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Abstract

In this study, a compartmental mathematical model
is developed to study the rabies transmission
process from dog to human. The model
consists of eight compartments: susceptible,
exposed, infected, recovered groups for dogs and
humans (SD,ED,ID,RD,SH,EH,IH,RH). The
basic reproduction number R, is derived, and
sensitivity analysis is performed to identify the
most influential epidemiological parameters.
Disease-free equilibrium stability analysis is also
carried out to identify the conditions for rabies
eradication. One of the main goals of this work
is to compare the disease dynamics in vaccinated
and unvaccinated cases, which is carried out with
the support of numerical simulations. Both the
fourth-order Runge-Kutta (RK4) and Nonstandard
Finite Difference (NSFD) methods are used to solve
the system. Numerical simulations demonstrate
that vaccination substantially reduces the infected
populations and increases the partially immune
populations in both species. Furthermore, the
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importance of the transmission rate Spy of the
dog to human transmission is explored to gain
insight into the role of this transmission route in
the incidence of human rabies. In general, the
results point to vaccination as a very potent control
measure and show that NSFD method maintains
the qualitative features of the system and yields
results similar to the classical RK4 method.

Keywords: rabies, stability analysis, RK-4 vs NSFD
method.

1 Introduction

Rabies is a fatal zoonotic viral disease of the central
nervous system (CNS) caused by the Lyssavirus
genus (Rhabdoviridae, order Mononegavirales) that
leads to severe CNS damage and frequently death.
Mathematical models have been developed to study
the impact of vaccination and infectious immigrants
on rabies transmission and public health outcomes
[1]. The virus quickly travels up the neural pathways
to the brain and, when clinical signs are seen, the
disease is almost always fatal. Rabies is a major public
health problem in the world, and has been found in
over 150 countries and territories [2]. Domestic dogs
are the primary reservoir of human infections in Asia,
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Africa and Latin America, and foxes, skunks, bats and
raccoons are the main reservoirs in the United States
[3]. Rabies prevention remains challenging in endemic
regions owing to limited access to canine vaccination,
post-exposure prophylaxis, disease surveillance, and
public health infrastructure. Pre-exposure prophylaxis
(vaccination before exposure) and post-exposure
(PEP) are both important in achieving good control
of rabies. Novel mathematical approaches have been
developed for analyzing rabies endemic dynamics
and evaluating intervention strategies [4]. There
has been a long history of mathematical modelling
of rabies transmission dynamics and evaluation of
control strategies. [5] conducted a scoping review
of mathematical modelling and phylodynamic
approaches used to study dog rabies dynamics and
control strategies, synthesizing evidence on the
effectiveness of vaccination and surveillance programs
across multiple settings. [6] studied the global
dynamics and numerical simulations of a vaccinated
mathematical model for rabies, demonstrating the
effectiveness of vaccination in reducing disease
burden. [7] developed a mathematical model of
dog rabies transmission dynamics and applied
optimal control analysis to evaluate the effectiveness
of vaccination and culling interventions, while [8]
developed a mathematical model to assess the impact
of contact rate and environmental factors on the
transmission dynamics of rabies in both human and
dog populations. [9] investigated fractional-order
rabies models and obtained numerical solutions
via Newton polynomial methods, demonstrating
improved accuracy in capturing the memory effects
inherent in rabies transmission dynamics. [10]
analysed a time-delayed rabies model in human and
dog populations, incorporating control measures
to evaluate their impact on disease dynamics,
whereas [11] provided a comprehensive review
of mathematical models for rabies, summarizing
key findings on transmission dynamics and the
evaluation of control strategies including vaccination
and post-exposure prophylaxis. Other work focused
on strategic modeling of immunization: [12]
applied a mathematical model to simulate the
spread of the rabies virus, providing quantitative
insights into transmission patterns and the effects
of intervention measures, and [13] assessed the
risk of rabies spread using mathematical modelling,
evaluating the conditions under which the disease
could re-establish in a previously rabies-free setting
such as Japan. Fractional-order formulations
have also been employed to examine stability,

susceptibility, and vaccination impact in rabies models
[14]. [15] employed the homotopy perturbation
method to obtain analytic approximate solutions
of the rabies transmission system, providing an
alternative semi-analytical approach that avoids the
need for optimal control formulations, while [16]
applied optimal control theory to rabies epidemic
management under resource-limited conditions in
Nepal, identifying cost-effective vaccination strategies
but leaving open certain questions about the practical
limitations of these interventions; [17] analysed the
transmission dynamics and control of rabies in China.
At the global scale, [18] quantified the transmission
dynamics and prospects for the elimination of canine
rabies.

Based on these studies and in line with the objectives
of Global Alliance for Rabies Control [19], this
study develops a compartmental mathematical model
incorporating vaccination and immigration factors.
The model accounts for the limitations of vaccination
and treatment in preventing rabies transmission
among humans and dogs, and analyses its dynamics
through stability analysis, sensitivity analysis, and
numerical simulation using both RK4 and NSFD
methods, aiming to provide insights into effective
intervention strategies.

2 Model Formulation

We create a two-strata (human and dog) model for
rabies virus transmission based on the model of [6].
The dog population is split into four compartments:
the susceptible Sp, the exposed Ep, the infected Ip,
and the partially immune Rp dogs. Thus, the total dog
population is given by

Np =Sp+ Ep+Ip+ Rp.

Likewise, human individuals are grouped into
susceptible (Sg), exposed (Ep), infected (/x), and
partially immune (Rp) compartments such that the
total number of human individuals at any given time
is
Ny =Sy +FEg+ 1+ Rpy.

Direct transmission of rabies occurs from infected
dogs to susceptible dogs and from infected dogs
to susceptible humans. No human-to-human
transmission is considered.

The susceptible dog population, Sp, is increased by
recruitment at a rate of Ap. We let p represent
the rate at which exposed dogs move from the
exposed compartment to the infected or recovered
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Figure 1. Flow-Chart of the proposed model.

compartments, and let o; represent the rate at which
partially immune dogs lose their immunity and
become exposed again. In dogs, the failure rate of
pre-exposure prophylaxis is 1 — p, while the rates of
natural death and disease-induced death are up and
mp, respectively.

