
Journal of Numerical Simulations in Physics and Mathematics
http://dx.doi.org/10.62762/JNSPM.2026.980251

RESEARCH ARTICLE

Polynomial-Based Kudryashov Analytical Methods for
a Generalized Sharma–Tasso–Olver Equation with
Non-Integer Nonlinearity

Sarita Pippal 1,* and Vikramjeet2

1Department of Mathematics, Panjab University, Chandigarh 160014, India
2Department of Computer Science and Applications, Panjab University, Chandigarh 160014, India

Abstract
We study travelling-wave solutions of the
generalized Sharma-Tasso-Olver (GSTO) equation
ut + λ(ur)x + µ(us)xx + νuxxx = 0, in which the
exponents r, s > 0 need not be integers. The
classical, modified and generalized Kudryashov
methods are applied to the reduced ordinary
differential equation. A balance argument shows
that the convective term fixes the degree of the
expansion through N = 2/(r − 1), whereas the
nonlinear diffusion term requires N = 1/(s − 1);
the two requirements are compatible only when
r = 2s − 1, a condition satisfied by the classical
STO equation (r = 3, s = 2). For the representative
non-integer cases (r, s) = (2, 32) and (32 , 2) we show
that bounded solutions within the polynomial
ansatz exist only in the dispersive limit µ = 0, and
we derive them in closed form: a sech2 solitary
wave for r = 2 and a sech4 solitary wave with speed
κ = 4νL2 for r = 3

2 . The generalized Kudryashov
method extends both results to hyperbolic, singular
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periodic and rational families classified by the
discriminant ∆ = B21 − 4B0B2, with κ = 4ν∆ in
the case r = 3

2 . Every solution reported here was
checked by direct substitution into the governing
equation.
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1 Introduction
Coherent structures in dispersive media, such as
solitary waves, kinks and periodic wave trains, arise
when nonlinear steepening is balanced by dispersion
or diffusion [1–3]. The Korteweg-de Vries (KdV)
equation

ut + 6uux + uxxx = 0 (1)

is the standard example: its quadratic nonlinearity
uux is balanced by third-order dispersion uxxx. When
higher-order nonlinear effects matter, richer models
are needed.
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The Sharma-Tasso-Olver (STO) equation [4, 5]
ut + α(u3)x + 3

2α(u2)xx + αuxxx = 0, α 6= 0, (2)
combines cubic convection, quadratic nonlinear
diffusion and linear dispersion. It is integrable
and possesses infinitely many symmetries [5].
Exact solutions of (2) have been obtained by
many methods: soliton fission and fusion through
bilinear-type constructions [6], Lie symmetry
reductions and conservation laws [7, 8], multi-kink
solutions [9], tanh-type and related direct
methods [10, 11], the Exp-function method [12],
extended hyperbolic-function expansions [13],
auxiliary-equation methods [14], the modified
simple equation method [15, 16] and the improved
G′/G-expansion [17]. Generalized STO equations
with arbitrary coefficients [18], variable coefficients
[19], conformable- or beta-type derivatives [20, 22]
and further explicit solutions [21] have also been
studied, together with numerical schemes [23, 24]
and phase-plane analyses of STO and STO-Burgers
equations [25, 26].
The Kudryashov method [27, 28] expands the
solution as a polynomial in a function that satisfies
a first-order Riccati equation; the expansion degree
follows from a balance between the highest derivative
and the leading nonlinearity. Its modified [29]
and generalized [30] versions, and applications
to high-order evolution equations [31] and the
conformable Sharma–Tasso–Olver equation [32], show
that the approach does not rely on integrability.
Most STO studies keep integer exponents. Here we
consider

ut + λ(ur)x + µ(us)xx + νuxxx = 0, (3)
with λ, µ, ν ∈ R and r, s > 0 not necessarily integers;
equation (2) is recovered for r = 3, s = 2, λ = α,
µ = 3

2α, ν = α. The contributions of this paper are as
follows.
• We show that the degree conditions imposed by the

convective and diffusive terms, N = 2/(r − 1) and
N = 1/(s− 1), coincide only when r = 2s− 1, and
we explain what happens otherwise.

• For (r, s) = (2, 32) and (32 , 2) we prove that the
polynomial ansatz yields bounded real solutions
only for µ = 0, and we give these solutions explicitly.

• Using the generalized Kudryashov method we
obtain hyperbolic, periodic and rational families for
both cases and state the sign conditions underwhich
they are real.

All solutions were verified by substitution with a
computer algebra system.

