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Abstract
As many IoT systems deploy machine learning
models to implement intelligent functions,
the reliability and performance assurance of
artificial intelligence and the Internet of Things
(AIoT) system is becoming a crucial issue. While
reliability of AIoT system outputs can be improved
by redundancy using multiple input data, the
system involves performance and energy overheads
that may be unacceptable in real deployment
under limited computing resources. To ensure
the performance and energy-efficiency of AIoT
systems, this paper proposes the queueing models
for multi-input AIoT systems in two different
architectures, namely the parallel and the shared
architectures, and compares them with respect to
several performance metrics. Through numerical
and simulation studies, we show that the shared
architecture has advantages in response time and
energy consumption while maintaining the same
reliability as the parallel architecture. Furthermore,
we show that the proposed models yield more
precise performance estimates than analyses based
on simple queueing models, which do not capture
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the comparison process among multiple inference
results.
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1 Introduction
Machine learning (ML) models have been extensively
deployed to IoT systems in various domains. As IoT
systems are increasingly empowered by ML, quality
assurance for artificial intelligence and Internet of
Things (AIoT) systems has become an emerging issue
in system engineering. Outputs of ML models in
real IoT systems are far from perfect because the
data encountered in operation often differs from
the training dataset. Therefore, system architects
cannot ignore the uncertainty of ML model outputs
in IoT devices and must consider the AIoT system’s
reliability with respect to prediction errors. There
has been extensive research on the robustness of ML
models to protect them from adversarial examples
that are artificially generated samples to fool ML
model predictions in the deployed systems [1–3]. In
recent years, many ML testing techniques have also
been proposed to minimize undesirable errors in ML
components before deployment in real systems [4–6].
However, further efforts to improve the reliability of
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ML-based system outputs at runtime are still needed
for critical applications such as self-driving cars.

A multi-input ML system is an architectural approach
that reduces erroneous outputs by combining multiple
ML models and diverse inputs. The technique is
also referred to as the N-version machine learning
system in a recent study [7, 8]. The reliability
improvements achieved by multiple versions of the
ML architecture are studied analytically [7, 9] and
experimentally [10–12]. While existing studies on
redundant architecture approaches have focused solely
on improving reliability, quite a few works address
the performance and energy overhead issues that are
not negligible in IoT system deployments. When we
introduce multiple ML models to obtain redundant
inference results, the processing cost increases, which
clearly impacts system performance and energy
consumption.

The parallel and shared architectures are two
fundamental configurations of multi-input ML
systems for improving reliability [13]. Both systems
can exploit input data diversity to diversify ML
model inferences and produce reliable outputs by
comparing two inference results. For example, if
two ML models disagree on their inference results,
either output is considered an error, and the system
can temporarily nullify the output or delegate the
issue to a higher-level component. The reliability
improvement is equally possible in two different
architectures. However, the performance overheads
are not equal: the parallel architecture runs two ML
modules in parallel, whereas the shared architecture
relies on a single shared ML module. The previous
study used queueing analysis to show that the
parallel architecture has an advantage in system
throughput [13], which agrees with intuition, but
the architecture’s disadvantages were not rigorously
investigated.

To fill this gap, this paper proposes comprehensive
queueing models to evaluate the performance
and energy consumption of parallel and shared
architectures for multi-input AIoT systems comprising
ML modules. The proposed models can analytically
formulate performance metrics for AIoT systems,
such as response time, throughput, and energy
consumption. With the defined performance
metrics, the advantages and disadvantages of the
two architectures can be systematically analyzed
through numerical and simulation experiments.
The experimental results show that the shared

architecture outperforms the parallel architecture
in terms of expected response time and energy
consumption. The performance models for the
parallel and the shared architectures are based on a
quasi-birth-death process and a GI/M/1-type Markov
chain, respectively. The proposed models are more
expressive than simple M/M/1 type queues. We
also evaluate the approximated performance using
the simple M/M/1 type queues and compare the
results with the proposed models. The comparison
results show that the approximated models can
underestimate the performance of the parallel and
the shared architectures. Our models provide a more
precise evaluation of the AIoT system performance
and energy, helping engineers to design a reliable
system architecture.

The rest of the paper is organized as follows. Section
2 introduces the related work. Section 3 explains the
system configurations of the parallel and the shared
architectures. In Section 4, queueingmodels to analyze
the performance of the two architectures are explained.
Section 5 gives the definitions of the performance
measures. Section 6 shows the numerical examples
and simulation results. Section 7 provides a guide to
choose the architecture based on our results. Finally,
Section 8 describes the conclusions and future work.

2 Related work
While the quality of ML models is primarily evaluated
by inference accuracy, reliability and performance
are important quality metrics when ML models
are deployed in IoT systems. The performance of
ML-based systems has been studied in real-world
applications such as face recognition onmobile devices
[14, 15], object detection in autonomous vehicles
[16, 17], and intrusion detection in IoT systems [18].
ML models used in real-time decision-making often
have stringent requirements for low latency and
high-throughput task execution [19]. An autonomous
vehicle is a typical example of a latency-critical
application that may encounter critical accidents if the
requirement is not met [17]. The latency of ML-based
computer vision tasks, such as object detection, can
be improved by exploiting high-performance GPUs.
However, the associated costs and energy consumption
may not be acceptable in small embedded systems.
We can also improve the latency of vision tasks by
reducing the input image size, but it may compromise
accuracy [20]. While many existing studies evaluated
the performance of a single ML module, AIoT systems
may consist of multiple ML modules with multiple
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input data. A theoretical analysis of the performance
of multi-input ML systems was presented in the
previous study [13]. However, the study evaluated
only throughput and did not analyze latency or energy
consumption. In this paper, we newly define the
latency and energy consumption metrics and compare
the two architectures using these metrics.

Queueing models offer a powerful theoretical
framework for analyzing a variety of systems, such
as telecommunication, computer, and industrial
engineering systems. The M/M/1 queue is the
fundamental model for a system that receives requests
following a Poisson arrival process and serves them
with exponentially distributed service times [21].
Several performance metrics, such as expected
response time, throughput, and server utilization, can
be analyzed with the M/M/1 model. However, more
comprehensive models are needed if we consider
factors like a buffer, multiple types of jobs, and the
concurrency of queues. To incorporate such factors,
a quasi-birth-death process can provide a more
general representation of complex queueing systems,
which is also represented by a Markov chain [22].
The transition rate matrix of a quasi-birth-death
process is block-tridiagonal. Such a structure has been
observed and exploited in the performance analysis
of many application fields like telecommunication
systems [23], cloud computing infrastructure [24].
This paper applies the quasi-birth-death process to
model the multi-input ML system in the parallel
system configuration. The novel performance metrics
for evaluating the response time and the energy
consumption are defined. For the performance of
the shared architecture, only one existing study [13]
developed the GI/M/1-type Markov chain since the
arrival stream of the shared architecture is regarded
as a mixture of multiple types of data from different
sources. However, the study only evaluates the
throughput of the system because the response time
distribution based on GI/M/1-type Markov chain
cannot be easily derived analytically. In this study,
we develop a simulation program to evaluate the
response time distribution. In comparison with [13],
numerical results are newly designed and updated.
Furthermore, the response time distributions for both
parallel system configuration and shared architecture
are investigated by analysis and/or simulations. In
addition, we also consider simple models that do not
consider synchronization and comparison unit and
show that these simple models cannot capture the
performance of our proposed parallel and shared

architectures and show that these simple models
cannot capture the characteristics of our proposed
architectures.