The susceptible human population, Sy, is increased by
births or immigration at a rate of By. The transmission
and contact rate from infected dogs to susceptible
humans is denoted by Spp. The parameter vy
represents the rate at which humans lose immunity,
while §y represents the transition rate of exposed
humans to the infected or recovered compartments.
The natural death rate and rabies-induced death rate
in humans are denoted by py and mpy, respectively.
After clinical signs of rabies occur, natural recovery is
considered impossible. Post-vaccination and natural
immunity are limited and become lifelong only after
some time.

The model also incorporates the effect of individuals
entering the population from outside the infected

population. In particular, exposed and infected dogs
(or humans) may be recruited into the population at a
rate A;. This term represents the external introduction
of the rabies virus, which may maintain the infection
cycle even after local transmission has been controlled.

dSD =Ap+a1Rp — (mp + BppIp)Sp,
dED = BppIpSp —dpEp — ppEp — (mp + Cp)ED,

dID =0pEp — (up +mp)Ip,
d{jf = ppEp — (a1 +mp)Rp,
dSH =By +yuRu — (mu + Bpulp)SH,

dEH = BpuSulp — (mug + puEn + (1 — pa)Su)Ew,

déf = (1 —pu)oagEg — (uu +mu)ly,

P — oy By — myRy — yuRy.

(1)
Initial conditions are given below:

Sp(0) > 0,Ep(0) >0,1p(0) > 0,Rp(0) > 0,
Si(0) >0,Ex(0) >0,1(0) > 0.RE(0) >0,

The proposed model is illustrated in Figure 1.



Journal of Numerical Simulations in Physics and Mathematics

ICJK

3 Positivity of the Solutions

It is necessary to demonstrate that all of the state
variable parameters are non-negative as model (1)
represents the animal population. We show that all
state variables remain nonnegative for all¢, > 0.

3.1 Boundedness of the Model

Theorem 1: Consider the rabies transmission model 1, then,
for every nonnegative initial condition, the solutions remain
nonnegative and are uniformly bounded for all t > 0.
proof Let the total population of dogs

Np=Sp+Ep+Ip+Rp

be the total dog population. Differentiating with
respect to time gives

dNp

dEp
dt

dIp dRp

dSp
- + dt + dt

dt dt

Substituting the corresponding equations, we obtain

dNp

el Ap +ayRp — (mp + BpIp)Sp

+ BpIpSp — (6p + pp+mp +Cp)Ep
+pEp — (up +mp)Ip
+ ppEp — (a1 + mp)Rp.

After cancellation of the transmission and transition
terms, we get

dNp
dt
Since C'p > 0 and up > 0, it follows that

dN,
TtD < Ap —mp(Sp+ Ep+ Ip+ Rp).

—— < Ap — Np.
g = o~ mDAD

By the comparison theorem,

Np(t) < Np(0)e ™pt 4 —=

A
limsup Np(t) < =2.

t—00 mp

Ng=Sg+Eg+1Ig+ Ry
be the total human population. Then

dNyg  dSu

dEy
dt

dly

dRp
+ I +

dt -

dt dt

Substituting the model equations gives

dN
TtH = By +vuRy — (mu + Bpulp)SkH

+ BpuSulp — (my + pudy + (1 — pr)dn)Exy
+ (1= pu)duEn — (uug +mp)ly

+paEy — (my + ve)Ru.

—— < By - Np.
g = PH T mHaNH

Again, by the comparison theorem,

B
Nu(t) < Ng(0)e ™t 4 = (1 -

—mpgt
- e H).

Consequently,

limsup Ny (t) <

t—o00

Hence, all solutions enter the positively invariant
region

Q = {(SD7ED7[D7RD7SHyEH7IH,RH> ERi

Therefore, the rabies transmission model is biologically
well posed, and all solutions remain positive and

= AD—mDSD—(mD+CD)ED—(,u,D—i—mD)ID—mDE@Lmded forall ¢ > 0.

4 Equilibrium Point

4.1 Disease-Free Equilibrium Point

With the condition that there is no rabies infection
in either of the two populations, we set the infected
and exposed compartments equal to zero, that is,
Ep =0,Ip =0,Eg =0, and Iy = 0. Plugging these
into system (1) and solving the associated algebraic
equations, we get the disease-free equilibrium (DFE)
that is the steady-state of the system when there is
no transmission of rabies at all. The condition of
this balance is used as the starting point to study
the local and global stability of the model as well
as to calculate the threshold condition for disease
invasion. Hence, the DFE is denoted by E;, =
(S, EY. 19, RY, Y EY 1%, RY,), is given by:

A B
E0:< D,O,O,O, H7070)O>
mp my
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5 Endemic Equilibrium Point

The endemic equilibrium state of a mathematical
epidemic model is the state of disease being constantly
positive over time. The endemic equilibrium has
infected individuals present, ((I > 0)) unlike the
disease-free equilibrium. At this point, the rates of
new infections, recovery, recruitment, and natural or
disease-related deaths are balanced, so the sizes of
all compartments remain unchanged with time. The
endemic equilibrium solution is the point where all the
time derivatives in the model are equal to zero and the
algebraic equations can be solved for while keeping
the infected compartment positive. Typically, the
existence of this equilibrium is a function of the basic
reproduction number Ry. For the majority of epidemic
models, the endemic equilibrium will only occur if,
(Rop > 1), meaning that, on average, more than one
secondary infection will be produced by an infected
individual. This condition permits the disease to
persist in the population. The endemic equilibrium is
significant because it could be used to get information
about the long-term dynamics of the disease and to
assess the effectiveness of various control measures
such as vaccination, treatment, quarantine, or reducing
the transmission rate. Stability analysis of the endemic
equilibrium decides whether or not the disease is at the
endemic level or whether the system will have small
perturbations that will cause the system to move away
from the endemic equilibrium.

