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Abstract

Stiff systems of ordinary differential equations
(ODEs) arise frequently in science, engineering,
and applied mathematics, and their numerical
solutions require methods with strong stability
properties to avoid severe step-size restrictions.
This motivates the development of efficient
and stable numerical schemes tailored for
such problems. In this paper, a fully implicit
hybrid block method, termed the Two-Point
Superclass Block Backward Differentiation
Formula with Off-step Points (2SBBDFO), is
proposed for solving stiff ODE systems. The
method extends the classical two-point block
BDF by incorporating a non-zero coefficient g3,
enabling the simultaneous computation of two
grid-point and two off-step solution values within
each block. Theoretical analysis shows that the
method is consistent, zero-stable, and convergent,
with order-five accuracy. Stability analysis using
the boundary-locus technique confirms that
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the method is nearly A-stable (A(«)-stable). The
resulting nonlinear system is solved using Newton’s
iteration for efficient convergence. = Numerical
experiments on selected stiff initial value problems
(IVPs) demonstrate that the method achieves
higher accuracy and competitive computational
efficiency compared to existing block BDF methods,
particularly for smaller step sizes. These results
indicate that the 2SBBDFO method is an effective
and reliable tool for solving stiff ODEs.

Keywords: Stiff ODEs, Block Methods, Backward
Differentiation Formula, A-stability, Newton Iteration.

1 Introduction

Stiff ordinary differential equations (ODEs) constitute
a class of problems that pose significant challenges
in numerical computation due to their inherent
multi-scale behavior. Such equations frequently
arise in the mathematical modeling of real-world
phenomena in science and engineering, including
reaction kinetics, population dynamics, and electrical
circuit analysis. A defining feature of stiff systems
is the presence of widely varying time scales, where
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rapidly changing transient components coexist with
slowly varying dynamics [1, 2].

This disparity in time scales gives rise to stiffness, a
condition under which numerical solutions become
highly sensitive to step size, initial conditions, and
parameter variations. Consequently, conventional
explicit numerical methods often fail to provide stable
and accurate solutions, leading to numerical instability,
spurious oscillations, or lack of convergence [3]. These
challenges necessitate the development of specialized
numerical techniques with strong stability properties.

In this study, we consider the numerical approximation
of the first-order stiff initial value problem of the form

y,:f(l"y), a<z<b. (1>

y(a) = yo,

Over the years, several implicit numerical methods
have been proposed to address stiffness. Foundational
BDEF-based approaches include the work of Gear [4]
and Cash [5, 6], who developed and extended
backward differentiation formulae for stiff ODEs and
DAEs. Block methods were subsequently introduced
and refined by Ibrahim et al. [7], Abasi et al. [8],
Zawawi et al. [9], and Musa and Alhassan [10], with
comparative evaluations provided by Yatim et al. [11].
Related stability theory for linear multistep methods
was established by Widlund [12] and Enright [13].
Standard theoretical references include Butcher [14]
and Iserles [15]. These methods have undergone
continuous refinement to enhance their stability,
accuracy, and computational efficiency.

Motivated by these developments, this paper
presents a novel two-point fully implicit block hybrid
method for solving first-order stiff ODEs. The
proposed method is formulated with a free stability
control parameter p € (—1,1), which provides
flexibility in improving both stability and convergence
properties. By appropriately selecting values of p,
the method achieves reliable and accurate numerical
approximations for stiff problems.

Furthermore, the hybrid nature of the scheme
incorporates off-step points within the integration
interval, particularly when the step size is refined,
thereby enhancing accuracy while preserving
stability. This combination of block structure and
hybrid formulation offers an efficient and robust
computational framework for the numerical solution
of stiff ODEs.

2 Derivation of the Method

Consider the conventional 2-point block backward
differentiation formula with off-step points (2BBDFO)
for stiff ODEs as developed in [8], given by

1 3
Z Qi Yntj—1 + Z Qj+2,i Yy 1
= = @)
= hPBkifrntk
k=i=11,32.
where 8y; = f1; = P2 = ... = Pr—1, = 0and fi; #

0. The values k =i = %, 1, %, 2 correspond respectively
to the first off-step, the first grid point, the second

off-step, and the second grid point of the method.