3 System configuration
We consider a reliable AIoT system adopting a
multi-input ML system configuration. A multi-input
ML system is a type of N-version ML system that
uses multiple input data to diversify the inference
results and enable reliable decision-making. Instead
of relying on a single inference result by an ML
module, a multi-input AIoT system determines the
system output by comparingmultiple inference results
from ML modules. Diverse inference results can be
generated by simply using slightly different input data
(e.g., images captured from different sensors). For
example, automated vehicles are typically equipped
with multiple cameras and other sensors that can
jointly enhance perception reliability and driving
safety. Diverse images captured byRGB cameras can be
used to build a multi-input ML system configuration.

However, considering the operation of the AIoT
system with multiple inputs, multiple executions of
ML inferences can affect system performance and
energy consumption. The performance and energy
overheads may vary depending on the choice of
system configuration. For a system with two different
sensory inputs, a straightforward configuration is
to use duplicate ML modules, which we call the
parallel architecture. Each ML module consumes
input data from the corresponding data source and
independently outputs inference results. On the other
hand, we can adopt a configuration with a single ML
module to produce two outputs from two different
data sources. The configuration is referred to as the
shared architecture. As the parallel and the shared
architectures are two basic configurations that need
to be selected in multi-input AIoT system design, we
focus on comparing the two configurations in this
paper. The following subsections explain the system
models in detail.

3.1 Two input data sources
We consider a system with two distinct data sources
that continuously supply data to ML modules for
inference. Each data source generates slightly different
data but represents the same object state in the real
world (e.g., photo images captured by cameras from
different angles). The data is supplied from the data
sources independently and arrives in the buffers on
the ML modules. Each input data is regarded as a
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job for ML modules, and hence we refer to arriving
data from the first and second sources as type-1
jobs and type-2 jobs, respectively. For the sake of
architecture comparison based on queueing analysis,
we assume the arrival processes of jobs of type 1 and
type 2 follow the Poisson process with rate λ1 and λ2,
respectively. The arrival processmay depend on sensor
types and/or system environments, which may not be
well captured by a Poisson process. We consider the
architecture comparison under a more complex data
arrival process as future work.

3.2 Parallel architecture
The parallel architecture uses two ML modules in
parallel, corresponding to two input data sources.
We call module 1 and module 2 for serving jobs
of type 1 and type 2, respectively. Figure 1 shows
the system configuration. Each ML module has a
buffer to keep the jobs and independently processes
the input data on a first-come, first-served (FCFS)
discipline (e.g., detect the object in the image data).
We assume the processing times of ML modules
are exponentially distributed with rates µ1 and µ2,
respectively. Furthermore, we assume that the
maximum number of jobs of type 2 is K < ∞
while the buffer size of module 1 is infinite. This
exponential-distribution assumption and K < ∞
make the queueingmodels analytically tractable in this
study, while we consider relaxing this assumption in
future work. Once the two ML modules complete the
processing, the inference results are compared at the
comparison unit to determine the final system output
(e.g., output the result if the two modules agree on the
results). The processing time of the comparison unit
is assumed to be exponentially distributed with rate µ.
Since the modules’ outputs need to be synchronized
for comparison, the module that completes faster must
wait for the other module to finish processing.

3.3 Shared architecture
The shared architecture uses a single ML module
to process both types of jobs on an FCFS discipline.
Figure 2 shows the system configuration. The
aggregated job arrival process to the shared ML
module becomes the Poisson process with rate λ1 +λ2.
TheMLmodule has a buffer of infinite size to hold jobs
waiting to be processed. The processing time depends
on the type of job. We assume that the processing
time of a type 1 job and a type 2 job is exponentially
distributed with rates µ1 and µ2, respectively. To
compare the inference results of the two job types,
once the jobs are completed, the results are sent to the

Figure 1. The system configuration of the parallel
architecture [13].

Figure 2. The system configuration of the shared
architecture [13].

comparison unit. The processing at the comparison
unit is the same as the parallel architecture. While the
comparison unit is processing, the ML module pauses
processing and waits for the comparison to complete.
Jobs of type 1 and type 2 may not arrive alternately.
When the ML module completes a job, it deletes the
job from the head of the buffer one by one until it finds
another job to compare.

4 Queueing models
In this section, we propose queueing models that
represent the dynamics of job processing in a
multi-input AIoT system, both in parallel and in shared
architectures. First, we introduce the simple M/M/1
queueing models that approximate the queuing
processes without considering the comparison unit.
Next, we propose more comprehensive models that
include the comparison unit process.

4.1 Simple queueing models
To compare the performance of the parallel and shared
architectures without considering the comparison
step, we can use a simple queueing analysis based
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on M/M/1 queues (with infinite buffer sizes). As
described in the previous section, we assume the job
arrival process follows the Poisson process, while the
service times follow the exponential distributions. The
behavior of individual ML modules can be modeled
using M/M/1 queues.

Parallel architecture. When we neglect the
comparison unit of parallel architecture, the two ML
modules can be modeled as two independent M/M/1
queues with arrival rates λ1, λ2 and service rates
µ1, µ2, respectively.

Shared architecture. As the data arrives at a shared
architecture from the two data sources, the job arrival
process can be characterized by the Poisson process
with rate λ1 + λ2. We can model the behavior of
the shared architecture using an M/M/1 queue with
arrival rate λ1 + λ2 and service rate µ1, assuming
µ1 = µ2. It should be noted that if µ1 6= µ2, the service
time distribution of an arbitrary job is not exponential
anymore but a hyper-exponential distribution, and
thus the analysis is more complicated. Here, for
comparison purposes, we consider the simple case
where µ1 = µ2 to utilize the known results of the
M/M/1 queue.

4.2 Queueing model for parallel architecture
While simple queueing models can capture the
abstract behavior of the Parallel architecture, a more
comprehensive model is needed to account for the
comparison process. Define N(t) and N2(t) as the
numbers of type 1 and type 2 jobs in the system at
time t. Also, we denote Nm1(t), Nm2(t), and Nc1(t) ∈
{0, 1} as the states of module 1, module 2, and the
comparison unit at t, respectively, where 0 represents
the idle state and 1 represents the processing state. The
state of the parallel architecture can be represented
by XP (t) = (N(t), N2(t), Nm1(t), Nm2(t), Nc1(t)).
{XP (t); t ≥ 0} is a continuous-time Markov chain
(CTMC) in the state space SP representing the set of
reachable states. SP is given by SP = ∪∞i=0LPi , where
LPi represents level i defined below.