G — (mug+vg)Ap+aipu Ey
(mp+BplIp)(mu+ym)
E* — aSHIn
D = (6ppp+mp+Cp)
I* _ 6DED
D ™ (up+mp)’
R _ o BpSHI%
D ™ (aa+mp) (5DPD+mD+CD)
S* = BHJFVHR
H =™ (mg+Bpuly)’
I — (1*PH)5HE}{
H (hE+mm)
E* BpuST 1
(mu+pa+(—pu)du)’
R pHBDHS I}
H = (mu+tpu+0—pm)on)(mu+vm)’

Note that if Ry < 1, only the disease-free equilibrium
exists and is stable; if Ry = 1, a bifurcation occurs at
the threshold; if Ry > 1, the disease-free equilibrium
becomes unstable and a unique endemic equilibrium
exists.

6 Basic Reproduction Number R,

In this scenario Ry is the expected number of new
infections that can be generated in a fully susceptible

population of dogs and humans (see also [20]).

Given this change of infected compartments we
refer to our compartments as the Ep, Ip, Ey, and
Iy compartments, we can now construct the next
generation matrix (NGM) operator. This approach
offers a structured way of quantifying the transmission
potential of rabies in the inter-human and intra-dog
system. The threshold parameter R, is the value of
the disease parameter which indicates whether the
disease will spread and be sustained in the population.
Specifically, when the value of Ry is less than 1, then
the average number of secondary infections produced
by every infected person will be less than one, which
means that eventually the rabies will be eliminated. If
Ry > 1 on the other hand, the infection spreads via the
susceptible population and can become endemic. We
now write the class of the model system that is infected

(1).

dED = BplpSp — épEp — pDED—(mD+CD)ED,
(HD =pEp — (up +mp)Ip,

dEH = BpuSulp — (mug + paEy + (1 — p)SH)Ew,
déf =1 -pu)ouEny — (pu +mu)ly,
BppIpSp
0
F p—
BouSulp
0

opEp +ppEp + (mp+Cp)E
(up +mp)Ip —pEp

V= ,
my + pa + (1 — pu)Ex
(pe +mp)lg — (1 — pu)ouEn
0 BppSY 0 0
. o 07 0 o
=1y 0 0 BprSYy |’
0 0 0 0
B 0 0 0
1
B mp + 0 0
V*—l — D D 1 , 2
0 0 — 0 )
’ 1
0 0 By ——
mg + kg

myop — S%(iH — S%éDpH
(mp + up)(Cp +mp +dp + pp)Bs’
By =my + S%(1 - py) + pm,
BouSY (1 — pw)
(mg +pr)B2

By =

B3 =
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Z BpuAD 0 0
mp(mp + pip)
*—1 _ 0 0 0 0
FVe = 0 0 Z BpuBu
mpy(my + i)
0 0 0 0
(6)
7, — BpSY (mudp — S%éu — SYdppm) %
(mp + up)(Cp +mp +dp + pp)Ba’
BouSYop(pm — 1)
Ly = 8
? (mp + pm) B2 (8)
1
B = 9
Cp +mpdp + pp ©)
Ry — BHAD(mH+5D5H—5DPH>

mpmp(mp + pup)Bs(mu + Ag(1 — pu) + é)ﬁ)))’

where
By =Cp+mp +dp+pp.

Figure 2 illustrates the behaviour of Ry as a function
of key epidemiological parameters. Panel (a) shows
that Ry increases with the human recruitment rate
By and decreases with the dog natural mortality rate
mp, indicating that larger susceptible populations and
lower mortality promote disease spread. Panel (b)
demonstrates a positive relationship between Ry
and the dog disease progression rate dp: faster
progression from exposed to infectious dogs amplifies
transmission potential. Panel (c) confirms that Ry
scales proportionally with the dog recruitment rate
Ap, since a larger dog population provides more
opportunities for transmission. Panel (d) presents the
overall Ry surface, highlighting the joint sensitivity
to these parameters. These findings underscore
the importance of dog population management and
vaccination campaigns in reducing Ry below the
critical threshold of unity, and confirm the value of
sensitivity analysis for identifying leverage points in
rabies control strategies.

7 Sensitivity Analysis of R,

The fundamental reproduction number R, of the
model is examined through a sensitivity analysis of the
model parameters in it. This research looks closely at
the most relevant factors which interfere in the spread
and control of rabies in dog and human cases. We
explore the sensitivity of some important parameters

in the rabies virus model (1) to see how sensitive
they are when it comes to the value of Ry. This helps
to understand which epidemiological parameters are
most important and thus should be targeted in the
development of an effective prevention and control
strategy. The sensitivity indices can be calculated
using the technique proposed in [21]. The standard
sensitivity index of Ry is given by:

on, 0.
00 Ry’
where 0 € {By, Ap,dp,0m, pH,
pp,mp,mH, tp,Cp, o}

Zg* = (11)

I9Ro Bu

(Ro) _ _
Z(B(f)l) = \9By © Ro) =1,
(Ro) _ (OR Ap _
Ziap) = \oap * ??) =1
Z(RO) — JRy mH \ _

(mpr) ompy Ro

*(*JDAH(PH*l)((SH*PH)‘HSD((SH*PH)(QmH*FPH)*Fm%I)
(=Au(pa—1)+mu+pu)Op(Or—pu)+mmu)

7(Ro) _ (8Ry o op | —

6p) — \@5p X Ro

dp(Cp(6u—pu)+dua(mp+pp)—mppH—pPDPH—TH)
(Cp+op+mp+pp)(Op (O —pm)+mm)

Z(RO) _ (8Ry 0\ _ OpdH

(0g) — \ 9oy Ro )] = —0ppu+dpdm+mpu
7(Bo) _ (8Ry o pu ) —

(pm) dpag — Ro
pu(Ag(0p(Or—1)+my)—dp(@g+mu)—mpu)
(A (pg—1)+mu+pa)0p (05 —pH)+mH)

