wj ,

m+1∏
j=1

(d+j )wj , −
m+1∏
j=1

(−s−j )wj ,

−
m+1∏
j=1

(−i−j )wj , −

√√√√1−
m+1∏
j=1

(1− (−d−j )2)wj

〉

Thus, the theorem holds for j = m+ 1. Therefore, the
theorem is satisfied for all j. Hence,

BSFWAw(s1, s2, . . . , sn)

=

〈√√√√1−
n∏
j=1

(1− (s+j )2)wj ,
n∏
j=1

(i+j )wj ,

n∏
j=1

(d+j )wj , −
n∏
j=1

(−s−j )wj ,

−
n∏
j=1

(−i−j )wj , −

√√√√1−
n∏
j=1

(1− (−d−j )2)wj

〉

which completes the proof.

4.1 Properties of the BSFWA Operator
There are some properties which are fulfilled by the
BSFWA operator obviously.

4.1.1 Idempotency
Let sj = (s+j , i

+
j , d

+
j , s

−
j , i

−
j , d

−
j ) (j = 1, 2, . . . , n) be any

collection of BSFNs. If all sj are identical to s, then we

have:
BSFWAw(s1, s2, . . . , sn) = s.

4.1.2 Boundedness
Let sj = (s+j , i

+
j , d

+
j , s

−
j , i

−
j , d

−
j ) (j = 1, 2, . . . , n) be any

collection of BSFNs. Then,

min
j=1,2,...,n

sj ≤ BSFWAw(s1, s2, . . . , sn) ≤ max
j=1,2,...,n

sj .

4.1.3 Monotonicity
Let sj = (s+j , i

+
j , d

+
j , s

−
j , i

−
j , d

−
j ) (j = 1, 2, . . . , n) be any

collection of BSFNs. If it satisfies that sj ⊆ Sj for all
j ∈ N , then

BSFWAw(s1, s2, . . . , sn) ⊆ BSFWAw(S1, S2, . . . , Sn).

Definition 24. Let sj = (s+j , i
+
j , d

+
j , s

−
j , i

−
j , d

−
j ) (j =

1, 2, . . . , n) be a collection of BSFNs, then we define
the bipolar spherical fuzzy weighted geometric (BSFWG)
operator as below:

BSFWGw(s1, s2, . . . , sn) =
n⊕
j=1

(wjsj)

where w = (w1, w2, . . . , wn)T is the weight vector of sj
(j = 1, 2, . . . , n), and wj > 0,

∑n
j=1wj = 1.

According to the operational laws of BSFNs, we can get the
following theorem.

Theorem 4. Let sj = (s+j , i
+
j , d

+
j , s

−
j , i

−
j , d

−
j ) (j =

1, 2, . . . , n) be a collection of BSFNs, then their aggregated
value by using the BSFWG operator is also a BSFN, and

BSFWGw(s1, s2, . . . , sn)

=

〈
n∏
j=1

(s+j )wj ,
n∏
j=1

(i+j )wj ,

√√√√1−
n∏
j=1

(1− (d+j )2)wj ,

−

√√√√1−
n∏
j=1

(1− (−s−j )2)wj ,

−

√√√√1−
n∏
j=1

(1− (−i−j )2)wj , −
n∏
j=1

(−d−j )wj

〉
,

where w = (w1, w2, . . . , wn)T is the weight vector of sj
(j = 1, 2, . . . , n), and wj > 0,

∑n
j=1wj = 1.