In this study, the above formulation is extended by
relaxing the restriction imposed on the -coefficients
and introducing additional flexibility through two
non-zero trailing coefficients. Specifically, we consider
the case

Boi = P1,i=Poi=""=Pr-2;=0,
Br-1,: # 0, Br,i # 0.

which leads to the definition of a superclass of
the method in (2). This generalized formulation
extends the conventional 2BBDFO by incorporating
an additional degree of freedom, thereby facilitating
the construction of more stable, accurate, and
computationally efficient hybrid block implicit
methods for stiff ODEs. It is noteworthy that the
standard 2BBDFO in (2) is recovered as a special case
when §_1; = 0. Furthermore, this generalization
allows for the generation of a family of methods
parameterized by

- Br—1,i
Bri

which enhances the stability characteristics of the
scheme. In particular, improved stability properties,
including enlarged regions of absolute stability, are
achieved when the parameter p € (—1, 1), as reported
in the literature [9].

In this section, we present the formulation of
the proposed two-point fully implicit block hybrid
method for the numerical integration of stiff initial
value problems (IVPs). The method simultaneously
computes two grid-point solution values and two
off-step solution values within each block. The general
form of the method is given in Definition 2.1.
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Table 1. The coefficients of the first off-step point formula.

a1 Qg1 Qg1 Qg1 a1 Qs 1 B11
2 2 72 272

L dp—1 138940 T04p—3 116p—9 12—1 3

T2016p—3 416p—3 T416p—3 516p—3 416p—3 16p—3

Definition 2.1. The proposed fully implicit 2-point
superclass of block backward differentiation formula
with off-step points (2SBBDFO) is defined by

1 3
Z O Yntj—1 + Z Qj+2,i Yy qo i1
j=0 J=0

= hfBk, <fn+k + an+k_%) ,

The method (3) is derived through Taylor series
expansion about any point x,,.

Definition 2.2. The linear operator L; associated with
2SBBDEFO is defined by

Lily(xpn), h] := aoiyn—1 + 01,iyn + 2,iYp 4 1
+ a3,iYn+1 + 04l 4 3 + Q5iYn+2

— Wi (fak+ Pfis) =0,

- 3
k=1= 2,1,2,2

(4)
First Off-step Point: k = 3. To obtain the first off-step
point y,, . 1, we introduce the following linear operator:
2
Lyly(xn), h) 1= g 1yn—1 + g 1yn + 05 19,1
+ ag,%ynJrl + a47%yn+% + 0‘5,%yn+2
=18y (Frey +8n) =0,
(5)

The associated approximate relationship for (3) can be
expressed as

ao’%y(:rn —h)+ aléy(azn) + O@éy(ﬂﬁn + 3h)
+ g 1y(@n + h) + ay 1y(on + 3h) + a5 1y (zn +20)
- hﬁ%,% [f (xn + 5h) + pf(zn)] = 0.

(6)

Expanding equation (6) as a Taylor series about z,
then equating and collecting like terms yields

Co,1y(zn) + C’léhy’(:cn) + CQv%th”(xn)
+ Cy 1" (20) + Cy by ()
+ 05,%]159(5) (zn) + - -

(7)
=0.
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where
Choir=ay1+a;1+a,1+aq1
0,1 0,1 T 1Tl a3l
+oz47% +O‘5,% =0,
_ 1
CL% = -yt g1 tag1toan
+2a51 = P1a(p+1) =0,
Cor=Laj1+Ltay 1 +3a,1 + 20,1
2,1 = 200, 1 T gl 1 T 3031 T gy 1
+21.1—1B11=0
51 7 2PL1 ,
Cy1= —tag1+ w0y 1 + 2031 + 2o ®)
3,07 T6%,L Tag%,l Tl T 1%L
4 1
+30-1—3011=0
3753 85575 ’
_ 1 27
Ci1 =231 +353%, 1 + 25031 + 1950 1
2 1 _
+3051 = 5011 =0,
- _ 1 1 1
Cs1= — 120, + 3830%,1 T 120%3,1
81 4 1 _
T 1280, T 5% 1 — 31011 = 0.

In deriving the first off-step point y,, , 1, the coefficient
2
o, 1 is normalized to unity. Solving the system of
2

equations in (8) simultaneously for the coefficients
«;; and Bj; yields the values reported in Table 1.