7 Ro) _ ( 8Rg @) _
mp) — \amp X R ) =

Cp(up+2mp)+ipX1+2ppmp+uppp+2mppp+3ma)
(up+mp)(Cp+dp+mp+pp)

Ro OR —

X1 = (up +2mp) 2,0} = (s x 42 ) = o
7(Ro) _ (8R0 %« CpY — ~Cp

(Cp) dCp Ro Cp+ép+mp+pp
Z(RO) = (ﬁ X p—D) —__  —pPD

(pD) dpp © Ro Cp+ép+mp+pp
Z(RO) _ (630 > AJ) — —(Au(1—pn))
\ " (An) 0An Ro Ag(l—pg)+my+pn

Sensitivity Analysis of R
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Figure 3. Normalized sensitivity indices of Ry with respect
to the model parameters.
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Figure 2. Behaviour of the basic reproduction number Ry as a function of key epidemiological parameters: (a) Ry versus
the human recruitment rate By and dog mortality mp, (b) Ry versus the progression rate dp, (¢) Ry versus the dog
recruitment rate Ap, and (d) the overall Ry surface.

Discussion on Sensitivity Indices of R,

The normalized sensitivity indices Z(fo measure the
relative change in the basic reproduction number
Ry with respect to a proportional change in each
parameter ¢, and are summarized in Figure 3. A
positive sensitivity index indicates that increasing
the parameter will increase Ry, whereas a negative
index implies that increasing the parameter will
decrease R;. The magnitude of the index reflects
the strength of the influence. From the results,
we observe that the parameters By (recruitment
of susceptible humans) and Ap (recruitment of
susceptible dogs) both have sensitivity indices equal to
1. This shows that they have a direct and proportional
effect on Ry. A 10% increase in either of these
parameters will result in a 10% increase in Ry. The
mortality rates my (human) and mp (dog) have
negative sensitivity indices. This indicates that higher
mortality in either population reduces Ry, since fewer

individuals survive long enough to contribute to
disease transmission. The disease progression rates ¢
and Jg both have positive sensitivity indices. This
suggests that faster progression from exposed to
infectious classes increases Ry, thereby enhancing
the spread of infection.The recovery fractions pg (in
humans) and pp (in dogs) generally have negative
sensitivity indices. This means that increasing recovery
through treatment or immunity decreases Ry, thereby
helping control the epidemic. The parameter Cp
(dog control or culling) also has a negative sensitivity
index, showing that increasing control efforts in dogs
reduces Ry. The parameter Ay (related to human
exposure to rabid dogs) shows a negative sensitivity
index, implying that reducing contact between humans
and infected dogs is beneficial for lowering Ry.
Overall, the sensitivity analysis highlights that Ry
is most sensitive to recruitment parameters (Bpy
and Ap), followed by disease progression (dp,
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0r), and control-related parameters (pp, Cp, An).
Effective strategies for reducing R, therefore include
limiting the recruitment of susceptible hosts (e.g., dog
population management), increasing recovery rates
through vaccination or treatment, and strengthening
dog control measures.

8 Local Stability at DFE

The disease-free equilibrium (DFE) is a condition of
the system in which no individuals are infected and
the disease cannot be sustained in the population. In
the local sense, stability at the DFE is given by the basic
reproduction number, and at this point, the behavior
of the model can be analyzed to understand the
stability and potential for disease outbreaks. If Ry < 1
the DFE is locally asymptotically stable, otherwise
unstable. The Jacobian matrix for the system (1) at Ey,
is obtained as follows: J(Ey) =

A 0 Aq fo%1 0 0 0 0
0 -4, A 0 0 0 0 0
0 S% -4 0 0 0 0 0
0 pp 0 —A; 0 0O 0 0
0 0 0 0 —myg 0 As YH
0 0 0 0 0 —Ag Ay 0
0 0 0 0 0 Ag —Ag 0
o 0 0 0 0 pg 0  —m
(12)

A} = BpSY,

Ay =S + pp +mp + Cp,

Az = pup +mp,

A4 = Q3 + mp,

As = BpuSY,

A¢ =mpg + pg + (1 — pu)om,

A7 = BySY,

Ag = (1 = pu)omu,
Ag = UH +mgyg.

We now show that the following result is important
for the analysis of the local stability of the epidemic
model at disease-free equilibrium.

Theorem: 2 The proposed model system (1), is supposed
to be LAS at DFE points, Py which is accommodated in the
set Qif Ry < 1, whereas if Ry > 1, the system is unstable.
Proof: After the calculation we get the following
eigenvalues of jacobian matrix J(Ey), are obtained:

M = —ai,\2 = —az, A3 = —BpSh M\ =

dpasas, A5 = —aiaz, ¢ = —Mmpg, A7 = —a4, A\g =
—ag,

Since aj,as > 0, we have Ay = —a; < 0 and
Ao = —as < 0. Since By, S%, ép,az,aqg > 0, it
follows that A3 = — B HS%(S pazas < 0. The remaining
eigenvalues \4,...,\g are also negative by similar
arguments. Hence all eigenvalues of J(E,) are
negative, confirming that Ej is locally asymptotically
stable when Ry < 1. As a result, model (1) is LAS and
all of the eigenvalues of the aforementioned Jacobian
matrix are negative. There are no Rabies Virus in the
host population, and the human population is in good
health.

Theorem: 3 In the feasible region, ) the endemic
equilibrium point Ey of system (1) is globally asymptotically
stable for Ry > 1.

proof. Suppose that Ry > 1. Then the endemic
equilibrium point

Ey = (S}BvEBJB,RE’S?I,EEJE,RE)

exists. Consider the Lyapunov function
V = 3[(Sp — Sp) + (Ep — E) + (Ip — Ip)
+(Rp = Rp)I* + 5((Sm = Syp) + (Bu — Bjy)
+(Ig —Ify) + (Rg — R}

The function V is continuous, positive definite, and
satisfies

V(Ey) =0, V > 0 for all
(Sp,Ep,Ip,Rp,Su, Ex,Ig, Ry) # Er.