Proof. We can prove the theorem by utilizing the
technique of mathematical induction. Therefore, we
proceed as follows.
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(a) For j = 2, since

w1s1 =

〈
(s+1 )w1 , (i+1 )w1 ,

√
1− (1− (d+1 )2)w1 ,

−
√

1− (1− (−s−1 )2)w1 , −(i−1 )w1 , −(d−1 )w1

〉
and

w2s2 =

〈
(s+2 )w2 , (i+2 )w2 ,

√
1− (1− (d+2 )2)w2 ,

−
√

1− (1− (−s−2 )2)w2 , −(i−2 )w2 , −(d−2 )w2

〉

Then,

BSFWGw(s1, s2) = w1s1 + w2s2

=

〈
(s+1 )w1 , (i+1 )w1 ,

√
1− (1− (d+1 )2)w1 ,

−
√

1− (1− (−s−1 )2)w1 , −(i−1 )w1 , −(d−1 )w1

〉
+

〈
(s+2 )w2 , (i+2 )w2 ,

√
1− (1− (d+2 )2)w2 ,

−
√

1− (1− (−s−2 )2)w2 , −(i−2 )w2 , −(d−2 )w2

〉
=
〈
(s+1 )w1(s+2 )w2 , (i+1 )w1(i+2 )w2 ,√

1− (1− (d+1 )2)w1(1− (d+2 )2)w2 ,

−
√

1− (1− (−s−1 )2)w1(1− (−s−2 )2)w2 ,

−(i−1 )w1(i−2 )w2 , −(d−1 )w1(d−2 )w2
〉

=

〈
2∏
j=1

(s+j )wj ,
2∏
j=1

(i+j )wj ,

√√√√1−
2∏
j=1

(1− (d+j )2)wj ,

−

√√√√1−
2∏
j=1

(1− (−s−j )2)wj ,

−
2∏
j=1

(i−j )wj , −
2∏
j=1

(d−j )wj

〉

(b) Suppose that outcome is true for j = m, that is,

BSFWGw(s1, s2, . . . , sm)

=

〈
m∏
j=1

(s+j )wj ,

m∏
j=1

(i+j )wj ,

√√√√1−
m∏
j=1

(1− (d+j )2)wj ,

−

√√√√1−
m∏
j=1

(1− (−s−j )2)wj , −
m∏
j=1

(i−j )wj , −
m∏
j=1

(d−j )wj

〉

(c) Now we have to prove that outcome is true for
j = m+ 1. By utilizing (a) and (b) we have:

BSFWGw(s1, s2, . . . , sm+1)

= BSFWGw(s1, s2, . . . , sm) + wm+1sm+1

=

〈
m∏
j=1

(s+j )wj ,

m∏
j=1

(i+j )wj ,

√√√√1−
m∏
j=1

(1− (d+j )2)wj ,

−

√√√√1−
m∏
j=1

(1− (−s−j )2)wj , −
m∏
j=1

(i−j )wj , −
m∏
j=1

(d−j )wj

〉

+

〈
(s+m+1)

wm+1 , (i+m+1)
wm+1 ,

√
1− (1− (d+m+1)

2)wm+1 ,

−
√

1− (1− (−s−m+1)
2)wm+1 , −(i−m+1)

wm+1 , −(d−m+1)
wm+1

〉

=

〈
m+1∏
j=1

(s+j )wj ,
m+1∏
j=1

(i+j )wj ,

√√√√1−
m+1∏
j=1

(1− (d+j )2)wj ,

−

√√√√1−
m+1∏
j=1

(1− (−s−j )2)wj , −
m+1∏
j=1

(i−j )wj , −
m+1∏
j=1

(d−j )wj

〉

Thus, the theorem holds for j = m+ 1. Therefore, the
theorem is satisfied for all j. Hence,

BSFWGw(s1, s2, . . . , sn)

=

〈
n∏
j=1

(s+j )wj ,
n∏
j=1

(i+j )wj ,

√√√√1−
n∏
j=1

(1− (d+j )2)wj ,

−

√√√√1−
n∏
j=1

(1− (−s−j )2)wj , −
n∏
j=1

(i−j )wj , −
n∏
j=1

(d−j )wj

〉

which completes the proof.

4.2 Properties of the BSFWG Operator
There are some properties which are fulfilled by the
BSFWG operator obviously.

4.2.1 Idempotency
Let sj = (s+j , i

+
j , d

+
j , s

−
j , i

−
j , d

−
j ) (j = 1, 2, . . . , n) be any

collection of BSFNs. If all sj are identical to s, then we
have:

BSFWGw(s1, s2, . . . , sn) = s.