Substituting these values in equation (5), we obtain

_ 1 4p— 138p+9,
Ynil = 20 16p 3 Yn—1+ 3760—3
9 4p—3 116p—9
+1 16p T6p—3Yn+l — 5§ 16p 3Ynt 3

(9)

+ 416p 3yn+2 + 15,= 3hfn+1
+ g -

A similar procedure to that used in deriving the
first off-step point is applied to obtain the first,
second off-step, and second points, respectively. By
combining the resulting expressions, the derived
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2SBBDFO scheme is given as follows:

_ 1 4p—1 l38p+9
Yntl = 2016p-3Yn—1 7T 116p-3

116p—
5 16p 3yn+3

9 4p—3
+ 416p— 3Yn+1 —

1 2p—1
+ 3T6p—3Ynt2 T 16p 3hfn+1

+ 16p—3hfn'
. 13p—2 19p—4
Yn+t1 = — 350,52Yn—1 T 39,52Yn
49116, 4 9p—16
+ 959,12 Ynd 1+ 159,72 Yny s

13p—4
9 9p+2 Yn+t2 + 9(9p+2) hfn+1

+ 9(9p+2) hfn—i—%’
1 2p—3 5 4p—5
Yny3 = 12T6pt31Yn—1 ~ 4T6pr31Yn
5 16p—15 15 2p-15
+3 16p+31yn+§ 1 16p+31 Yn+1

+ 1 16p+31 Ynt2 + 16p+31hfn+

+ 16p+31 hfn+1a

1 5p—18

Yn+2 = — 5 5p+54yn 1+ 5p15dIn
_ 4(55pp+5146) Uil + 9(55pp+5142) Ynil
— §°5 5Tt Ut T spimahfue
+ 5p+54hfn+* J

For the purpose of maintaining zero and absolute
stability of the method (10), the free parameter p is
restricted to the interval —1 < p < 1 as indicated
It is important to note that the fully
implicit 2SBBDFO (10) reduces to the fully implicit
2-point block backward differentiation formula with
off-step points (2BBDFO), as developed by [8], when
p = 0. Accordingly, the formulae corresponding to the

n [1, 16-18].

case p = 0 are expressed as follows:

%yn + %ynJrl
hfn-i,—%?

2 32
3Yn + ?yn-‘r%

1
Ynil = 60Yn—1—
3 1
= 5Ynt3 T 2Ynt2 —
_ 1
Yn+1 = 5Yn—1 —

32 2 2
- ﬁyn+% + §Yn+2 + §hfn+17

_ 1 2 25
Ynt3 = — 122Yn—1F 124%n = 31VUn+]
225 25 15
+ 124Un+1 — 12qYn+2 T ﬁhfm—%’
_ 2 1 32
Ynt2 = 135Un—1 ~ 3Yn + 57VUny 1

= 2Yn+1 + %yn+% + %hfn-&-Q'

(10)

tifth-order accuracy, with its error constant given by

1
20

15
Cs 5
124

I
“h
oo oo

T 45

3 Derivation of Order, Error Constant and

Consistency of the 2SBBDFO Method

In this section, the detailed derivation of the order
and the error constant of the 2SBBDFO scheme,
corresponding to the equations in (10), is presented.
To determine the order of the method, the formulae

in (10) can equivalently be expressed as

1 dpe1 1 38949
50 16p—3Yn—1 ~ 116p—39n T Untl

_ 9 4p— 116p—9 1 2p—1
416p 3yn+ 1+ 5T6p3Yn+2 —

= 16p73hfn+l + 16p73hfn’

1 3p—2 _ 19p—4
15 9p12Yn—1 ~ 39p52Yn
4 9p—16
15 9p+2 In+3

4 9p+16

9 9p+2 yn+2

+ Ynt1 — 3+ g 9p+2 2Un+2

1 2p-3 5 4p=>5 _ 516p 15
12 T6p31Yn—1 1 IT6p531Yn — 3 16p+31 Ynid
2p-15
+ 15 2p 5

1 Top73tUn+1 T Upy3 —

15 15p
— 16p+31 hfn+§ + 16p+31 hfns1,

1 _p—4 5p—18 4(5p—16)
550154Yn—1 ~ 5p954Yn + 5,054 Yntl
9(5p—12) 4 31p—144

~ T5pi5d Yntl T 55,751 Yntd T Un+2

_ 12
= 5p+54hfﬂ+2 + 5p+54hfn+%'

1T6p—3Yn+2

12 16p+31 Yn+2

(12)

(11) The general matrix representation of (12) is expressed

as

1 1
Z 0;Ymyj1="h Z 67 Fingj—1,

(13)