Differentiating (8) along the solutions of system (1)
gives

dv * * *
P [(SD —Sp)+ (Ep — Ep)+ (Ip — Ip)
d
+ (RD - RB)} a(SD + ED + ID + RD)
+ (i = Si) + (Bu - Egy) + (In — I)

d
+ (Ryg — R?{)} —(Sg + Eg + Iy + Ry).

U
=

Using system (1),

4(Sp+Ep+Ip+Rp) = Ap—mp(Sp+Ep+Ip+Rp)
—CpEp — uplp,

and

%(SH—FEH—FIH-}-RH) = BH—mH(SH+EH+IH+RH)
—pgly.
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Substituting these expressions into 4/ and using the

equilibrium relations satisfied by £, namely,
Ap =mp(Sp + Ep +Ip + Rp) + CpEp + pplp,
and
By =mp(Sy + Ef + I + Ryy) + pu Ly,
it follows after simplification that

av

2T <

ar ="
with equality if and only if

Sp =83, Ep=E}, Ip =1}, Rp = R}, Su =S},

Ey = Ejy, Iy = I}, R = R}y

Hence, the largest invariant subset of

dVv
{(SD7EDaID7RD7SHaEHajHaRH) S Q: % :0}

is the singleton { £; }. By LaSalle’s Invariance Principle,
every solution with initial value in 2 converges to E; as
t — oo. Hence, when Ry > 1, the endemic equilibrium
E, is globally asymptotically stable. Hence, when
Ry > 1 the endemic equilibrium point F; is globally

asymptotically stable.

Theorem: 4 The disease-free equilibrium point
Ey = (P°,0) is globally asymptotically stable if Ry < 1,

and unstable if Ry > 1.

proof The rabies model system (1) can be written
as. p = (Sp,Rp,Su, Ri),Q = (Ep,Ip,Ey, Iy and

EO = (%7070707 B;.:LD;I,) NOW, we have

Ap+a1Rp — (mD + BDID)§D
dp _ ppEp — (a1 +mp)Rp
dt | Bu+~vRy — (mg + Bpuly)Su
ppEg —mygRy — yuRu

At DFE Points
AD _ mpBpgH
my
dp 0 0
— = (P",0) =
dt (P, 0) BpH
0

Eo(»°,0) has a unique equilibrium point

0 = (“LD B—H) which is globally asymptotically

mp’ mg

stable. Hence, the condition (H1) hold p" several

condition (H2) G(P, Q)=

ApSplp —0pEp — ppEp — (mp + Cp)EDp
dpEp — (up +mp)Ep
BouSuly — ((mu + pu)+ (1 — pu)d)En
(1—pu)ouEa — (pg +mp)ly

Then we get,
An BpuSp 0 0
X =4(P2,0) = A012 8 A(is 5DHOSH
0 0 Ay
where A;; = —0p — pp — (mp + Cp) A2 = 0p —

(up +mp), A1z = (mg — dg) + (1 — pu)on Ars =
(1= pu)ou — (pu +mu)

It is now evident that the matrix X is an M-matrix,
given that the elements off the diagonal are
non-negative. Therefore, XY — G(P,Q) equals

G(P,Q).

—N1 BDSD 0 0 ED

~ N N2 O O O ID
G(P,Q) = 0 0 Ns Bpu||En
0 0 Ny Iy

BySplp — (0p + pp + (mp +Cp))Ep
dpEp — (up +mp)Ep
BpuSuly — (mu + pa + (1 — pu)éu)En
(1= pu)on)En — (pu +mu)ln

Where 6p — pp — (mp +Cy4) = N1,0p — (up +mp) =
Na, (my + pg + (1 — pu)dn) = N3,
(1= pu)oy — (pu +mpy) = Ny

BDSE) — (SD — pPD — (mD + CD)
0
BpuSiy — (mu + pu + (1 — pr)d)
0

Since it clear that S}, > Sp and S}; > Sy then it is
clear That G(P,Q) > 0, and P° = ;2—’;, % is globally
asymptotically Stable.

9 Bifurcation

In mathematical models, bifurcation can occur when
the behavior of the model changes greatly due to
small changes in the model’s parameters. It gives
the picture of system dynamics next to each of the



Journal of Numerical Simulations in Physics and Mathematics

ICJK

points of qualitative changes in the system evolution
and enables them to grasp how the disease evolves
for various conditions of the epidemic and the other
parameters. Bifurcation analysis is useful for rabies
transmission models in establishing whether the
disease-free equilibrium is losing stability with as the
increase in the transmission rate, and the emergence of
an endemic equilibrium. In this analysis it is possible
to obtain information about the threshold behaviour
of the system as well as about long-term persistence or
elimination of rabies. Investigation of the bifurcation
which is occurring around the critical threshold allows
us to interpret the conditions for the transition between
eradication and persistence of the disease. We nuance
our model at the threshold value Ry = 1; we determine
the parameter corresponding to the threshold value,
namely 3%, and check the bifurcation which occurs at
this point.

g = mpmg(mp + pup)(Q1 + pm)
(mpg +6pdg — dppm)

where Q1 = Cp +mp +ép + pp)(my + Su(1 — px)
The ] matrix of the model (1) is given by:

J(E*) =

—mp 0 Q2 a1 0 0 0 0
0 a1 Q3 0 0 0 0 0
0 S5 —ax 0 0 0 0 0
0O pp 0 —az O 0 0 0
0 0 0 0 —mpyg 0 Q4 YH
o 0 0 0 0 —as BpSy 0
o 0 0 0 0 a5  —ao 0
O 0 0 0 0 pm 0 v
(13)
where Q2 = BppSh, Q3= PppSpH, Qs= BpuSy

After some computations, the eigenvalues of Jg- are:

M = —a1, A2 = —az, \3 = —DBpSpH, A =
dpazas, A5 = —aia3z, \¢ = —Mmpy, A\7 = —a4, \g =

All eigenvalues are negative real numbers, confirming
stability. According to Castillo-Chavez and Song [22],
we analyze the dynamics using the eigenvectors of
JE=. We solve for the left and right eigenvectors to
determine the types of bifurcations.