4.2.2 Boundedness
Let sj = (s+j , i

+
j , d

+
j , s

−
j , i

−
j , d

−
j ) (j = 1, 2, . . . , n) be any

collection of BSFNs. Then,

min
j=1,2,...,n

sj ≤ BSFWGw(s1, s2, . . . , sn) ≤ max
j=1,2,...,n

sj .

33



Journal of Numerical Simulations in Physics and Mathematics

4.2.3 Monotonicity
Let sj = (s+j , i

+
j , d

+
j , s

−
j , i

−
j , d

−
j ) (j = 1, 2, . . . , n) be any

collection of BSFNs. If it satisfies that sj ⊆ Sj for all
j ∈ N , then

BSFWGw(s1, s2, . . . , sn) ⊆ BSFWGw(S1, S2, . . . , Sn).

5 An Approach to MADM with bipolar
spherical fuzzy aggregation operators

The bipolar spherical fuzzy decision matrix is
presented in Table 1, where ci (i = 1, 2, . . . ,m) denote
the alternatives and gj (j = 1, 2, . . . , n) denote the
attributes.
In this section, we develop an algorithm to utilize
the proposed operators to multiple attribute decision
making (MADM) problem under bipolar spherical
fuzzy environment. As the procedures of BSFWA
and BSFWG are similar, we only consider the BSFWA
operator here.
For a MADM problem, as shown in Table 1, assuming
that C = {c1, c2, . . . , cm} is any finite collection of m
alternatives,G = {g1, g2, . . . , gn} is any finite collection
of n attributes and T = {t1, t2, . . . , tp} is any collection
of p DMs. If the z-th (z = 1, 2, . . . , p) DM delivers the
assessment of the alternative ci (i = 1, 2, . . . ,m) on the
attribute gj (j = 1, 2, . . . , n) under any discrete term
set. Let

D = [sjk] =
[
(s+jk, i

+
jk, d

+
jk, s

−
jk, i

−
jk, d

−
jk)
]
m×n

be the decision matrix, where (s+jk, i
+
jk, d

+
jk, s

−
jk, i

−
jk, d

−
jk)

is a BSFN representing the evaluation information of
alternative ci (i = 1, 2, . . . ,m) on attribute gj (j =
1, 2, . . . , n). Let w = (w1, w2, . . . , wn)T be the weight
vector of attributes, with wj > 0,∑n

j=1wj = 1. Then,
the main steps of handling the MADM problems are
listed below:

Step 1
We utilize the decision information given in matrix D,
and the BSFWA operator:

si = BSFWAw(si1, si2, . . . , sin) =

n∏
j=1

s
wj

ij

=

〈√√√√1−
n∏
j=1

(1− (s+ij)
2)wj ,

n∏
j=1

(i+ij)
wj ,

n∏
j=1

(d+ij)
wj ,

−
n∏
j=1

(−s−ij)
wj , −

n∏
j=1

(−i−ij)
wj , −

√√√√1−
n∏
j=1

(1− (−d−ij)2)wj

〉

Step 2
We collect the BSFNs for every decision maker which
are given, then use the BSFWA aggregation and
BSFWG aggregation operators discussed in Section
4 to aggregate the bipolar spherical fuzzy information.

Step 3
Calculate the score, accuracy and certainty function
values respectively of the overall bipolar spherical
fuzzy sets by using Definition 20, Definition 21 and
Definition 22.

Step 4
Rank all the alternatives Ci (i = 1, 2, . . . ,m) in
accordance with the values of score, accuracy and
certainty functions and select the best one(s).

Step 5
End.

5.1 Numerical Example
This part describes a MADM problem, which is
utilized to illustrate the pertinence and effectiveness
for the procedure of decision making problems. There
are three manageable alternatives:
(a) c1 is a car company;

Table 1. Bipolar spherical fuzzy decision matrix.