2 Methods
With u(x, t) = U(ξ), ξ = x− κt, equation (3) becomes

− κU ′ + λ(U r)′ + µ(U s)′′ + νU ′′′ = 0, (4)

where the prime denotes d/dξ. Expanded,

− κU ′ + λrU r−1U ′ + µs(s− 1)U s−2(U ′)2

+ µsU s−1U ′′ + νU ′′′ = 0.
(5)

2.1 Classical and modified Kudryashov methods
The modified method seeks

U(ξ) =
N∑
k=0

AkY
k(ξ), Y ′ = L (Y 2 − Y ), L 6= 0,

(6)
whose solution is

Y (ξ) =
1

1 +KeLξ
=

1

2

[
1−tanh

L(ξ − ξ0)
2

]
, ξ0 =

lnK

L
,

(7)
forK > 0;K < 0 gives the singular coth branch, and
Y ≡ 0, Y ≡ 1 are the equilibria. The classical method
is the special case L = 1. Useful identities are

Y − Y 2 = 1
4 sech2 L(ξ − ξ0)

2
,

(Y − Y 2)′ = −L(Y − Y 2)(1− 2Y ).
(8)

Lemma 1 (Degree balance). Let Φ satisfy a Riccati
equation with quadratic right-hand side and let U be a
polynomial of degreeN in Φ. Then U (m) has degreeN +m

and d`

dξ`
(Uσ) has degree σN + `. Balancing the two gives

N =
m− `
σ − 1

, σ 6= 1. (9)

Proof. Each differentiation raises the degree by one
because Φ′ is quadratic in Φ. Equating N + m and
σN + ` gives (9).

This balance rule is standard in expansion methods;
see [28, 33].

2.2 Generalized Kudryashov method
The generalized method [30] uses

U(ξ) = A0+

N∑
k=1

Ak
(1 + Z(ξ))k

, Z ′ = B0+B1Z+B2Z2,

(10)
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with B2 6= 0 and ∆ = B21−4B0B2. The Riccati equation
has the solutions

Zh = − B1
2B2
−
√

∆

2B2
tanh

(√∆

2
(ξ − ξ0)

)
, ∆ > 0,

(11)

Zp = − B1
2B2

+
Ω

2B2
tan
(Ω

2
(ξ − ξ0)

)
, ∆ = −Ω2 < 0,

(12)

Zr = − B1
2B2
− 1

B2(ξ − ξ0)
, ∆ = 0, (13)

and tanh → coth in (11), tan → − cot in (12) give
further branches. Setting G = 1/(1 + Z) one finds

G′ = −
(
αBG

2 + bG+ B2
)
,

αB = B0 − B1 + B2, b = B1 − 2B2,
(14)

with b2 − 4αBB2 = ∆. Thus (10) is a polynomial in G,
and Lemma 1 applies unchanged. We also use

R(ξ) =
B0 + B1Z + B2Z2

(1 + Z)2
= −G′(ξ). (15)

For ∆ > 0 the function Zh stays away from−1, and the
solutions below are bounded, if and only if αBB2 > 0.

3 Degree analysis for the GSTO equation
In (4), U ′′′ has degreeN + 3, the convective term (U r)′

has degree rN + 1 and the diffusive term (U s)′′ has
degree sN + 2. Lemma 1 gives

Nc =
2

r − 1
(r 6= 1), Nd =

1

s− 1
(s 6= 1). (16)

Proposition 1. Let r > 1, s 6= 1 and N = Nc. Then

(sNc + 2)− (Nc + 3) = (s− 1)(Nc−Nd) =
2s− 1− r
r − 1

.

(17)
Consequently:

(i) if r = 2s − 1, all three terms of (4) enter the
leading-order balance;

(ii) if r < 2s − 1, the diffusive term has the highest
degree, its leading coefficient is proportional to µ,
and a nonconstant polynomial solution of degree Nc

requires µ = 0;

(iii) if r > 2s−1, the diffusive term has lower degree than
U ′′′ and does not enter the leading-order balance.

Proof. The first equality in (17) follows from Nc + 3 =
rNc+1 andNd = 1/(s−1); the second fromNc−Nd =
(2s − 1 − r)/

(
(r − 1)(s − 1)

). Since r > 1, the sign of
the gap is the sign of 2s− 1− r.

Figure 1. Solitary wave u1 of Eq. (20) for r = 2, µ = 0,
κ = 2, λ = ν = L = 1, ξ0 = 0: surface (top), contour plot

(middle) and profiles at t = −2, . . . , 2 (bottom).