As the job arrival and processing can be regarded
as a quasi-birth-death process [22], the infinitesimal
generator of the CTMC is given by the following block
matrices, with the state space into iparts by the number
of type 1 jobs in the system.

QP =

LP0 LP1 LP2 LP3 LP4 LP5 · · ·



LP0 B0 C0 O O O O · · ·
LP1 A1 B1 C1 O O O · · ·
LP2 O A2 B2 C2 O O · · ·
LP3 O O A3 B2 C2 O · · ·
LP4 O O O A3 B2 C2 · · ·
...

...
...

... . . . . . . . . . . . .

(1)

where LPi are the set of states with i type 1 jobs in the
system, O is a zero matrix of appropriate size, and
Bi, Ci, and Ai are the block matrices representing the
state transitions within LPi , the transitions with a job
arrival (i.e., i is incremented), and the transitions with
a job departure (i.e., i is decremented), respectively.
The elements in LP0 ,LP1 ,LPi (i ≥ 2) are sorted in
the increasing order of N2(t) and the last three
elements (i.e, Nm1(t), Nm2(t), Nc1(t)) are sorted in an
appropriate order convenient for computation. The
LP0 ,LP1 ,LPi are given as below.

LP0 = {(0, 0, 0, 0, 0)} ∪ · · · ∪ {(0,K, 0, 0, 0)}∪
{(0, 1, 0, 1, 0)} ∪ · · · ∪ {(0,K, 0, 1, 0)},

LP1 = {(1, 0, 0, 0, 0)}∪
{(1, 0, 1, 0, 0)} ∪ · · · ∪ {(1,K, 1, 0, 0)}∪
{(1, 1, 0, 1, 0)} ∪ · · · ∪ {(1,K, 0, 1, 0)}∪
{(1, 1, 0, 0, 1)} ∪ · · · ∪ {(1,K, 0, 0, 1)}∪
{(1, 1, 1, 1, 0)} ∪ · · · ∪ {(1,K, 1, 1, 0)}∪
{(1, 2, 0, 1, 1)} ∪ · · · ∪ {(1,K, 0, 1, 1)},

LPi = {(i, 0, 0, 0, 0)}∪
{(i, 0, 1, 0, 0)} ∪ · · · ∪ {(i,K, 1, 0, 0)}∪
{(i, 1, 0, 1, 0)} ∪ · · · ∪ {(i,K, 0, 1, 0)}∪
{(i, 1, 0, 0, 1)} ∪ · · · ∪ {(i,K, 0, 0, 1)}∪
{(i, 1, 1, 1, 0)} ∪ · · · ∪ {(i,K, 1, 1, 0)}∪
{(i, 1, 1, 0, 1)} ∪ · · · ∪ {(i,K, 1, 0, 1)}∪
{(i, 2, 0, 1, 1)} ∪ · · · ∪ {(i,K, 0, 1, 1)}∪
{(i, 2, 1, 1, 1)} ∪ · · · ∪ {(i,K, 1, 1, 1)}.

All the elements of Bi, Ci, and Ai are specified in the
Appendix. We consider the process {XP (t); t ≥ 0}
under the stability condition. We define Q∗P := A3 +
B2 + C2 and ξ as the stationary distribution of Q∗P ,
i.e., ξQ∗P = 0, ξe = 1, where e represents a column
vector of an approprite size whose components are all
1. The stability condition of {XP (t); t ≥ 0} is given by
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ξ(C2 − A3)e < 0. Under the stability condition, the
stationary distribution of XP (t) for (i, j, k,m, l) ∈ SP
is given by

πPi,j,k,m,l = lim
t→∞

P (XP (t) = (i, j, k,m, l)) (2)

The stationary distribution for the states with i type
1 jobs is expressed as πPi = (πPi,j,k,m,l)(i,j,k,m,l)∈LPi

.

According to matrix analytic method, πPi is given as
follows.

πPi =


πP0 (i = 0),

πP1 (i = 1),

πP2 R
i−2
P (i ≥ 2).

(3)

In (3), RP is the rate matrix of the
quasi-birth-and-death process, which is the minimal
non-negative solution of the following equation.

C2 +RPB2 +R2
PA3 = 0,

which is algorithmically solved [22]. The boundary
vectors πP0 , πP1 , πP2 are determined by (4) and (5),
where eP0 , eP1 , eP2 are column vectors of sizes 2K + 1,
5K + 1, 7K with all elements being 1.


πP0 B0 + πP1 A1 = 0,

πP0 C0 + πP1 B1 + πP2 A2 = 0,

πP1 C1 + πP2 B2 + πP2 RPA3 = 0.

(4)

πP0 e
P
0 + πP1 e

P
1 + πP2 (I −RP )−1eP2 = 1. (5)

4.3 Queueing model for shared architecture
As in the parallel-architecture queueingmodel, we first
define the states of the shared architecture. Define L(t)
as the number of any jobs waiting in the buffer at t. Let
Nm(t) ∈ {0 . . . 7} represent the state of the MLmodule
where the values are defined as follows:

0. idle

1. only type 1 jobs have been processed

2. only type 1 job is in processing

3. type 1 jobs has been processed and type 2 job is
in processing

4. only type 2 jobs have been processed

5. only type 2 job is in processing

6. type 2 jobs has been processed and type 1 job is
in processing

7. both two types of jobs have been processed and
waiting for comparison process

Also, define Nc2(t) ∈ {0, 1} as the state of the
comparison unit, where 0 represents the idle state,
and 1 represents the processing state. The state of
the shared architecture can be represented byXS(t) =
(L(t), Nm(t), Nc2(t)). {XS(t); t ≥ 0} is a CTMC in the
state space SS representing the set of reachable states.
In particular, SS = ∪∞i=0LSi , where LSi represents level
i defined below.

As the process can be looked as a CTMC of GI/M/1
type (also called skip-free to the right) [22], we can
derive the infinitesimal generator of the CTMC as the
block matrix segmented by the number of jobs in the
system.

QS =

LS0 LS1 LS2 LS3 LS4 LS5 · · ·



LS0 B0 C0 O O O O · · ·
LS1 B1 A1 A0 O O O · · ·
LS2 B2 A2 A1 A0 O O · · ·
LS3 B3 A3 A2 A1 A0 O · · ·
LS4 B4 A4 A3 A2 A1 A0 · · ·
LS5 B5 A5 A4 A3 A2 A1 · · ·
...

...
...

...
...

...
... . . .

(6)

where LSi are the sets of states with i jobs in the system
given by

LS0 ={(0, 0, 0)} ∪ · · · ∪ {(0, 6, 0)}∪
{(0, 0, 1)} ∪ · · · ∪ {(0, 7, 1)},

LSi ={(i, 2, 0)} ∪ {(i, 3, 0)} ∪ {(i, 5, 0)} ∪ {(i, 6, 0)}∪
{(i, 2, 1)} ∪ {(i, 3, 1)} ∪ {(i, 5, 1)} ∪ {(i, 6, 1)}∪
{(i, 7, 1)}.