C \G g1 g2 · · · gn

c1 〈s+11, i
+
11, d

+
11, s

−
11, i

−
11, d

−
11〉 〈s+12, i

+
12, d

+
12, s

−
12, i

−
12, d

−
12〉 · · · 〈s+1n, i

+
1n, d

+
1n, s

−
1n, i

−
1n, d

−
1n〉

c2 〈s+21, i
+
21, d

+
21, s

−
21, i

−
21, d

−
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+
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+
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−
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−
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−
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+
2n, d

+
2n, s

−
2n, i

−
2n, d

−
2n〉

... ... ... . . . ...

cm 〈s+m1, i
+
m1, d

+
m1, s

−
m1, i

−
m1, d

−
m1〉 〈s

+
m2, i

+
m2, d

+
m2, s

−
m2, i

−
m2, d

−
m2〉 · · · 〈s+mn, i+mn, d+mn, s−mn, i−mn, d−mn〉
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Table 2. Decision Matrix.

g1 g2 g3

c1 〈0.6, 0.4, 0.3,−0.3,−0.4,−0.7〉 〈0.5, 0.4, 0.3,−0.3,−0.2,−0.6〉 〈0.3, 0.3, 0.6,−0.3,−0.3,−0.7〉

c2 〈0.4, 0.2, 0.7,−0.5,−0.2,−0.7〉 〈0.6, 0.2, 0.6,−0.4,−0.4,−0.5〉 〈0.6, 0.4, 0.5,−0.6,−0.4,−0.4〉

c3 〈0.7, 0.1, 0.3,−0.1,−0.7,−0.2〉 〈0.8, 0.1, 0.2,−0.7,−0.2,−0.7〉 〈0.2, 0.6, 0.4,−0.6,−0.4,−0.7〉

Table 3. Aggregated decision matrix using BSFWG operator.

Alternatives Aggregated BSFN

c1 〈0.45, 0.37, 0.43,−0.30,−0.30,−0.66〉

c2 〈0.53, 0.25, 0.61,−0.50,−0.35,−0.52〉

c3 〈0.51, 0.17, 0.30,−0.58,−0.49,−0.48〉

(b) c2 is a food company;

(c) c3 is a computer company.

According to the attributes the company takes the
decision:

(a) g1 is the risk;

(b) g2 is the growth;

(c) g3 is the environmental impact.

The weight vector of the attributes is ω = (0.3, 0.4, 0.3).
The decision matrix [sjk] is presented in Table 2, where
sjk (j = 1, 2, 3; k = 1, 2, 3) are in the form of BSFNs.
Now we can calculate the following bipolar spherical
fuzzy number decision matrix as follows.

Step 1
Construct the decision matrix provided by the
customer as:

Step 2
Compute sj = BSFWAw(sj1, sj2, sj3) for each j =
1, 2, 3:

s1 = 〈0.49, 0.37, 0.37,−0.30,−0.28,−0.66〉,
s2 = 〈0.55, 0.25, 0.59,−0.48,−0.32,−0.56〉,
s3 = 〈0.68, 0.17, 0.28,−0.37,−0.36,−0.62〉.

Step 3
Calculate the score values Sc(sj) (j = 1, 2, 3) for the
collective overall bipolar spherical fuzzy numbers sj
(j = 1, 2, . . . , n) as:

Sc(s1) = 0.565, Sc(s2) = 0.518, Sc(s3) = 0.640.

Note 2. Here all the score values are different, i.e., it is not
necessary to calculate the accuracy and certainty values.

Step 4
Rank all the alternatives sj (j = 1, 2, 3) in accordance
with the score values as:

s3 > s1 > s2.

Thus, s3 is the most desirable alternative.
Now, considering the same weights, we use the
weighted geometric average operators as follows.

Step 1
Construct the decision matrix provided by the
customer as shown in Table 3.