The condition must be stated in terms of r and s, not
as Nc > Nd: for 0 < s < 1 one has Nd < 0 < Nc,
yet by (17) the diffusive term is subdominant. For the
classical STO equation, r = 3 and s = 2 give Nc =
Nd = 1. For (r, s) = (2, 32) case (i) applies (N = 2); for
(r, s) = (32 , 2) case (ii) applies, since r = 3

2 < 3 = 2s−1
(Nc = 4, and the diffusive term has degree 10 against
7).
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Non-integer powers are handled by writing U = V 2

with V ≥ 0, so that U3/2 = V 3 and U1/2 = V are
polynomials in Y (or G). The condition V ≥ 0 is
essential: if V changes sign, V 3 6= (V 2)3/2 and the
substitution no longer solves (3).

4 Solutions by the classical and modified
methods

4.1 Case r = 2, s = 3
2

Here N = 2. Writing U = V 2 with V = c0 + c1Y
and substituting into (4) gives a consistent algebraic
system whose nontrivial solution is

c0 = −c1
2
, κ =

c1(3Lµ+ 4c1λ)

12
, ν = −c1(3Lµ+ c1λ)

6L2
.

(18)
Then V = c1(Y − 1

2) = − c1
2 tanh L(ξ−ξ0)

2 changes sign at
ξ = ξ0, so U =

c21
4 tanh2 L(ξ−ξ0)

2 satisfies (3) only on the
half-line where V ≥ 0. A globally valid nonconstant
solution therefore requires µ = 0. In that case (4) with
U = A0 +A1Y +A2Y

2 gives

A2 = −6νL2

λ
, A1 =

6νL2

λ
, A0 =

κ− νL2

2λ
, (19)

with κ free, and hence, by (8),

u1(x, t) =
κ− νL2

2λ
+

6νL2

λ

(
Y − Y 2

)
=
κ− νL2

2λ
+

3νL2

2λ
sech2L(x− κt− ξ0)

2
.

(20)
The classicalmethod (L = 1) and themodifiedmethod
yield the same family; only the width parameter
L differs. Figure 1 shows a bright solitary wave
of amplitude 3νL2/(2λ) on the background (κ −
νL2)/(2λ) moving to the right with speed κ.

4.2 Case r = 3
2 , s = 2

By Proposition 1 we must take µ = 0. Then N = 4
and we set U = V 2, V = c0 + c1Y + c2Y

2, so that
U3/2 = V 3 when V ≥ 0. The algebraic system has two
nonconstant solutions. The first is

c0 = 0, c1 = −c2 =
20νL2

λ
, κ = 4νL2, (21)

which in terms of (6) means A0 = A1 = 0, A2 = A4 =
400ν2L4/λ2, A3 = −800ν2L4/λ2. Using (8),

u2(x, t) =
25ν2L4

λ2
sech4L(x− 4νL2t− ξ0)

2
,

ν

λ
> 0.

(22)
The condition ν/λ > 0 ensures V ≥ 0. The second
solution, c0 = −10νL2/(3λ) with κ = −4νL2, gives a

V that changes sign and is therefore rejected. Unlike u1,
the speed of u2 is fixed by the width, and its amplitude
scales with ν2/λ2. Figure 2 shows the narrower sech4

pulse that results.

Figure 2. Solitary wave u2 of Eq. (22) for r = 3
2 , µ = 0,

λ = ν = L = 1 (hence κ = 4), ξ0 = 0: surface, contour plot
and profiles at t = −2, . . . , 2.

Remark 1. Lemma 1 gives a necessary degree; it does
not guarantee that the algebraic system is solvable. The
original choice of extending N = 1 to N = 4 for r = 3

2
is justified only after the diffusion term is removed,
because then Nc = 4 is the only balance left.

54



Journal of Numerical Simulations in Physics and Mathematics

Figure 3. Generalized Kudryashov solutions for r = 2, µ = 0, λ = ν = κ = 1, ξ0 = 0. Columns: u3 with
(B0,B1,B2) = (− 1

16 , 0, 1), ∆ = 1
4 ; u4 with ( 1

16 , 0, 1), ∆ = − 1
4 ; u5 with (0, 0, 1), ∆ = 0. Rows: surface, contour plot, profile

at t = 0. Values below −20 are truncated near the poles.

5 Solutions by the generalized Kudryashov
method

We keep µ = 0 for the reasons given above; αB is
defined in (14).