The diagonal blocks B0 and A1 represent the state
transitions within LPi , while C0 and A0 represent the
state transitionswith a job arrival andO is a zeromatrix
of appropriate size. The block matrices in the lower
triangle represent the transitions with decreased jobs
in the system. Ai (i ≥ 2) represents the transitions
with i−1 decreased jobs, andBi (i ≥ 1) represents the
transitions with i decreased jobs. All the elements of
each matrix are given in the Appendix.
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Defining A =
∑∞

n=0An, A represents the infinitesimal
generator of the Markov chain of the phase. Letting l
denote the stationary distribution of thisMarkov chain,
i.e., lA = 0, le = 1, the stability condition of {XS(t); t ≥
0} is given by

lA0e+ l
∞∑
n=1

(1− n)Ane < 0. (7)

The stationary distribution of XS(t) for (i, j, k) ∈ SS
is given by πSi,j,k = limt→∞ P (XS(t) = (i, j, k)). The
stationary distribution for the state with i jobs is
expressed as πSi = (πSi,j,k)(i,j,k)∈LSi

.

πSi =

{
πS0 (i = 0),

πS1R
i−1
S (i ≥ 1).

(8)

In (8) RS is the minimal non-negative solution of the
following equation:

O =

∞∑
i=0

RiSAi,

which is also numerically solved [22].

Furthermore, let eS0 , eS1 denote the vector of size 15, 9
with all elements being 1. The boundary vectors πS0
and πS1 are determined by the following equations.

{
πS0B0 + πS1 (

∑∞
i=1R

i−1
S Bi) = 0,

πS0C0 + πS1 (
∑∞

i=1R
i−1
S Ai) = 0.

(9)

πS0 e
S
0 + πS1 (I −RS)−1eS1 = 1. (10)

5 Performance measures
To compare the performance of the parallel and the
shared architectures, we define three performance
measures; throughput, response time, and energy
consumption. Table 1 shows the notations of measures
defined for the simple and the proposed queueing
models.

Table 1. Performance measures.

Measure Architecture Proposed Simple
Throughput Parallel TPP TP∼P

Shared TPS TP∼S
Response time Parallel RTP RT∼P

Shared RTS RT∼S
Energy cons. Parallel ECP EC∼P

Shared ECS EC∼S

5.1 Throughput
Throughput is measured by the number of jobs
processed per unit time.

Simple models. In order to make a fair comparison
of the throughputs in the simple queueing models,
the throughput is measured by the number of times
that two jobs finish processing per unit time. We
can express the throughputs of the simple queueing
models TP∼P (for parallel architecture) and TP∼S (for
shared architecture) as follows.

TP∼P = TP∼S =
λ1 + λ2

2
(11)

Parallel architecturemodel. When the behavior of the
parallel architecture is modeled as the CTMC shown in
Section 4.2, the throughput is measured by the number
of jobs processed at the comparison unit per unit time.
As presented in [13], the throughput can be defined
as

TPP =

(
πP1 e

∗∗
P1 +

∞∑
i=2

πPi e
∗∗
P2

)
µ, (12)

where e∗∗P1 and e∗∗P2 are column vectors whose elements
are 1 ifNc1(t) = 1 in the corresponding state otherwise
0.

Shared architecture model. When the behavior of the
shared architecture is modeled as the CTMC shown
in Section 4.3, the throughput is measured by the
number of jobs completed in the comparison process
per unit time. As presented in [13], the throughput is
expressed as

TPS =

(
πS0 e

∗
S0 +

∞∑
i=1

πSi e
∗
S1

)
µ, (13)

where e∗S0, e∗S1 are column vectors given by

e∗S0 = (0, 0, 0, 0, 0, 0, 0, 1, 1, 1, 1, 1, 1, 1)T ,

e∗S1 = (0, 0, 0, 0, 1, 1, 1, 1, 1)T .

For elements in e∗S0, e∗S1, 1 corresponds to the state that
the throughput is calculated.

5.2 Response time
The mean response time of a job is the average time
from when the job enters the system to when it leaves.

Simple models. When we consider simple queuing
models, the mean response time of the pair can be
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derived from the response time distribution of M/M/1
model as follows.

RT∼P =
(µ1 − λ1)2 + (µ2 − λ2)2 + (µ1 − λ1)(µ2 − λ2)

(µ1 − λ1)(µ2 − λ2)(µ1 − λ1 + µ2 − λ2)
,

(14)

RT∼S =
3

2(µ1 − (λ1 + λ2))
. (15)

Formulae (14) and (15) are derived using the response
time (sojourn time) distribution of an arbitrary job
in an M/M/1 queue. For (14), let Y1 and Y2 denote
the response time of a job in two M/M/1 queues
with arrival and service rates (λ1, µ1) and (λ2, µ2),
respectively. We have, RT∼S = E[max(Y1, Y2)] and
after some calculations we obtain (14). As for (15) is
obtained by the same formula RT∼P = E[max(Y1, Y2)],
where Y1 and Y2 follow the same sojourn time
distribution of an M/M/1 queue with arrival rate
λ1 + λ2 and service rate µ1, as jobs of both types are
fed to the same queue.

Parallel architecturemodel. When the behavior of the
parallel architecture is modeled as the CTMC shown
in Section 4.2, the mean response time of any job in the
parallel architecture is given by

RTP =
E[L1] + E[L2]

λ1 + λ2(1− Pb)
, (16)

due to Little’s law. Pb represents the blocking
probability of a type 2 job, and E[L1] and E[L2]
represent the average number of jobs of type 1 and
type 2 in the system, respectively. Pb, E[L1], E[L2] are
expressed as follows.

Pb =
∞∑
i=0

πP(i,K), (17)

E[L1] = πP2 (RP (I −RP )−2 + 2(I −RP )−1)eP12+

πP1 eP11, (18)
E[L2] = πP0 eP20 + πP1 eP21 + πP2 (I −RP )−1eP22,

(19)

where eP11 and eP12 are column vectors of size 5K + 1
and 5K + 7, respectively, with all elements being 1.
Also, eP20, eP21 and eP22 are given by

eP20 = (0, 1, . . . ,K, 1, 2, . . . ,K)T ,
eP21 = (0, 0, 1, . . . ,K, 1, 2, . . . ,K, 1, 2, . . . ,K, 1, 2, . . .

,K, 2, 3, . . . ,K)T ,
eP22 = (0, 0, 1, . . . ,K, 1, 2, . . . ,K, 1, 2, . . . ,K, 1, 2, . . . ,

K, 1, 2, . . . ,K, 2, 3, . . . ,K, 2, 3, . . . ,K)T .