Step 2
Compute sj = BSFWGw(sj1, sj2, sj3) for each j =
1, 2, 3:

s1 = 〈0.45, 0.37, 0.43,−0.30,−0.30,−0.66〉,
s2 = 〈0.53, 0.25, 0.61,−0.50,−0.35,−0.52〉,
s3 = 〈0.51, 0.17, 0.30,−0.58,−0.49,−0.48〉.
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Step 3
Calculate the score values Sc(sj) (j = 1, 2, 3) for the
collective overall bipolar spherical fuzzy numbers sj
(j = 1, 2, . . . , 3):

Sc(s1) = 0.552, Sc(s2) = 0.507, Sc(s3) = 0.572.

Step 4
Rank all the alternatives sj (j = 1, 2, 3) in accordance
with the score values as:

s3 > s1 > s2.

Thus, s3 is the most desirable alternative.

6 Comparative analysis
The proposedmethod has several advantages as below.

6.1 Comparison analysis with the Pythagorean
fuzzy TOPSIS

In order to verify the accuracy and effectiveness of
the proposed techniques, a comparative approach
is conducted using the Pythagorean fuzzy TOPSIS
method [16], aggregation operators of PFS [8]
and aggregation operators on SFS [3]. These two
techniques are valid to solve the MADM problems,
TOPSIS method which demonstrated by Hwang et
al. [15] simple and valuable strategy to solve the
MADMproblemswith crisp numbers, goes for picking
the option with the shortest distance from the positive
ideal solution (PIS) and the farthest distance from the
negative ideal solution (NIS). As per Zhang et al. [16],
the initial step is to distinguish the Pythagorean fuzzy
positive ideal solution (PFPIS) and the Pythagorean
fuzzy negative ideal solution (PFNIS) of the decision
matrix and the bigger is the most desirable alternative.
The decision matrix used in this paper doesn’t solve
at this above technique because in this paper I use
positive, neutral, and negative membership degrees
that’s square sum is less or equal to 1. Pythagorean
fuzzy TOPSIS method fails to solve such problems
where the neutral membership grade is considered.
So, my proposed technique is more reliable and valid
against the Pythagorean fuzzy TOPSIS technique.

6.2 Comparison analysis with the Picture fuzzy Sets
Picture fuzzy set demonstrated by Cuong [4] and
Picture fuzzy aggregation operators which were
presented by Garg [7]are recorded as, (1) Picture
fuzzy weighted averaging operator, (2) Picture fuzzy

ordered weighted averaging operator, (3) Picture
fuzzy hybrid averaging operator. By using these
aggregation operators, a decision making system
proposed in the picture fuzzy condition. At last picked
the best one alternative from the decision matrices.
The above proposed aggregation operators for PFS
manages the real-valued problem where the sum
of membership degrees equals or less than 1. In
circumstances where the sum of membership degrees
surpasses 1, PFS fails to give attractive outcomes in
such circumstance. Then again, a procedure proposed
in this paper can give satisfactory outcomes in such
circumstances where the sum of the membership
degrees is greater than 1, and picked the best option
from the decision making problem.