The 2BBDFO scheme has been formulated to achieve where o, o}, d;, and 6] are 4 x 4 square matrices
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defined as
0 1 dp-1 g _ 13849
20316p2 3 4 196p—43
1 3p—2 _19p—
* 0 45 95 0 3 9p+2
0p = 0 1 0 5 4p—> )
12 16p4+31 476pH31
0 1 _p— 0 —2e=
L 5 5p154 5p+54
r 1 9 4p-3 116p—9 1 2p-1
4 16p—3 516p—3 4 16p—3
_ 49p+16 1 4 9p—16 13p—4
. _ 9 9pt2 15 9p+2 99p+2
01 = | 516p—15 15 2p—15 1 5 4p—15
316p+31 T6p131 12 16p+31
4(5p—16) _9(5p—12) 4 31p—144 1
L 5p+54 5p+54 5 bp+bH4
- 3p
000 6p—3
5 — 0 0 0 0
° 1o oo o |’
000 o0
r 3
16,3 0 0 0
30 4 0 0
5 — 9(9p+2) (9p+2)
1 0 5p 15
16p+31  16p+31
fQ 12
L O 0 5p154  Spiod

and Y,,_1, Yy, Fru_1, Fy, are the column vectors

mel — n—1 ) Ym — ntl )
| Yn | | Yn+2 |
fn—% fn+%

mel = ;nl ’ Fm = ;n+1

n—% n+%
L fn J _fn+2_

The square matrices can equivalently be written
column-wise as

o] = (04 05 06 07),
07 = (04 65 d6 67),

oy = (00 01 02 03),
dp = (09 61 02 63),

where
-1 4p—1 - 138p+9
20 16p—3 416p—3
1 3p— P _19p—4
45 9p+2 3 9p+2
01 = 1 5p3 ) 03 = 54pfi5 )
T 1216p+31 416p+31
1 _p—4 _ 5p—18
L 55p+54 L ~ 5p+54
i 1 [ 9 4p—3
T 416p—3
_49p+16 1
9 9p+2
04 = | 516p—15| » 05 = | 15 2p—15
T 316p+31 16p+31
4(5p—16) _ 9(5p—12)
5p+54 5p+54

108

116p—9 1 2p-—1
516p—3 416p—3
4 9p—16 13p—4
15 9p+2 99
06 = 1p ) o7 = 5 2'1;__15 >
T 1216p+31
4 31p—144 1
5 5p+54d
0
0
o) — 09 = 0
0
- 30 B 3
16p—3 164){)—3
0 2P
53 — 5 64 = 9(9p+2)
0 0
L 0 0
0 0
4
0
9p+2
6= | "7 0= | _15_
16p+31 16f2+31
0 p
L L 5p+54
[0 [0
0 0
57 - 0 ) 50 - 51 = 52 = 0
12
L5p+54 _0

Let the linear operator L be defined by

k
L{y(z),h} =Y [ojy(z +j%) — héjy (v + j%)] -
=0

(14)
where 0; and §; are constants. Expanding y(m + ]%)

and ¢/ (z + j%) in Taylor series about the point z,,, we
obtain

y(+58) = y(@) + Ly (@) + Yy (2)
+ (312)3 y" () +--
y'(z+§8) = o/ (x) + Ly (x) + (2. 2)2 y" ()

+ (312)3 y(4)( )+

Substituting these expansions into equation (14), we
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(15)

—nd; (o (@) + "(2)

Y2
+ (23'h2)2 Z/W(fﬂ) + ) ]
Collecting like terms in powers of h, we obtain
L{y(x), h} = Aoy(l“n) + Alhy/(xn)
4 A2h2y”(:cn) + A3h3y’”(xn) N

(16)

where the coefficients A,, are given by

k
Ay =) 05,
=0
k k
1 .
Av=13> joi = %,
Jj=0 Jj=0
k
1 .
Am 2mm! Z]maj
3=0
k
1 m—1
~ 2 I(m—1)! ZJ 05, m =2
=0

Definition 3.1 (Order). A linear multistep method
(LMM) is defined to be of order p if the order
conditions 49 = A4 = Ay = --- = 4, = 0 and
Api1 # 0 are satisfied [19].

Using the previously obtained coefficients, direct
computation of the sums Ay, Ay, ..., As gives, for the
representative case,

i 8
Ay = z;)aj = o01+03+04+05+0g+07 = ol (17)
. 0
and, proceeding identically,
0
0
A=Ay =A3=A,= A5 = 0 (18)
0

The first non-vanishing coefficient is

7

7
1 -6 1 -5
Ao = 51 )_1°05 = 71 2370,
Jj=0 J=0
_ 1 8p=3
20 16p—3
1 9p—8
45 9p+2
_ 1 8p—15
12 16p+31
15p—24
5 5p+54

(19)

£ 0.