JI0[(B)K =0, J=
—mp 0 Q2 (<31 0 0 0 0
0 al Q3 0 0 0 0 0
0 S*D —a2 0 0 0 0 0
0 PD 0 —as 0 0 0 0
0 0 0 0 —mpg 0 Q4 YH
0 0 0 0 0 —ay BHSE 0
0 0 0 0 0 as —ag 0
0 0 0 0 0 PH 0 —YH
(14)

10

The corresponding equations for the eigenvalues:

—mpKj + BDS*DKg + a1 K4 =0
a1 K + BpSt K3 =0

opKo —asK3=0

ppK2 —azKy =0

—mpuKs + BpuSy K7 +vuKs =0
—a4Kg + By Si Ky =0

asKg —agK7 =0

paKe —YHEKs =0

Solving these, we find:

BuySHKs+ta1 Ky BpSHKs pK:
Ky == ——— Ky = — 20— K3y = "B Ky =
K
PD L2
a3
BpouSt Kr+vuKs By S* Ky
Ky = —/H—— K¢ = —J0— K7 =
asKe Ky = paKs
ae ’ YH
The zero eigenvector on the left is
vJo s =0
T
\%1 —mp 0 Q2 o 0 0 0 0
Vo 0 ay Q3 0 0 0 0 0
Vs 0 S5 —ax O 0 0 0 0
Vi 0 pp 0O —az O 0 0 0
Vs 0 0 0 0 —mpg 0 Qs YH
Ve 0 0 0 0 0 —as Qs 0
Ve 0 0 0 0 0 as —ag 0
Vg 0 0 0 0 0 e 0 —ym
(15)
where
0
0
0
0
Qs = BgSy = 0
0
0
0
—mpK; =0

a1Ks +dpK3+ ppKy =0

BpSyKs + BpSi Ky — az =0

a1Ki —a3K4 =0

—myKs =0

—ayK¢ + a5 K7+ pgKg =0

BouSyKs + BaSiKe — a7 =0
(K5 —yaKg =0
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After solving, weget Vi =V =Vs =V = Vo =g =
0.

To express the model (1) as % = ¢g(y) with y =

(y1,y2,--.,ys) where Sp = y1, Ep = y2, Ip = y3,
Rp = ya, Su = y5, En = y6, Iu = y7, Ry = ys, we
have:

g1 = Ap + a1ys — (mp + Bpys)y1

92 = Bpysy1 — (0p + pp +mp + Cp)y2
g3 = 0py2 — (mp +mpy +0n)y3

g4 = ppY2 — (Mmp + a1)ys

95 = Ag + Bpuyr — (mu + Bryr)ys

g6 = Buyrys — (vu + as)ye

g7 = asye — (mu + as)yr

g8 = prye — (mu + az)ys

According to Castillo-Chavez and Song (2004) [22],
the bifurcation functions can be established:

f100(0, %) = 0,
f101(0, 5%) # 0,

f110(0, 5%) # 0,
J200(0,8%) #0

Thus, a forward bifurcation is observed.

Population

Figure 4. Evolution of animal and human populations over
time.

10 Numerical Simulation

The numerical simulation in this section was done on
MATLAB 2016a. The RK4 scheme was implemented
using the built-in solver ODE45, while the NSFD
scheme was implemented separately as a custom
discretization following Mickens [23]. The dynamics
of this rabies transmission model are well modeled
by this solver. The following initial conditions are
assumed for simulation: Sp = 100, Ep = 4,Ip =
4,RD = 4,SH = 4,EH = 4,IH = 4,RH = 4. These
are initial conditions that are set arbitrarily in order to
generate model behavior that is representative. The
model population dynamics with respect to rabies

are presented in Figure 4. The results show that it
doesn’t take long for the number of susceptible animals
to decrease to very low levels in the first few years.
This reduction is mostly due to exposure to infected
animals and so on susceptible animal population.
Susceptibility gets less as animals come into contact
with infected animals.

In line with the One Health approach, this graphical
representation provides insight into the early impacts
of rabies transmission. It also highlights the
importance of vaccination strategies and infection
control measures for effective rabies management.

From the result of the numerical simulation, shown in
Figure 5, it is observed that the susceptible population
(S) rises with time (Figure 5(a)), the infected
population (I) decreases with time (Figure 5(c)),
and the recovered population (R) increases with
time (Figure 5(d)); the exposed class is shown in
Figure 5(b). Moreover, the recovered population (R)
cannot be less than I at any time (Figure 5(e)), which
is consistent with the physical understanding of the
problem.

Impact of Spy on Rabies Transmission Dynamics

The impact of changing the transmission coefficient
Bpm, that is, the probability of susceptible humans
being infected from infected dogs, will be explored in
this subsection. Several values of the model parameter
Bpr were used, but the other model parameters were
kept unchanged; the resulting human-compartment
trajectories are collected in Figure 6. As seen in
the time series of the susceptible human population
(Su(t), Figure 6(a)), certain trends are important in
disease dynamics. A higher value of Spy leads to
a more steep and quick reduction of the susceptible
population of humans. This implies that the risk
of exposure is also high when the transmission rate
of the dog-to-human is increased, although only
marginally, and hence the person is shifted to the
"exposed" and then "infected" class. Similarly, as Spg
is increased, the number of exposed (Ep, Figure 6(c))
and infected humans (I, Figure 6(b)) will increase,
which means that the transmitted infection is faster
and more intense. The recovered human population
(Rp, Figure 6(d)) initially rises as more people
become infected and then recover. At higher levels
of Spu, however, Ry levels off or drops, possibly
because of the high level of infection and the lack
of recovery at a high level of transmission pressure.
A threshold phenomenon is seen between fpp ~
0.1,0.03,0.05,0.07,0.9 where if the value of S8py is

11
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Figure 5. Time evolution of the human population compartments together with the recovered-class comparison: (a)

susceptible Sy, (b) exposed Ey, (c) infected I, (d) recovered Ry, and (e) comparison of the recovered dog and
human populations.

above this threshold level, it is seen that the system
enters a quasi-endemic state with a persistent high
level of infection. The observations demonstrate the
importance of the dog-to-human route of transmission
for the spread of rabies. Vaccination of dogs, dog
population control, improved surveillance and public
health education programs that limit human exposure
to canines are effective ways to lower Spp. As a result,
such measures can be very important in controlling

12

rabies and maintaining the vulnerable population in
perpetuity.