6.3 Comparison analysis with the Spherical fuzzy
Sets

Spherical fuzzy set initialized by Mahmood et
al. [8] and Spherical fuzzy aggregation operators
which were introduced by Ashraf et al. [9] are
listed as, (1) Spherical fuzzy number weighted
averaging aggregation operators, (2) Spherical fuzzy
numberweighted geometric aggregation operators, (3)
Spherical fuzzy hybrid weighted averaging operator.
By using these aggregation operators, a decision
making technique proposed for the Spherical fuzzy
condition. At last picked the best one alternative from
decision matrices.
But as of human nature in the time of decision making
people make decisions on the basis of positive and
negative effects. Chen et al. [17] said that “Bipolarity
refers to the propensity of the human mind to reason
and make decisions on the basis of positive and
negative effects. Positive information states what is
possible, satisfactory, permitted, desired, or considered
as being acceptable. On the other hand, negative
statements express what is impossible, rejected, or
forbidden. Negative preferences correspond to
the constraints, since they specify which values or
objects have to be rejected (i.e., those that do not
satisfy the constraints), while positive preferences
correspond to wishes, as they specify which objects are
more desirable than others (i.e., satisfy user wishes)
without rejecting those that do not meet the wishes.”
Considering in this statement, we can say that the space
of bipolar spherical fuzzy sets is greater than the space
of spherical fuzzy sets. This indicates that the bipolar
spherical fuzzy set takes much more information and
our method is meaningful and realistic.
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7 Conclusion
In this paper, the concept of the bipolar spherical
fuzzy set (BSF-set) and its operations, which is
a generalization of fuzzy sets, bipolar fuzzy set,
picture fuzzy set and spherical fuzzy set so that
it can handle uncertain information more flexibly
in the process of decision making is proposed and
developed. Information aggregation procedure plays
a dynamic job through the decision making procedure
and subsequently in this track, the comparative
importance of the criteria remains unchanged in
modified problems, at that point I proposed BSFWA
aggregation and BSFWG aggregation operators has
been executed to identify the best alternative. In
the past almost all the researchers have worked the
intuitionistic fuzzy sets and Pythagorean fuzzy sets
by considering the positive and negative membership
degrees only. However, it has been identified that in
a few conditions, as in the circumstance of casting
a ballot, human thoughts contemplations including
more degrees as, positive, neutral, negative, refusal,
and in circumstance where the sum of the membership
degree is greater than 1, which can’t be actually
described in Intuitionistic fuzzy sets or Pythagorean
fuzzy sets or Picture fuzzy sets respectively. In
this circumstance, Spherical fuzzy set, which is an
extension of the Picture fuzzy sets, which is more
realistic. But as of human nature in the time of decision
making peoplemakes decisions on the basis of positive
and negative effects. In this context Bipolar spherical
fuzzy set which is an extension of the Spherical fuzzy
set, has been used in the paper and correspondingly
aggregation operators have been defined and used.
A few required properties of these operators have
likewise been investigated. Finally, in light of these
operators, a multi attribute decision-making (MADM)
method has been built up for ranking the dissimilar
alternatives by using the bipolar spherical fuzzy
environment. The recommended technique has
been demonstrated with a descriptive example for
viewing validity and applicability of the new proposed
approach. Therefore, the recommended operators
give another direction to the decision making process
and give a new easier track to hold the vulnerabilities
throughout the decision-making procedure.

Data Availability Statement
Data will be made available on request.

Funding
This work was supported without any funding.

Conflicts of Interest
The author declares no conflicts of interest.

AI Use Statement

The author declares that no generative AI was used in
the preparation of this manuscript.

Ethical Approval and Consent to Participate

Not applicable.

References
[1] Zadeh, L. A. (1965). Fuzzy sets. Information and control,

8(3), 338-353. [CrossRef]
[2] Atanassov, K. T. (1999). Intuitionistic fuzzy sets. In

Intuitionistic fuzzy sets: theory and applications (pp.
1-137). Heidelberg: Physica-Verlag HD.

[3] Yager, R. R. (2013, June). Pythagorean fuzzy subsets.
In 2013 joint IFSA world congress and NAFIPS annual
meeting (IFSA/NAFIPS) (pp. 57-61). IEEE. [CrossRef]

[4] Cuong, B. C., & Kreinovich, V. (2013, December).
Picture fuzzy sets-a new concept for computational
intelligence problems. In 2013 third world congress on
information and communication technologies (WICT 2013)
(pp. 1-6). IEEE. [CrossRef]

[5] Atanassov, K. (1994). New operations defined over the
intuitionistic fuzzy sets. Fuzzy Sets and Systems, 61(2),
137–142. [CrossRef]

[6] Wei, G. (2018). Some similarity measures for picture
fuzzy sets and their applications. Iranian Journal of
Fuzzy Systems, 15(1), 77-89. [CrossRef]

[7] Garg, H. (2017). Some picture fuzzy aggregation
operators and their applications to multicriteria
decision-making. Arabian Journal for Science and
Engineering, 42(12), 5275-5290. [CrossRef]