SinceA0:A1 :AQ :A3:A4:A5 :OandAG 750,
the method is of order p = 5. The error constant is
given by the coefficient of the first non-vanishing term,
Ag. Thus, the local truncation error (LTE) is

LTE = +A6h%® (z,) + ... (20)

Remark.  Setting p = 0 in Ag recovers Cg =
[— 55, — 45+ 195, —3£) |, confirming consistency with the
2BBDFO error constant.

Definition 3.2 (Consistency). A linear multistep
method is said to be consistent if it has order at
least one. Equivalently, an LMM is consistent if the
following conditions are satisfied [20]:

7
(i) Y o;=0,
j=0

7 7
(ii) ZjO'j = 22(;7
j=0 7=0

Proposition 3.1. The fully implicit 2-point superclass
of block backward differentiation formula with off-step
points (25BBDFO) is consistent.

Proof. The consistency of the 2SBBDFO method is
established by verifying that it satisfies the conditions
stated in Definition 3.2. From the results obtained
above, the method is of order five, which is greater
than one; hence it is consistent. Moreover, using the
previously defined vectors,

(21)

7
E 05 =
7=0

o O O O

so condition (i) holds, and

 6(o41) T
16p—3
8(p+1) 7
99012) | _ Z ,
201 | =22 %
16p+31 =0

24(p+1)
L 5p+54 |

(22)

7
>_joj=
j=0
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I 3\ 9 4p—3 116p—9 12p—1 17
C 16p -3 416p—3 516p — 3 416p-3
4A\hp 4 9p+16 Y 4 9p—16 13p—4
99 +2) 9 9p+2 C9(9+2) 15 9p+2 99p+2
A= 5 16p — 15 15Ahp 15 2p—15 15\ 5 4p—15
3 16p+31 “16p+31 " 4 16p+ 31 ~ 16p+31 12 16p + 31
4(5p — 16) 9(5p — 12) 431p—144  12\hp 12X\h
i 5p + b4 ~ Bp+54 5 5p+54 bp+54  Hp+54 |

so condition (ii) also holds. Therefore the 2SBBDFO
method is consistent. O

4 Stability and Convergence Analysis of the
Method

Stability analysis is crucial for evaluating the reliability
of any LMM, especially for stiff IVPs. Numerical
solutions can become unstable if errors are not
controlled, making stability essential [3]. A method
is stable if stepwise errors remain bounded and the
solution stays close to the exact solution. For stiff ODEs,
zero-stability and A-stability are key criteria, ensuring
bounded error growth and stability for eigenvalues in
the left-half complex plane [21].

Definition 4.1 (Zero-Stability). An LMM is said to
be zero-stable if all the roots of its first characteristic
polynomial have moduli less than or equal to unity,
and any root lying on the unit circle is simple [22].

Definition 4.2 (A-Stability). A LMM is said to be
A-stable if its absolute stability region encompasses
the entire left half of the complex plane [19].

Definition 4.3 (A(«)-Stability). A LMM is said to be
A(a)-stable (nearly A-stable) for some a € [0, §) if the
wedge S, = {7z : |Arg(—2)| < a, z # 0} is Contamed
in its region of absolute stability [12].

The stability characteristics of the method are analyzed
by applying the linear test equation y = Ay, where )\ is
a complex constant with negative real part, Re(\) < 0.
Substituting the linear test equation into (10) yields
the system

AY,, = BY,,_1, (23)
where
1 4p-—1 1 3 /\hp
0 20 163()—3 0 4 16p— +
0 —-L2=2 lL‘l
B— 15 9p+2 30p+2
12 16p+31 1 16p+31
0 —1e,4 5p—18
5 5pt5d 5p+54

110

Here, if m is the number of blocks and r the number of
points per block, then n = mr withr = 2 and n = 2m;
the block indexing follows [23].

The stability polynomial (¢, h) of the method, where

h = \h and the free parameter is chosen as p = —%, is
obtained by evaluating
y(t,h) = det(At — B). (24)
This implies that
Yt h) = — ot t? ( — 1080h*t* + 1955 ht
23202973,2 809173, 461773
1021425 7,242 | 936117—2 6434772
T 128 h*t h%t 256 h (25)
90193 7 ;2 3645 257477
+ =g ht” — ht =55h

67571

62189 2 565083
t° + t— =51

):0.

The first characteristic polynomial (¢) is obtained by
setting h = 0 in (25) and removing the nonzero scalar
factor, yielding

m(t) =1* (-

67571
64

62189t2 + 562283t) = 0. (26)

Solving (26) for t gives the roots

t=0, t=0, t=1, t=0.1358178295.