5.1 Case r = 2

With N = 2 in (10), the coefficients of powers of G
vanish for

A2 = −
6να2

B

λ
, A1 = −6ναB(B1 − 2B2)

λ
,

A0 =
κ− ν(B21 − 12B1B2 + 8B0B2 + 12B22)

2λ
,

(23)

with κ free. Using (15), the solution simplifies to

U(ξ) =
κ− ν∆

2λ
− 6ναB

λ
R(ξ), ξ = x− κt. (24)

Inserting (11)-(13) gives three families:

u3 =
κ− ν∆

2λ
− 6ναB

λ
R
(
Zh
)
, ∆ > 0, (25)

u4 =
κ+ νΩ2

2λ
− 6ναB

λ
R
(
Zp
)
, ∆ = −Ω2, (26)

u5 =
κ

2λ
− 6ναB

λ
R
(
Zr
)
, ∆ = 0, (27)

where R(Z) denotes (15) evaluated at the indicated
Z. For ∆ > 0 and αBB2 > 0, u3 is a bounded solitary
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Figure 4. Generalized Kudryashov solutions for r = 3
2 , µ = 0, λ = 1, ξ0 = 0, with the same (B0,B1,B2) as in Figure 3.

Columns: u6 (ν = 1, κ = 1); u7 (ν = −1, κ = 1); u8 (ν = −1, κ = 0). Rows: surface, contour plot, profile at t = 0. Values
above 2000 are truncated near the poles.

wave and coincides with u1 after a shift of ξ and the
identification L2 = ∆. The periodic family u4 and the
rational family u5 are singular where Z = −1.

5.2 Case r = 3
2

With U = V 2 and V quadratic in G, we obtain

U(ξ) =
400ν2α2

B

λ2
R2(ξ), κ = 4ν∆, (28)

which is valid wherever V = −20ναBR/λ ≥ 0. The
sign of R is that of −B2 for Zh and that of B2 for Zp
and Zr, and αBB2 > 0 in the bounded hyperbolic case

and always for ∆ ≤ 0. Hence

u6 =
400ν2α2

B

λ2
R2
(
Zh
)
, κ = 4ν∆,

ν

λ
> 0, (29)

u7 =
400ν2α2

B

λ2
R2
(
Zp
)
, κ = −4νΩ2,

ν

λ
< 0, (30)

u8 =
400ν2α2

B

λ2
R2
(
Zr
)
, κ = 0,

ν

λ
< 0. (31)

For ∆ > 0, u6 reduces to the sech4 pulse (22) with
L2 = ∆. For ∆ = 0 the wave is stationary.
Figures 3 and 4 compare the three families. For ∆ > 0
both cases give a smooth pulse travelling along x−κt =
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const. For ∆ < 0 the profiles are periodic with period
2π/Ω and blow up where Zp = −1; for ∆ = 0 there is
a single algebraic singularity. The r = 3

2 solutions are
squares of the r = 2 profile shape, which makes them
narrower and non-negative.

6 Discussion
For the classical STO equation, r = 3 and s = 2
give N = 1 and the three terms of (4) balance
simultaneously; this is the setting of the known kink
and multi-kink solutions [9, 10]. In the generalized
equation the same simultaneous balance requires r =
2s − 1. The two non-integer cases examined here
show two different outcomes. For (r, s) = (2, 32) the
degrees match, but the nonconstant solution of the
form U = (c0 + c1Y )2 with µ 6= 0 changes sign, so
it is valid on a half-line only. For (r, s) = (32 , 2) the
diffusion term dominates and must vanish. In both
cases the bounded solutions are those of the dispersive
limit µ = 0, i.e. of a KdV equation with general power
nonlinearity, for which sech2/(r−1) pulses are expected;
u1 and u2 are the cases r = 2 and r = 3

2 .
The degree N = 2/(r − 1) grows as r → 1+, and
the pulse sechN becomes narrower relative to its width
parameter. Finding nontrivial solutionswithµ 6= 0 and
r 6= 2s− 1 will require ansätze that are not polynomial
in a Riccati variable, for example power-type ansätze
U = V γ with γ adapted to both exponents.

7 Conclusion
We applied the classical, modified and generalized
Kudryashov methods to the GSTO equation (3) with
non-integer exponents. The main findings are:
1. the convective and diffusive terms require N =

2/(r − 1) and N = 1/(s − 1) respectively, and a
full balance needs r = 2s− 1;

2. for (r, s) = (2, 32) and (32 , 2) bounded solutions
within the polynomial ansatz exist only for µ = 0;
they are the sech2 wave (20) and the sech4 wave (22)
with κ = 4νL2;

3. the generalized method yields hyperbolic, singular
periodic and rational families, whose type is set by
∆ and whose reality depends on the sign of ν/λ.

Future work will address ansätze suited to µ 6= 0 with
r 6= 2s−1, numerical simulation of the GSTO equation,
and the stability of the solitary waves found here.
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