The expectations E[L1] and E[L2] are first expressed
in terms of the stationary probabilities using the
definition, and after some rearrangements using (3),
(18), and (19) follow.

Shared architecture model. For the shared
architecture modeled as the CTMC shown in
Section 4.3, the mean response time is given by

RTS =
E[Ls]

λ1 + λ2
, (20)

due to Little’s law.

E[Ls] represents the average number of jobs in the
system, and it is expressed as follows.

E[LS ] =πS0 (eS10 + 2eS20 + 3eS30 + 4eS40)+

πS1RS(I −RS)−2eS1+ (21)
πS1 (I −RS)−1(eS1 + eS11 + 2eS21 + 3eS31 + 4eS41),

where eS1 is column vectors of size 9 and
eS10, eS20, eS30 and eS40 are column vectors of
size 15 and eS11, eS21, eS31 and eS41 are column vectors
of size 9 and are given by

eS10 = (0, 1, 1, 0, 1, 1, 0, . . . , 0)T ,
eS20 = (0, 0, 0, 1, 0, 0, 1, 0 . . . , 0)T ,
eS30 = (0, 0, 0, 0, 0, 0, 0, 0, 1, 1, 0, 1, 1, 0, 0)T ,
eS40 = (0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 1, 1)T ,
eS11 = (1, 0, 1, 0, . . . , 0)T ,
eS21 = (0, 1, 0, 1, . . . , 0)T ,
eS31 = (0, 0, 0, 0, 1, 0, 1, 0, 0)T ,
eS41 = (0, 0, 0, 0, 0, 1, 0, 1, 1)T .

The expectation E[LS ] is first expressed in terms of the
stationary distribution, and using thematrix geometric
form (8), (21) follows.

We can also derive the distribution of RTS . Assuming
that the number of jobs existing in the system when
a tagged job arrives at the system is k, the state when
(k+ 1) jobs leave the system is the absorbing state. The
duration from the time when the tagged job arrives
until the time that the job leaves the system follows a
phase-type distribution whose infinitesimal generator
Q∗S is expressed as follows. Here, the transition rate
matrix for the temporary (transient) state, excluding
the taboo state, is given by Q̂S .

Q∗S =

(
0 O

q̂TS Q̂S

)
, (22)

where q̂TS = −Q̂S1T . We define ak+1 as a
vector appropriately arranged using steady-state
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probabilities depending on the state reached when the
tagged job arrives at the system, and a = (a1, a2, . . . ).
Besides, we define a0 as the sum of the steady-state
probabilities that the job leaves the system immediately
after the arrival. Therefore, the distribution function
and probability density function of the response time
of any job are defined as follows using the phase-type
distribution whose initial state distribution is given by
a∗ = (a0, a).

F (t) = 1− a exp{Q̂St}1T , (t ≥ 0), (23)
f(t) = a exp{Q̂St}q̂TS , (t > 0). (24)

It should be noted that because we consider an infinite
buffer, the size of the matrix Q̂S is infinite, but we
appropriately truncate it in numerical computation.

Furthermore, we define the response time of the pair
as the response time of the pair of jobs that have
completed the comparison process.

5.3 Energy consumption
We measure the energy consumption of a multi-input
AIoT system by the amount of energy consumed in the
ML modules and the comparison unit. Assuming that
the system is implemented with the same hardware
and the same model, we use the normalized measure
such that the energy consumption in processing state
is 1 and that in idle state is α ∈ (0, 1).

Simple models. For the simple queueing models,
we do not consider the energy consumption in the
comparison unit. Therefore, the energy consumption
of the parallel architecture EC∼P and the shared one
EC∼S can be calculated by

EC∼P =
(1− α)λ1

µ1
+

(1− α)λ2
µ2

+ 2α, (25)

EC∼S =
(1− α)(λ1 + λ2)

µ1
+ α. (26)

Parallel architecture model. Define ECPm1,ECPm2

and ECPc as the energy consumption of the module
1, module 2, and the comparison unit in parallel
architecture, respectively, as follows.

ECPm1 =(1− α)(πP1 e
∗
P11 + πP2 (I −RP )−1e∗P12)+

α, (27)
ECPm2 =(1− α)(πP1 e

∗
P20 + πP1 e

∗
P21+

πP2 (I −RP )−1e∗P22) + α, (28)
ECPc =(1− α)(πP1 e

∗
P31 + πP2 (I −RP )−1e∗P32)+

α. (29)

where e∗P20 is a column vector of size 2K + 1 with
all elements in K + 2 ∼ 2K + 1 rows being 1 and
the other elements being 0; e∗P11 is a column vector of
size 5K + 1 and with all elements in 2 ∼ K + 2 and
3K + 3 ∼ 4K + 2 rows being 1 and the other elements
being 0; e∗P21 is a column vector of size 5K+1 andwith
all elements inK + 3 ∼ 2K + 2 and 3K + 3 ∼ 5K + 1
rows being 1 and the other elements being 0; e∗P31 is a
column vector of size 5K + 1 and with all elements in
2K + 3 ∼ 3K + 2 and 4K + 3 ∼ 5K + 1 rows being 1
and the other elements being 0; e∗P12 is a column vector
of size 7K and with all elements in 2 ∼ K + 2 and
3K + 3 ∼ 5K + 2 and 6K + 2 ∼ 7K rows being 1 and
the other elements being 0; e∗P22 is a column vector of
size 7K and with all elements inK + 3 ∼ 2K + 2 and
3K + 3 ∼ 4K + 2 and 5K + 3 ∼ 7K rows being 1 and
the other elements being 0, and e∗P32 is a column vector
of size 7K and with all elements in 2K + 3 ∼ 3K + 2
and 4K + 3 ∼ 7K rows being 1 and the other elements
being 0. The total energy consumption of the parallel
ML modules, which does not include the comparison
unit, is given by

ECP = ECPm1 + ECPm2. (30)

Shared architecture model. Define ECS and ECSc as
the energy consumption of the ML module and the
comparison unit in shared architecture, respectively,
as follows.

ECS = (1− α)(πS0 e
∗
S10 + πS1 (I −RS)−1e∗S11) + α,

(31)
ECSc = (1− α)(πS0 e

∗
S20 + πS1 (I −RS)−1e∗S21) + α.

(32)

where e∗S10, e∗S20, e∗S30, and e∗S40 are column vectors of
size 15 and e∗S11, e∗S21, e∗S31, and e∗S41 are column vectors
of size 9 and are given by

e∗S10 = (0, 1, 1, 0, 1, 1, 0, . . . , 0)T ,
e∗S20 = (0, 0, 0, 1, 0, 0, 1, 0 . . . , 0)T ,
e∗S30 = (0, 0, 0, 0, 0, 0, 0, 0, 1, 1, 0, 1, 1, 0, 0)T ,
e∗S40 = (0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 1, 1)T ,
e∗S11 = (1, 0, 1, 0, . . . , 0)T ,
e∗S21 = (0, 1, 0, 1, 0, . . . , 0)T ,
e∗S31 = (0, 0, 0, 0, 1, 0, 1, 0, 0)T ,
e∗S41 = (0, 0, 0, 0, 0, 1, 0, 1, 1)T .