[8] Mahmood, T., Ullah, K., Khan, Q., & Jan, N. (2019).
An approach toward decision-making and medical
diagnosis problems using the concept of spherical
fuzzy sets. Neural Computing and Applications, 31(11),
7041-7053. [CrossRef]

[9] Ashraf, S., Abdullah, S., Mahmood, T., Ghani, F.,
& Mahmood, T. (2019). Spherical fuzzy sets and
their applications in multi-attribute decision making
problems. Journal of Intelligent & Fuzzy Systems, 36(3),
2829-2844. [CrossRef]

[10] Chen, S. J., & Hwang, C. L. (2012). Fuzzy multiple
attribute decision making: methods and applications (Vol.
375). Springer Science & Business Media.

[11] Ullah, K., Mahmood, T., & Jan, N. (2018). Similarity
measures for T-spherical fuzzy sets with applications
in pattern recognition. Symmetry, 10(6), 193.
[CrossRef]

[12] Zhang, W. R. (1998, May). (Yin)(Yang) bipolar

37

https://doi.org/10.1016/S0019-9958(65)90241-X
https://doi.org/10.1109/IFSA-NAFIPS.2013.6608375
https://doi.org/10.1109/WICT.2013.7113099
https://doi.org/10.1016/0165-0114(94)90229-1
https://doi.org/10.22111/ijfs.2018.3579
https://doi.org/10.1007/s13369-017-2625-9
https://doi.org/10.1007/s00521-018-3521-2
https://doi.org/10.3233/JIFS-172009
https://doi.org/10.3390/sym10060193


Journal of Numerical Simulations in Physics and Mathematics

fuzzy sets. In 1998 IEEE international conference on
fuzzy systems proceedings. IEEE world congress on
computational intelligence (Cat. No. 98CH36228) (Vol. 1,
pp. 835-840). IEEE. [CrossRef]

[13] Yang, Y., Ding, H., Chen, Z. S., & Li, Y. L. (2016). A note
on extension of TOPSIS to multiple criteria decision
making with Pythagorean fuzzy sets. International
Journal of Intelligent Systems, 31(1), 68-72. [CrossRef]

[14] Lee, K. M. (2000). Bipolar-valued fuzzy sets and their
operations. In Proc. Int. Conf. on Intelligent Technologies,
Bangkok, Thailand, 2000 (pp. 307-312).

[15] Hwang, C. L., & Yoon, K. (2012). Multiple attribute
decisionmaking: methods and applications a state-of-the-art
survey. Springer Science & BusinessMedia. [CrossRef]

[16] Zhang, X.L., & Xu, Z.S. (2014). Extension of TOPSIS to
multiple criteria decision making with Pythagorean
fuzzy sets. International Journal of Intelligent Systems,
29, 1061–1078. [CrossRef]

[17] Chen, J., Li, S., Ma, S., & Wang, X. (2014). m-Polar
fuzzy sets: an extension of bipolar fuzzy sets. The
scientific world journal, 2014(1), 416530. [CrossRef]

38

https://doi.org/10.1109/FUZZY.1998.687599
https://doi.org/10.1002/int.21745
https://doi.org/10.1007/978-3-642-48318-9
https://doi.org/10.1002/int.21676
https://doi.org/10.1155/2014/416530

	Introduction
	Preliminaries
	Picture Fuzzy Sets
	Score Function and Accuracy Function of SFSs

	Bipolar Spherical Fuzzy Set
	Comparison rules for bipolar SFNs

	Bipolar spherical fuzzy aggregation operators
	Properties of the BSFWA Operator
	Idempotency
	Boundedness
	Monotonicity

	Properties of the BSFWG Operator
	Idempotency
	Boundedness
	Monotonicity


	An Approach to MADM with bipolar spherical fuzzy aggregation operators
	Numerical Example

	Comparative analysis
	Comparison analysis with the Pythagorean fuzzy TOPSIS
	Comparison analysis with the Picture fuzzy Sets
	Comparison analysis with the Spherical fuzzy Sets

	Conclusion