As shown in Figure 7, in the presence of vaccination the
number of infected individuals decreases significantly
over time (Figure 7(b)), whereas in the absence of
vaccination the number of infections continues to
rise; the corresponding exposed class is shown in
Figure 7(a). This demonstrates that vaccination is
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Effect of ,GDH on Susceptible Human Population

600 T T T T T T
— iy = 0.0005
—~ — 3y = 0.0010 |
:;':,: iy = 0.0020
%) —— 3, = 0.0030
2 400 e By = 0.0040 g
©
£
3
I 300 1
)
e
=
[=%
> 200
Q
[%2]
=
@ 100
o ‘ . . s n
0 10 20 30 40 50 60 70 80 90 100
Time (days)
(a)
Effect of Different 3 , Values on Exposed Humans E_(t)
180 -
. 1860 N
=
LuI 140 T
2
& 120 1
E
> 100f _
T
80 1
Q -
8 — 3y, = 0.001
=3 60 —— gy, = 0.002| |
W, O = 0.003| |
— Oy = 0.004
20 —— iy, = 0.005| |
o ‘ ' ' s ' . . ‘ :
0 10 20 30 40 50 60 70 80 90 100

Time (days)

(c)

Effect of Different ,BDH Values on Infected Human Class IH(t)

200 1
=
_T
» 150
o
(0]
E
T
e — iy = 0.001| |
% —— gy, = 0.002
£ — 3 = 0.003
o DH "
50 — ‘iDH = 0.004
iy = 0.005
0 10 20 30 40 50 60 70 80 20 100
Time Days
Effect of Different ,BDH Values on Recovered Humans RH(t)
450 T T T T T T T T
400
D)
T 350
o
2
S 300
E
=
T 250
el
2
g 200
¢]
8 150
(14
100

30 50 60

40
Time (days

(d)

70 80 100

Figure 6. Effect of the dog-to-human transmission rate Sp g on the human compartments for several values of Spg: (a)
susceptible Sy, (b) infected Iy, (c) exposed Ey, and (d) recovered Ry.

essential in controlling the spread of rabies.

10.1 RK4 Scheme

The explicit RK4 numerical scheme is defined by:

k1= h[Ap + a1 R}, — (mp + BplI})ShH],

wy = h[BpI}SH — (6p + pp + (mp + Cp)ER)],
m1 = h[0pE} — (up +mp)Ip],

ni1 = hlppEp — (a1 + mp)RP],

o1 =h[Bp +vuRY — (myg + Bpulh)SH],

p1 = h[BpuSEHIH — (mu + pr + (1 — pu)ou)EY),
a1 =h[1—-pu)ouEy — (pm +mu)lf],
j1=nhlpuEy — (pu +vu)RE)

ko =h
k1
i N
<D+2>}
wo =h
mg=h
ny = h
oo =h
n o, 91
(SH+2) ,
p2 =h
n o P1
(EH+2)},
g2 =h
j2=nh

>—(mD+BD<IB+%

)

Ap + o1 (R%+%

Bp

~~

T Y
Ip + L) Wi = (5 + pp +mp +Cp) (Ep + 2)]

)|
)

:BH +m (RZ + %) - (mH +Bpu (1175 + %))

mi

2

—

w1
Ep+ 7) — (up +mp) <I}5 +

)*(al +mD)(RE+%

3

:6DH (S;} + %1) (IB + %) —(muy +pu + (1 —pu)dn)

)

:(1 —pH)0H (E}.} + %1) — (e +mH) (I;} + %1)

pH (E}}I + %1) — (pm +vm) (R?z + %)

13
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Comparison of EH(t) with and without Vaccination
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Figure 7. Human exposed (F ) and infected ({f)
populations with and without vaccination: (a) exposed Ey
and (b) infected I.

where W7 = <S% + %)

k3 =nh

AD+a1<RE+*) mD+ﬁD<IB+%>) (SD+k2):|

El

w3:h|:ﬂD(IB+f (S”Jrg

[pD (25

o3=h

(up +mp) (ID

(a1 +mp) (R’f)

).

na

+ =
2

J

(
2) 5D+PD+mD+CD)(EB+%>:|7
)-

)-

Br +7nH <R}fl + %) - <mH +Bpu(Ip +

3+ 3)]

pon (S5 +5) (15+75)

)}

@ :h[(l*/)H)(SH (E?Hr%z) = (pm +mu) (I’Z‘L %2) ’

p3=h

—(my +pa+ (1 —pu)in) (E +

NN

j3:h|:PH (EﬁﬂL%Z)*(#HJr’YH) (R?IJF%Z)}
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ks =h|Ap + a1(R} +n3) — (mp + Bp(Ip +m3)) (Sp + k3) |,

wy = h[ﬁD([B +m3)(SPh +k3) — (6p +pp + mp + Cp)

(ED +ws)|,

my =h [5D(E75 +ws) — (up +mp)(IH +m3)|,

ng = h[PD(EB +ws) — (a1 +mp)(Rp +n3) |,

o4 =h|Bg +vu(Ry +j3) — (mu + Bpu(Ip +m3)) (Sg +o03) |,

s

=h [ﬂDH(S}} +o03)(Ip +m3) — (my + pu + (1 — pu)ou) (Ef + p3)

ga=h {(1 —pu)0u(EY +p3) — (pa +mp)(If +a3) |,

Ja= h|:PH(E?1 +p3) — (ue +vu)(RE +73) |-

ks = h[Ap + a1(Rp +n7) = (mp + Bp(Ip +m) (Sp + k)|,
ws = h[Bp (I +m7)(Sp + k) = (50 + pp + mp + Cp) (B + wr)],
ms = h[8p(Ep +wr) = (up +mp) (I +mr)),
ns = h{pp(Ep +wr) — (a1 + mp) (R + 7)),