These roots confirm that the 2SBBDFO method is
zero-stable, since all the roots of the first characteristic
polynomial lie within or on the unit circle, and the root
with modulus one is simple (non-repeated).

The boundary of the region of absolute stability for
the 2SBBDFO method, corresponding to p = —3, is
determined by the boundary-locus technique, which
substitutes t = ¢, 0 < § < 27, into the stability
polynomial (25). The resulting stability region is
plotted using Maple 18 and is shown in Figure 1.
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Stable Region Unstable Region Stable Region

-20 -10

Stable Region Unstable Region

Stable Region

-20

Figure 1. Stability region of 2SBBDFO.

The stability region of the method extends beyond
the circular boundary, indicating that the 2SBBDFO
method is nearly A-stable, as it covers almost the entire
left half of the complex plane. Having satisfied both the
zero-stability condition and exhibiting near A-stability,
the 2SBBDFO method is well-suited for the numerical
solution of first-order stiff ODEs.

Theorem 4.1 (Dahlquist Equivalence Theorem). A
block numerical method is convergent if and only if it is
both consistent and zero-stable [24].

Theorem 4.2. The 2SBBDFO method is convergent.

Proof. By Theorem 4.1, a linear multistep method
is convergent if and only if it is both consistent
and zero-stable. The 2SBBDFO method satisfies the
consistency conditions and is of order five, implying
that the local truncation error tends to zero as h — 0.
Moreover, all roots of its first characteristic polynomial
satisfy [t| < 1, with simple roots on the unit
circle, confirming zero-stability. Hence the method
is convergent, and the global error approaches zero as
h — 0. [

5 Implementation of the Method

Newton’s iteration is applied for the implementation
of the method. We first define the error.

Definition 5.1 (Absolute Error). Let y; and y(z;) be the
approximate and exact solutions of (1), respectively.

Then the absolute error is

(errori)e = [(yi)e — (y(@i))el (27)

The maximum error is defined by
MAXE = max < max (errori)t> , (28)

1<i<T \1<t<N

where T is the total number of steps and N is the
number of equations.

By substituting p —3 into equation (10), the
function evaluations at both off-step and grid points
are obtained and denoted by F% , Fy, F% ,and 5, where

_ _ 9 e ) )
F% = Yptl ~ 10Yn+1 t 35Uny 3

- iynJrQ + %hfnJr% - %hfn + 5%)
L= Ynrt + 1710041~ 985%n+3

+ 2 yngo + 1 hfp1 — %hfn+% + &1,
Fs =y,8 + %ynJr% — 5 Unn1

+ Yt %hfn+g + gghfas1 + €3,

_ 316 189
Fy = yni2 — 201Yn+1 T 67 Unt1

892 16 12
o ﬁyn+% B ﬁhfnJFQ + ﬁhfnJr% + &
(29)
and &1, &, €3, & are the backward values
2 2
6% = _%ynfl - %yn
_ a7 43
S 855Yn—1 — 57Yn (30)
g% = %ynfl - %yn
§2 = _%ynfl + %yn
Let y,(f:;), j= %, 1, %, 2, denote the (i + 1)-th iterative

values of y,,+; and define

(i4+1) (i+1) ()

i=13,1,32 (31)

Newton’s iteration for the 2SBBDFO takes the form

e fey] R
(i+1) (4) F%i)
Ynt1 | — (Yt | _ g1 [F1 (32)
(i+1) () JaOl
n+% yn—i—% %
i+1 i i
_yﬁw—;)_ _97(112_ |5 )_
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which can be written as J et = —F© where J

denotes the Jacobian matrix

1412l _9 7 1
50y 10 25 21
br?
148 _ 12 p nty 1 4 16 p fnia _ 364 25
171 17179y, 1 717" Oyn+1 285 171
— 2
= a
45 495 | 45 Ofnis 1_15p Jor g 15
19 152 T 76 Byn 19"y Ty 38
2
iy
_ 316 189 _892 | 12 Forg 1 _ 16}, 0fnia
201 67 335 T 670y, 3 67V 9ynsia
2

A computer code in the C programming language was
written for the implementation of the method.

6 Test Problems and Numerical Results

The following stiff IVPs are selected to evaluate
and compare the performance of the proposed
method. These problems consist of linear first-order
stiff systems obtained from the existing literature
and are widely recognized as standard benchmark
tests for assessing the accuracy, stability, and
computational efficiency of numerical methods
designed for stiff differential equations. The notations
and abbreviations used in reporting the numerical
results are summarized in Table 2.

Table 2. Notations used in the numerical result tables.