6 Experiments
We compare the parallel and the shared architectures
for a multi-input AIoT system with respect to the
performance metrics defined in Section 5. We conduct
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both Monte Carlo simulations and numerical analyses
to confirm the evaluation results. To show the
effectiveness of the proposed models, we also compare
the results obtained by the analysis of simple queueing
models presented in Section 4.1. In the simulation,
we started with the state that the system is empty, i.e.,
all the components of the Markov chains are 0. Then
we simulate 1100000 events (transitions of the Markov
chain) while the first 100000 events are discarded and
the rest 1000000 events are used to take the average
of the performance measures. With this setting, in all
the experiments, we confirm high consistency between
simulation and analysis for the same model.

6.1 Throughput
As the throughput of the parallel and the shared
architectures was evaluated in [13], we only highlight
the comparison results and show new results here. The
previous study observed that the parallel architecture
generally achieves higher throughput than the shared
one, especially when the service rate is high. The
result can be simply interpreted as the difference
in the computing resources available in the parallel
architecture, which is twice as large as the shared
one. However, it is noted that the throughput is
not proportional to the number of modules. The
throughput of the parallel architecture with two ML
modules is approximately 1.4 times compared to the
throughput of the shared architecture [13]. It is caused
by the difference in the processing at the comparison
unit.

Since we also consider the simple queuing models that
give the approximated performance evaluations, we
compare TPP ,TPS with TP∼P ,TP∼S (the throughput
for the simple queueing models) under the same
parameter conditions. For the parallel architecture, we
fix µ = 50,K = 80, λ1 = 1.4, 2.4, λ2 = 1.5, 2.5. For the
shared architecture, we fix µ = 50, λ1 = λ2 = 1.5, 2.5.
Figures 3 and 4 show the comparison results of the
parallel and the shared architectures, respectively, by
varying the value of µ1 = µ2.

In Figure 3, we observe that the value of TPP is not
muchdifferent from the value of the simplemodelTP∼P
for the same parameter setting. On the other hand,
when we look at Figure 4, the value of TPS is about
2
3 of the value of the simple model TP∼S regardless of
the value of µ1 = µ2. The simple queueing model
can be used to obtain the approximated throughput
for the parallel architecture, but it is not accurate for
estimating the throughput of the shared architecture.

Figure 3. TPP and the throughput of the simple model
TP∼

P by varying the value of µ1, µ2.

Figure 4. TPS and the throughput of the simple model
TP∼

S by varying the value of µ1, µ2.

6.2 Response time
Next, we consider the response time. We evaluate
the response time of any job by varying the value of
µ1 = µ2 with µ = 50,K = 80 while in the parallel
architecture, λ1 is fixed to 0.9, 1.4, 1.9, 2.4 and λ2 is
fixed to 1.0, 1.5, 2.0, 2.5 and in the shared architecture,
λ1, λ2 are fixed to 1.0, 1.5, 2.0, 2.5. Figures 5 and 6
show the results of the response times of the parallel
and the shared architectures, respectively. As we
can observe, the value of RTP and RTS decrease as
the value of µ1, µ2 increases. The value of RTP is
almost insensitive when µ1, µ2 is larger than a certain
value. When µ1, µ2 > 3, the value of RTS is much
smaller than the value of RTP regardless of the value

Figure 5. Response time of any job of the parallel
architecture RTP by varying the value of µ1, µ2.
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Figure 6. Response time of any job of the shared
architecture RTS by varying the value of µ1, µ2.

Figure 7. Distribution of response time of any job of the
parallel architecture by varying the value of µ1, µ2.

of λ1, λ2. The results show the advantage of the shared
architecture in the mean response time measure. It
should be noted that RTS calculated here represents
the mean response time for all jobs, including those
thatmay be temporarily deferred due to being the same
type as the preceding job.

Next, we compute the distribution of the response
time of any job with µ = 50, µ1 = µ2 = 4.0,K =
80, λ1 = 1.4, λ2 = 1.5 in the parallel architecture and
µ = 50, µ1 = µ2 = 4.0, λ1, λ2 = 1.5 in the shared
architecture. Figures 7 and 8 show the results of the
parallel and the shared architectures, respectively.

Figure 8. Distribution of response time of any job of the
shared architecture by varying the value of µ1, µ2.

Figure 9. Response time of pair of the parallel architecture
RTP and the simple model RT∼

P by varying the value of
µ1, µ2.

Figure 10. Response time of pair of the shared architecture
RTS and the simple model RT∼

S by varying the value of
µ1, µ2.

Finally, we compare the response times of the parallel
and the shared architectures with µ = 50,K = 80
and the results computed from the simple queueing
models. For the parallel architecture, λ1 is fixed to
1.4, 2.4 and λ2 is fixed to 1.5, 2.5, while for the shared
architecture, λ1, λ2 are fixed to 1.5, 2.5. Figures 9 and
10 show the comparison results of the parallel and the
shared architectures, respectively, by varying the value
of µ1 = µ2.

We observe that the value of RTP is much smaller
than the value of the simple model RT∼P for the
same parameter setting. On the other hand, the
value of RTS is not much different from the value
of the simple model RT∼P . The results imply that
our proposed model is especially necessary for the
accurate evaluation of the response time of the parallel
architecture.

From Figures 9 and 10, it is also confirmed that the
mean response time of the parallel architecture is
much longer than that of the shared one. It should
be noted that the mean response time for the shared
architecture did not account for jobs in front of the
buffer, disregarded because they were the same type
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Figure 11. Energy consumption of the ML modules of the
parallel architecture ECP and the simple model RT∼

P by
varying the value of µ1, µ2.

Figure 12. Energy consumption of the ML module of the
shared architecture ECS and the simple model EC∼

S by
varying the value of µ1, µ2.

as the completed job. Furthermore, the response time
of a pair (that completed the comparison) is calculated
as the time of the job that entered the system earlier,
to ensure a safe evaluation. This complements the
observation in Figures 5 and 6.

6.3 Energy consumption
Finally, we compute the energy consumption of theML
modules in the parallel and the shared architectures
by varying the value of µ1 = µ2 with µ = 50,K = 80.
For the parallel architecture λ1 is fixed to 1.4, 2.4 and
λ2 is fixed to 1.5, 2.5, while for the shared architecture
λ1, λ2 are fixed to 1.5, 2.5. Figures 11 and 12 show
the results of the parallel and the shared architectures,
respectively. The results from the simple queueing
models are also shown in the graphs. The value
of ECP and ECS increases as the arrival rates λ1 =
λ2 increase, while the value decreases as the value
of µ1, µ2 increases to some extent, regardless of the
parallel and the shared architectures. It is clear that the
shared architecture has an advantage over the parallel
one in terms of energy consumption. This result is also
confirmed by an empirical study [25]. We observe that
the value of ECP is not much different from that of
the simple model EC∼P for the same parameter value if
µ1, µ2 are large enough. On the other hand, the value

Figure 13. Energy consumption of the comparison unit of
the parallel architecture ECPc by varying the value of

µ1, µ2.

