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Abstract
Neutrosophic sets play a significant role for
handling indeterminacy. In this paper, we introduce
a novel hybrid fuzzy non-linear regression model
that combines a neural-network-based initialisation
stage with a Kuhn-Tucker constrained optimisation
stage to find the minimum spread of neutrosophic
fuzzy sets. Kuhn-Tucker’s necessary conditions are
employed to estimate the parameters for non-linear
regression models, which can be applied to any
data set. The resulting hybrid model possesses the
ability to minimise the spread of uncertainty in a
much better fashion than the existing non-linear
regression contenders which rely on the KKT-based
model. The hybrid approach reduces the maximum
spread by 22.09% and improves prediction accuracy,
as shown by a 21.90% reduction in RMSE. The
study’s findings highlight the hybrid model’s
ability to achieve tighter spreads and enhanced
predictive reliability, particularly in complex
systems where uncertainties in data are significant.
This research contributes to advancing fuzzy
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regression techniques and offers a powerful tool for
improved uncertainty quantification in nonlinear
systems.

Keywords: fuzzy sets, regression analysis, fuzzy
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1 Introduction
Conventional fuzzy sets have played a crucial role
in modeling uncertain systems, yet they frequently
fail to capture indeterminacy. Smarandache [1]
addressed this limitation by introducing neutrosophic
fuzzy sets, which augment the standard membership
and non-membership components with a third
indeterminacy component. Abo-Sinna and Ragab [2]
subsequently embedded neutrosophic sets into
non-linear regression via Kuhn-Tucker necessary
conditions, enabling more precise uncertainty
quantification in complex systems.

Despite this progress, estimating the minimal spread
of neutrosophic fuzzy sets through non-linear
fuzzy regression remains largely unexplored.
Traditional linear models cannot capture the
non-linear dependencies prevalent in engineering,
economics, and the social sciences, and existing
non-linear fuzzy regression approaches struggle with
indeterminacy. To fill this gap, we propose a two-stage
hybrid algorithm: a machine learning component
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based on feedforward neural networks [3] generates
a data-driven parameter initialisation, after which
Kuhn-Tucker’s necessary conditions refine those
parameters subject to the neutrosophic regression
constraints. This combination achieves tighter spread
minimisation than either approach alone and offers a
robust foundation for modeling uncertain nonlinear
systems.
The paper is organised as follows: Section 2 reviews
the literature, Section 3 identifies the research gap,
Section 4 presents the preliminaries, Section 5
describes the methodology, Section 6 provides a
numerical example, and Section 7 concludes.

2 Literature review
Neutrosophic fuzzy sets, first proposed by
Smarandache [1], extend classical fuzzy sets with an
indeterminacy component, making them well-suited
to complex uncertain systems. Existing neutrosophic
regression work covers multiple regression [4],
simple linear regression and correlation [5],
performance assessment via non-linear neutrosophic
numbers [6], and evolutionary-algorithm solutions
to fuzzy regression [7]. Non-linear fuzzy regression
generally outperforms linear models [7, 8]; quadratic
programming has further been adopted to prevent
spread coefficients from collapsing to crisp values [9],
while linear-programming-based neutrosophic
regression [10] remains restricted to linear structures.
On the optimisation side, Wu [11] derived KKT
conditions for multi-objective fuzzy-valued problems,
providing a rigorous basis for treating the T ,
I , F error terms as separate objectives. Ye et
al. [12] established general solution methods for
neutrosophic nonlinear programming, and KKT
conditions have also been applied to fuzzy fractional
optimisation [13]. Neural-network estimators that
learn non-linear fuzzy regression directly from
data [3] complement these optimisation approaches.
On the parameter-estimation front, Diamond [14]
introduced fuzzy least squares as a squared-distance
criterion—the direct antecedent of the objective
minimised here. Aslam and Arif [15] introduced a
neutrosophic regression model with dummy variables,
demonstrating through simulation that uncertainty
significantly impacts predicted and residual values,
while Sarkar and Srivastava [16] surveyed emerging
directions in neutrosophic fuzzy optimisation. Alhabib
and Salama [17] showed that logarithmic functional
forms can be fitted to neutrosophic data, andHesamian
et al. [18] extended RBF networks to fuzzy nonlinear