Problem 2. A highly stiff problem taken from [7]:

Yo =198y1 + 1992, 11(0) =1,
Yy = —398y1 — 399y2, 12(0) = —1.

0<z <10,

The exact analytical solutions are y;(z) = e™* and
y2(x) = —e~*. The system has eigenvalues \; = —1
and A\ = —200, both real and negative, indicating

strong stiffness due to widely separated decay rates.

Problem 3. A severely stiff problem taken from [27]:

Y = —66y1 — 133y2 — gz — 5, 12(0) = 3,

whose exact solutions are y; (z) = 2z + Ze~ — 1o 1007
and ys(x) = —%x — e + %efloox. The system
has eigenvalues A\; = —1 and Ay = —100, which are

real and negative, leading to purely exponential decay
with multiple time scales. The coexistence of rapidly
decaying and slowly varying components induces
strong stiffness, although no oscillatory behavior is
present in the exact solution.

The problems above are solved wusing the
fifth-order 2-point block backward differentiation
formula (2BBDFE(5)), the 2-point block backward
differentiation formula with off-step points (2BBDFO),

Notation = Meaning and the proposed fully implicit 2-point superclass
' of block backward differentiation formula with
h Step size off-step points (2SBBDFO). To compare accuracy
METHOD  The methods used and efficiency, the maximum absolute errors and
MAXE Maximum absolute error computation times are reported for different step sizes
h in Tables 3-5.
CPUTIME Computation time in seconds
2BBDF(5) Fifth-order 2-point block backward For a clearer visual com}.)ar}sc.)n, the relatlonshlp
differentiation formula [25] between accuracy and step size is illustrated by plotting
log,o(MAXE) versus h for the three methods, as shown
2BBDFO  2-point block backward differentiation iy, Figures 2—4.
formula with off-step points [8]
2SBBDFO  Fully implicit 2-point superclass of " ————= ;
block backward differentiation ; *_,,,_—/“"* il
formula with off-step points . it - /,»'A"’
(proposed) -
=i /,/A’
Problem 1. A linear stiff system [26]: il /,/”A’ |
,,/” —i— 2BBOF()
Yy = —20y1 — 19y2, y1(0) =2, 0<z <20, :r . ‘ | A eseoro
y/2 _ _19y1 . 20y27 yz(O) _ O 10 10 1S 10 10
Fi 2. A h for Problem 1.
The exact solutions are y;(z) = e 3% 4+ ¢7% and IBlire £ Acctracy graph for Troblem
yo(z) = €739 — 7%, The system matrix has negative Dj )
real eigenvalues \; = —1 and A2 = —39, which lead 7 Discussion

to rapidly decaying transient components, thereby The numerical results reported in Tables 3-5
exhibiting stiff behavior.
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Table 3. Numerical results for Problem 1.

Table 5. Numerical results for Problem 3.

h  METHOD MAXE CPU TIME h  METHOD MAXE CPU TIME
2BBDF(5) 8.81087E—02 1.96250E—03 2BBDF(5) 1.21580E—02 3.32570E—04
10~2  2BBDFO  7.00088E—02 3.07107E—03 1072 2BBDFO  1.20347E—02 5.87940E—04
2SBBDFO  3.59295E—02 2.29500E—01 2SBBDFO  1.59223E—02 1.82500E—01
2BBDF(5) 2.61263E—02 2.26088E—02 2BBDF(5) 3.79477E—02 3.76255E—03
1073  2BBDFO  2.58857E—02 3.00581E—02 1073 2BBDFO  3.72766E—02 5.66602E—03
2SBBDFO  1.25911E—03  4.12800E—01 2SBBDFO  4.20242E—03 1.62600E—01
2BBDF(5) 2.84765E—03 1.94097E—01 2BBDF(5) 4.78743E—03 1.32177E—02
10~ 2BBDFO  2.84492E—03 2.92691E—01 10~* 2BBDFO  4.77571E—03 2.15800E—02
2SBBDFO  1.56717E—05 2.70500E+00 2SBBDFO  6.54527E—05 2.97000E—01
2BBDF(5) 2.87178E—04 2.80007E-+00 2BBDF(5) 4.89264E—04 8.46313E—02
1075 2BBDFO  2.87150E—04 4.18854E+00 1075 2BBDFO  4.89142E—04 1.44442E—01
2SBBDFO  1.62279E—07 2.54400E+01 2SBBDFO  7.05740E—07  1.50900E+00
2BBDF(5) 2.87419E—05 3.34886E+01 2BBDF(5) 4.90322E—05 9.19200E—01
10 2BBDFO  2.87417E—05 5.30707E+01 1076 2BBDFO  4.90310E—05 2.37217E+00
2SBBDFO  1.63066E—09  2.54000E+-02 2SBBDFO  7.13570E—09  1.42300E+01
Table 4. Numerical results for Problem 2. 4 -
h  METHOD MAXE CPU TIME il QP ‘
A0F ,,/“'_J‘t !
2BBDF(5) 7.13926E—03 1.22776E-03 | i
1072 2BBDFO  7.17251E-03 3.79395E—03  £.4— .
2SBBDFO  9.81843E—05 1.76900E—01 -t
2BBDF(5) 7.33994E—04 1.66640E—02 ., a ]
1073 2BBDFO  7.33813E—04 2.66598E—02 > e
2SBBDFO  1.05866E—06 3.71700E—01 m‘s
2BBDF(5) 7.35582E—05 9.89231E—02 Figure 3. Accuracy graph for Problem 2.
10-* 2BBDFO  7.35564E—05 1.38798E—01
2SBBDFO  1.07041E—08 1.49300E+00 .
2BBDF(5) 7.35741E—06 1.06522E+00 e
1075 2BBDFO  7.35740E—06 2.46586E+00 e et 1
2SBBDFO  1.07172E—10 1.28800E+01 | _— I
[t 27 4
OBBDF(5) 7.35744E—07 183490E+01 2. ]
1076 2BBDFO  7.35775E—07 2.63500E+01 " Vo 1
2SBBDFO  7.34015E—10 1.27800E+-02 ® 1