Figure 14. Energy consumption of the comparison unit of
the shared architecture ECSc by varying the value of µ1, µ2.

ofECS is smaller than that of the simplemodelEC∼S for
the same parameter value. Using the simple queueing
model is inappropriate, especially when evaluating the
energy consumption of the shared architecture.

Next, we evaluate the energy consumption of the
comparison unit in the parallel and the shared
architectures by varying the value of µ1 = µ2 with
µ = 50,K = 80. For the parallel architecture, λ1 is
fixed to 0.9, 1.4, 1.9, 2.4 and for the shared architecture
λ1, λ2 are fixed to 1.0, 1.5, 2.0, 2.5. Figures 13 and
14 show the results of the parallel and the shared
architectures, respectively. As the value of µ1 = µ2
increases, the value of ECPc and ECSc increases at a
certain value. We observe that the value of ECPc is
smaller than the value of ECSc regardless of λ1, λ2.
The shared architecture is much more energy efficient
than the parallel one, despite its lower throughput.

7 A guide to reliable AIoT system design
The goal of quality design formulti-inputAIoT systems
is to achieve high reliability and performance with a
smaller energy consumption. From the numerical and
simulation results on the proposed queueing models,
we provide a guide to select the relevant architecture
as follows.

As introduced in Section 3, both the parallel and
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shared architectures determine the final output after
comparing the two predictions for the two types of
jobs. If the two prediction results are not consistent,
either one of the predictions is wrong, and hence the
comparison unit does not produce the final output.
Therefore, the probability that the system produces
the error output can be decreased by adopting either
the parallel or the shared architectures. The increased
reliability is attributed to the input data diversity from
two data sources (i.e., sensors), and hence we can
consider both architectures to improve the reliability.

In terms of throughput, the previous study showed
that the parallel architecture is preferable to the shared
one, especially when the processing rate µ1, µ2, and
µ are large [13]. However, if the response time and
the energy consumption are more concerned in the
applications, the shared architecture is considered a
better option according to our results. For example,
autonomous vehicles or robots may have stringent
limitations on their computing resources and latency
[17], and hence a multiple-input architecture in a
parallel configuration may not be acceptable. The
shared architecture, as a type ofmulti-inputML system
exploiting input data diversity, can be considered an
efficient design option that can improve reliability
with lower performance overheads. On the other
hand, the parallel architecture is considered another
type of multi-input AIoT system that potentially
exploits model diversity as well as input data
diversity by employing different ML models. The
resulting architecture is also called a double-model
double-input (DMDI) system that can achieve higher
output reliability than the shared architecture [7].
However, the reliability enhancement is fundamentally
attributed to the model diversity between the two
ML models, which requires a dedicated reliability
assessment using diversity metrics [8]. If the
performance and energy overheads estimated by
our models are acceptable, the parallel architecture
remains an option, given its higher throughput and
potential reliability improvements.

8 Conclusion
In this paper, we proposed queueing models for a
multi-inputAIoT systemunder two types of processing
schemes: the parallel and the shared architectures.
To compare the architectures, we defined the
performance metrics on the queueing models,
which are throughput, response time, and energy
consumption. The numerical and simulation results
showed that the shared architecture had an advantage

in the response time and energy consumption, while
the parallel architecture achieved a higher throughput.
We also showed that the proposed models could
make more precise performance estimation than the
conventional simple queueing models, and hence
would be useful in the design of reliable AIoT systems.

We focused on the basic components of a multi-input
AIoT system that has two input sources in this work.
As AIoT can be configured with more inputs and more
ML modules, in future work, we consider extending
the models for parallel and shared architectures with
more inputs and more modules.
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A Definition of infinitesimal generators
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jth column from the left of a block matrix is called
the (i, j) element of that matrix. For instance, the (i, j)
element of a block matrix A is denoted as (A)i,j .

A.1 Parallel architecture model
In this section, we describe each of the block matrices
used in the infinitesimal generator QP . First, B0 is
a (2K + 1)-order square matrix that represents the
transition of states such as the number of type 2 jobs
or states of module and comparison processing when
there are no type 1 jobs in the system. Each element
(B0)i,j is defined as follows.

(B0)i,j =



λ2 i = {2, ...,K,K + 2, ..., 2K}, j = i+ 1,

λ2 i = 1, j = K + 2,

µ2 i = {K + 2, ..., 2K + 1}, j = i−K,
Φ0

i,j i = j,

0 (otherwise),

where Φ0
i,j = −

(∑
j 6=iB0,i,j + λ1

)
.

B1 is a (5K + 1)-order square matrix that represents
the transition of states when there is one job of type 1 in
the system. Each element (B1)i,j is defined as follows.

(B1)i,j =



λ2 i ∈ I1, j = i+ 1,

λ2 (i, j) = (1,K + 3), (2, 3K + 3),

(2K + 3, 4K + 3),

µ2 i = {K + 4, ..., 2K + 2},
j = i+ 3K − 1,

µ2 i = {3K + 3, ..., 4K + 2}, j = i− 3K,

µ2 i = {4K + 3, ..., 5K + 1},
j = i− 2K + 1,

µ2 i = K + 3, j = 2K + 3,

µ1 i = {4, ...,K + 2}, j = i+ 4K − 1,

µ1 i = {3K + 3, ...4K + 2}, j = i− 2K,

µ1 i = 3, j = 2K + 3,

Φ1
i,j i = j,

0 (otherwise),

where Φ1
i,j = −

(∑2K+1
j=1 A1,i,j

∑
j 6=iB1,i,j + λ1

)
, and

I1 is the set defined as follows.

I1 := {3, ...,K + 1,K + 3, ..., 2K + 1, 2K + 4, ..., 3K + 1,

3K + 3, ..., 4K + 1, 4K + 3, ..., 5K}.

B2 is a 7K-order square matrix that represents the
transition of states when there are two or more jobs of
type 1 in the system. Each element (B2)i,j is defined
as follows.

(B2)i,j =



λ2 i ∈ I2, j = i+ 1,

λ2 (i, j) = (1,K + 3), (2, 3K + 3),

λ2 (i, j) = (2K + 3, 5K + 3),

(4K + 3, 6K + 2),

µ2 i = {K + 4, ..., 2K + 2}, j = i+ 5K − 2,

µ2 i = {3K + 3, ..., 4K + 2}, j = i− 3K,

µ2 i = {5K + 3, ..., 6K + 1}, j = i− 3K + 1,

µ2 i = {6K + 2, ..., 7K}, j = i− 2K + 2,

µ2 i = K + 3, j = 4K + 3,

µ1 i = {4, ...,K + 2}, j = i+ 6K − 2,

µ1 i = {3K + 3, ...5K + 2}, j = i− 2K,

µ1 i = 3, j = 4K + 3,

Φ2
i,j i = j,

0 (otherwise),

where Φ2
i,j = −

(∑5K+1
j=1 A2,i,j

∑
j 6=iB2,i,j + λ1

)
, and

I2 is the set defined as follows.