08 = h[Brz + v (R + 1) = (maz + Bpa (I + mn) (S +o7)]
ps = h[Bom (Sf; + 0r) (I +m7) = (mur + pu + (1= pr)om)
(B3 +p7),
as = h[(1 = pr)os (B +p1) = (urr +mun) (I +ar)]

gs = h[pr(Bfy +p1) = (o + a0 (RYy + 7))

10.2 NSFD Scheme

We introduce a trustworthy numerical method in
this subsection, based on the Nonstandard Finite
Difference (NSFD) scheme developed by Mickens [23].
This approach finds applications in many real-world
problems in engineering and mathematics. For more
NSFD applications, see [24].

S?) + h(AD + OqR%)
1+mp + Bplp

E% + hBpIhSh
1+ h(ép + pp + (mp + Cp)EP)

1% + hépED,

Sn+1 —

n+1 __
ET =

In+1:

D 1+ pup+mp

gt _ R+ hooh
I+ a;+mp
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Figure 8. Comparison of solutions obtained by NSFD Method and RK-4 Method for £, with initial conditions
(Su(0), B (0), I (0), Ra(0)) = (0.2,0.2,0.2,0.2) and step size h = 0.60. Both methods converge to the true steady state

ntl _ St +hBp +yu R}

H 14+ h(mpg + Bpuly)
ntl _ By +hBouSplh
= L+ h(my +pu + (1 — pu)on)
I}LI + h(l — pH)(;HEZ[

L+ h(pg +mp)

1 _ B+ hpn By
a L+ h(pw +vm)
Theorem: 5 Equilibrium points of the continuous model
(1): Eo, E1 are maintained by the discrete model. Moreover,

the stability behavior of the equilibrium points (and of the
fixed points) of the NSFD scheme is the same.

n+1l _
I =

We make a comparison between the RK4 method and
NSFD method with a discretization step size h = 1.0.

The numerical methods are convergent and converge
to the steady states Ey and E; of the continuous model.
With h = 1.5 and Ry < 1, the RK4 method yields
positive solutions; however, for larger values of h this
may result in negative solutions. The NSFD method,
however, always tends to positive solutions for both
EO and El.

Figures 8 and 9 present a comparison between the
NSFD (Nonstandard Finite Difference) method and
the classical RK-4 (Runge-Kutta order 4) method
in approximating the solution of the proposed
rabies transmission model at the DFE F; with
initial conditions (SH (0), Ey (0), IH(O), RH(O)) =
(0.2,0.2,0.2,0.2) and step size h = 0.60. Figure
8 shows the temporal evolution of the human
population compartments: susceptible (S ), exposed
(Eg), infected (Iy), and partially immune (Rpg)

15
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Figure 9. Comparison of solutions obtained by the NSFD and RK-4 methods for F}, showing the dog population
compartments: susceptible (Sp), exposed (Ep), infected (Ip), and partially immune (Rp), with initial conditions
(Sp(0), Ep(0),1p(0), Rp(0)) = (0.2,0.2,0.2,0.2) and step size h = 0.60. Both methods converge to the true steady state
of Fyy with Ry = 0.7120 < 1.

individuals.  Both numerical schemes converge
to the true steady state of Fy as expected for
Ry = 0.7120 < 1, demonstrating the disease
elimination scenario. Similarly, Figure 9 illustrates
the corresponding dynamics for the dog population
compartments: susceptible (Sp), exposed (Ep),
infected (Ip), and partially immune (Rp). The NSFD
method preserves positivity and stability throughout
the simulation, whereas the RK-4 method shows
conditional convergence dependent on the step size.
These figures confirm the reliability and effectiveness
of the NSFD scheme in capturing the model dynamics
accurately while maintaining biologically meaningful
solutions. In our numerical simulations, the effects of
vaccination and infectious immigration are explicitly
incorporated through the model parameters related to

16

vaccination rates and immigrant inflow. Vaccination
reduces the susceptible populations by moving
individuals to the partially immune compartments,
thereby decreasing the effective reproduction
number Ry and slowing the disease spread, as
reflected in the stabilizing trends of the immune
compartments shown in Figures 8 and 9. Infectious
immigration, modeled as a constant influx of infected
individuals into the population, sustains disease
prevalence even when local transmission is controlled,
highlighting the importance of monitoring and
managing external sources of infection. Both RK4 and
NSFD schemes successfully capture these dynamics,
but the NSFD method consistently preserves the
positivity and boundedness of all compartments,
ensuring biologically realistic numerical solutions in
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the presence of vaccination and immigration factors.

11 Conclusions

This study proposes a mathematical model of rabies
transmission with eight compartments: susceptible,
exposed, infected, and recovered compartments
for dogs (Sp, Ep,Ip,Rp) as well as for humans
(St Ew, I, Ri). The basic reproduction number Ry
is derived and analyzed to see how sensitive it is
to the main parameters, including the disease and
transmission parameters. The disease-free equilibrium
is analyzed for stability to gain insight into when
rabies can be eradicated from the population. One
of the major objectives of the study is the contrast
of disease dynamics and without the vaccination
interventions. The results of the simulations are
presented graphically and demonstrate the dynamics
of the infected and susceptible populations in both
scenarios, emphasizing the ability of vaccination to
manage rabies. Numerical simulation is carried out
by the fourth-order Runge-Kutta (RK4) method and
the nonstandard finite difference (NSFD) method
and their performances are compared to check the
accuracy and consistency. Moreover, the effect of the
dog-to-human transmission rate parameter changing
from Spy = 0.5 to fpy = 2.5 is investigated to study
the effect of this parameter on the human infection
burden. The results highlight the importance of
vaccination and sensitivity of parameters in developing
rabies control strategies.
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