the existing 2BBDF(5) and 2BBDFO schemes in
accuracy for the great majority of the step sizes
considered. In particular, for Problems 1 and 2,
2SBBDFO yields the lowest maximum absolute
error (MAXE) at every step size tested, indicating
a higher degree of precision. The only exception
occurs for Problem 3 at the largest step size h = 1072,
where 2SBBDFO (MAXE = 1.59223E—02) is slightly
less accurate than 2BBDF(5) (1.21580E—02) and
2BBDFO (1.20347TE—02); as the step size is refined,

o & 2BBDF ()
—& —20BEDF |
—% —25BBDFO

10° 10° 10t 10° 10°

Figure 4. Accuracy graph for Problem 3.

however, 2SBBDFO again attains the smallest errors
by a wide margin. A general improvement in
accuracy is observed as the step size is reduced,
reflecting the strong convergence of the proposed
formulation, except at the smallest step size of
Problem 2 (h = 10~%), where round-off error begins
to dominate.
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On the other hand, the improved accuracy of 2SBBDFO
comes with an increase in computational effort. The
method requires more execution time than both
2BBDEF(5) and 2BBDFO, and this computational cost
grows as the step size becomes smaller. This trade-off
suggests that, while the method is highly accurate, it is
also more computationally intensive, particularly for
finer discretizations.

Overall, the findings indicate that 2SBBDFO is a robust
and highly accurate method for solving stiff initial
value problems. It provides superior error control
and improved numerical performance compared to the
competing methods, making it particularly suitable
for applications where accuracy is prioritized over
computational efficiency.

To further illustrate these observations, graphical
comparisons were carried out by plotting
log;o(MAXE) against the step size h for all three
methods (Figures 2—4). The graphs reveal a consistent
trend in which the error increases with the step size
for all methods considered. Across the range of step
sizes, 2SBBDFO generally maintains lower error levels
than both 2BBDF(5) and 2BBDFO, providing further
visual evidence of the accuracy and reliability of the
proposed method.

8 Conclusion

This study introduces a modified fully implicit hybrid
block method, 2SBBDFO, for solving stiff ordinary
differential equations. The key contribution of
this work lies in extending the classical two-point
block backward differentiation formula through
the incorporation of two off-step points and a
free parameter p, which enhances the flexibility
of the scheme and enables efficient simultaneous
computation within each block.

Theoretical analysis establishes that the method is
consistent, zero-stable, and convergent, while attaining
fifth-order accuracy. In addition, the scheme is
shown to be nearly A-stable (A(«)-stable), ensuring
reliable performance for stiff systems. Numerical
results further demonstrate that the proposed method
achieves significantly lower maximum absolute errors
and improved stability characteristics compared to
existing block methods, with only a modest increase
in computational cost.

Overall, the 2SBBDFO method provides a highly
accurate, stable, and robust framework for the
numerical integration of stiff IVPs and offers a strong
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basis for the development of more advanced block
methods.
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