I2 := {3, ...,K + 1,K + 3, ..., 2K + 1, 2K + 4, ..., 3K + 1,

3K + 3, ..., 4K + 1, 4K + 4, ..., 5K + 1, 5K + 3, ..., 6K,

6K + 2, ..., 7K − 1}.

C0 is amatrix of size (2K+1)×(5K+1) that represents
the transition of the number of jobs of type 1 from 0 to
1. Each element (C0)i,j is defined as follows.

(C0)i,j =


λ1 i = {1, ...,K + 1}, j = i+ 1,

λ1 i = {K + 2, ..., 2K + 1}, j = i+ 2K + 1,

0 (otherwise).

C1 is a matrix of size (5K + 1)× (7K) that represents
the transition of the number of jobs of type 1 from 1 to
2. Each element (C1)i,j is defined as follows.

(C1)i,j =



λ1 i = {1, ..., 2K + 2, 3K + 3, ..., 4K + 2},
j = i,

λ1 i = {2K + 3, ..., 3K + 2}, j = i+ 2K,

λ1 i = {4K + 2, ..., 5K + 1}, j = i+ 2K − 1,

0 (otherwise).

C2 is a 7K-order square matrix that represents the
transition of the number of in-system jobs of type 1
from i to i+ 1 (i ≥ 2), defined as

C2 = diag(λ1, ..., λ1).
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A1 is amatrix of size (5K+1)×(2K+1) that represents
the transition of the number of jobs of type 1 from 1 to
0. Each element (A1)i,j is defined as follows.

(A1)i,j =


µ i = {2K + 3, ..., 3K + 2}, j = i− 2K − 2,

µ i = {4K + 3, ..., 5K + 1}, j = i− 3K − 1,

0 (otherwise).

A2 is a matrix of size (7K)× (5K + 1) that represents
the transition of the number of jobs of type 1 from 2 to
1. Each element (A2)i,j is defined as follows.

(A2)i,j =



µ i = {2K + 5, ..., 3K + 2}, j = i+ 2K − 2,

µ i = {4K + 3, ..., 5K + 2}, j = i− 4K − 1,

µ i = {5K + 3, ..., 6K + 1}, j = i− 4K,

µ i = {6K + 2, ..., 7K}, j = i− 3K + 1,

µ (i, j) = (2K + 3, 1), (2K + 4, 2K + 3),

0 (otherwise).

A3 is a 7K-order square matrix that represents the
transition of the number of Type 1 jobs from i to i −
1 (i ≥ 3). Each element (A3)i,j is defined as follows.

(A3)i,j =



µ i = {2K + 5, ..., 3K + 2}, j = i+ 4K − 3,

µ i = {4K + 3, ..., 5K + 2}, j = i− 4K − 1,

µ i = {5K + 3, ..., 6K + 1}, j = i− 4K,

µ i = {6K + 2, ..., 7K}, j = i− 3K + 1,

µ (i, j) = (2K + 3, 1), (2K + 4, 4K + 3),

0 (otherwise).

A.2 Shared architecture model
Next, we describe each of the block matrices used in
the infinitesimal generator QS . First, A0 is a 9th-order
square matrix that represents the transition of the
number of jobs in the buffer from i to i + 1 (i ≥ 1),
defined as follows

A0 = diag(λ1 + λ2, ..., λ1 + λ2).

B0 is a 15th-order square matrix that represents the
transition of states when the number of jobs in the
buffer is zero. Each element (B0)i,j is defined as
follows.

(B0)1,3 = (B0)5,7 = (B0)8,10 = (B0)12,14 = λ1,

(B0)1,6 = (B0)2,4 = (B0)8,13 = (B0)9,11 = λ2,

(B0)3,2 = (B0)7,8 = (B0)10,9 = (B0)14,15 = µ1,

(B0)4,8 = (B0)6,5 = (B0)11,15 = (B0)13,12 = µ2,

(B0)8,1 = (B0)9,2 = · · · = (B0)15,8 = µ.

Denoting I := {1, 2, ..., 15}, J := {1, 2, ..., 9}, i ∈ I , we
define the diagonal components of B0 as follows.

(B0)i,i = −

 ∑
j∈I\{i}

(B0)i,j +
∑
j∈J

(C0)i,j

 .

The other elements of (B0)i,j are all 0.

C0 is amatrix of size 15×9 that represents the transition
of the number of jobs in the buffer from 0 to 1. Each
element (C0)i,j is defined as follows.

(C0)3,1 = (C0)4,2 = (C0)6,3 = (C0)7,4 = (C0)10,5

= (C0)11,6 = (C0)13,7 = (C0)14,8 = (C0)15,9 = λ1 + λ2.

The other elements of (C0)i,j are all 0.

Bk (k ≥ 1) is a matrix of size 9× 15 that represents the
transition of the number of jobs in the buffer from k to
0. Each element (Bk)i,j is defined as follows.

(Bk)1,2 = (Bk)5,9 = µ1(λ̃1)
k,

(Bk)1,4 = (Bk)5,11 = µ1(λ̃1)
k−1λ̃2,

(Bk)3,7 = (Bk)7,14 = µ2(λ̃2)
k−1λ̃1,

(Bk)3,5 = (Bk)7,12 = µ2(λ̃2)
k.

where λ̃1 = λ1
λ1+λ2

and λ̃2 = λ2
λ1+λ2

.

Also, we define the following elements (B1)i,j .

(B1)4,10 = µ1λ̃1, (B1)4,13 = µ1λ̃2,

(B1)2,10 = µ2λ̃1, (B1)2,13 = µ2λ̃2,

(B1)9,3 = µλ̃1, (B1)9,6 = µλ̃2.

The other elements of (Bk)i,j (k ≥ 1) are all 0.

Ak (k ≥ 2) is a 9th-order square matrix that represents
the transition of the number of jobs in the buffer
decreasing by k− 1. Each element (Ak)i,j is defined as
follows.

(Ak)1,2 = (Ak)5,6 = µ1(λ̃1)
k−2λ̃2,

(Ak)3,4 = (Ak)7,8 = µ2(λ̃2)
k−2λ̃1.

Also, we define the following elements (A2)i,j .

(A2)4,5 = µ1λ̃1, (A2)4,7 = µ1λ̃2, (A2)2,5 = µ2λ̃1,

(A2)2,7 = µ2λ̃2, (A2)9,1 = µλ̃1, (A2)9,3 = µλ̃2.
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The other elements of (Ak)i,j (k ≥ 2) are all 0.
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