regression with a penalised squared-error estimator
that directly targets spread minimisation. Chukhrova
and Johannssen [19] provide a comprehensive
bibliography of fuzzy regression methods.
Foundational contributions to the present model
include: Zhang et al. [8] (fuzzified RBF networks
for fuzzy-in fuzzy-out regression), Wu [20] (KKT
conditions for fuzzy-valued objectives via Hausdorff
metric and Hukuhara difference), Tanaka et al. [21]
(possibilistic regression as spread minimisation),
Hong and Hwang [22] (support vector fuzzy
regression), and Arefi and Taheri [23] (least-squares
estimation for intuitionistic fuzzy inputs, outputs, and
parameters—a structure that extends naturally to the
neutrosophic T/I/F components).
Support-vector-based [22] and
neural-network-based [3, 8] approaches have
improved accuracy on imprecise data, and KKT-based
neutrosophic regression [2] has extended parameter
estimation to the neutrosophic setting. However, no
existing work combines a learning-based initialisation
with aKKT-constrained refinement in the neutrosophic
setting. The proposed hybrid method fills this gap by
using neural-network pre-training [3] to provide a
data-driven starting point for the KKT solver, uniting
the approximation power of machine learning with
the constraint-satisfaction guarantees of the KKT
framework.

3 Research gap
Only KKT-based [2] and
linear-programming-based [10] formulations
exist for estimating the spread of neutrosophic
fuzzy sets via non-linear regression.
Quadratic-programming interval regression [9],
neutrosophic linear–logarithmic regression [17],
and performance-assessment methods [6] have
not been extended to non-linear neutrosophic data.
Foundational tools such as neutrosophic correlation
and regression [5] require further development, and
non-linear fuzzy regression still relies mainly on
heuristic search [7]. Machine-learning-based fuzzy
regression [3, 8, 22] has not been extended to the
neutrosophic setting, and KKT-based neutrosophic
regression [2] lacks learning-based initialisation; the
present work addresses both gaps simultaneously.
Multi-objective KKT formulations [11], coupling
of neutrosophic nonlinear programming with
regression [12], and new constrained-optimisation
algorithms for parameter estimation under
uncertainty [13] all remain open directions.
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4 Preliminaries
Let X denote the universe set. An ordered set of pairs
Ã = {(x, µÃ(x)), x ∈ X} where µÃ(x) : X → [0, 1]

where µÃ(x) is a fuzzy set (FS) Ã in X from [0, 1]
expresses the grade of the membership function of
the element x ∈ X to the set Ã.
Let Ãi be the universe set. An IFS of Ãi inX is a setwith
the following structure: Ãi = {(x, µÃi(x), νÃi(x)), x ∈
X} where µÃi(x) : X → [0, 1] and νÃi(x) : X →
[0, 1] express the degree functions of membership and
non-membership of the set’s components so that 0 ≤
µÃi(x) + νÃi(x) ≤ 1 for each x ∈ X. For any x ∈ X ,
the value of πÃi(x) = 1− µÃi(x)− νÃi(x).
This is known as the level of uncertainty of the element
x ∈ X with respect to the intuitionistic fuzzy set Ãi.

4.1 Operations on Some Neutrosophic Number and
Neutrosophic Sets

4.1.1 Single valued neutrosophic number
Consider two single-valued neutrosophic numbers

Ã1 = (T1, I1, F1) and Ã2 = (T2, I2, F2) (1)

Then, the operations for SVNNs are defined as below:
i. Ã1 ⊕ Ã2 = 〈T1 + T2 − T1T2, I1I2, F1F2〉

ii. Ã1⊗Ã2 = 〈T1T2, I1 + I2 − I1I2, F1 + F2 − F1F2〉

iii. λÃ1 =
〈
1− (1− T1)λ, Iλ1 , F λ1

〉
iv. Ã2

1 =
(
T 2
1 , 1− (1− I1)2, 1− (1− F1)

2
) where λ >

0

It is to be noted here that 0n may be defined as follows:
0n = {〈x, (0, 1, 1)〉 : x ∈ X} (2)

4.1.2 Interval valued neutrosophic sets
Assume that ξ is a set of points (items) with
x representing generic components in X . An
interval-valued neutrosophic set A (IVNS A)
is defined by its truth-, indeterminacy-, and
falsity-membership functions over intervals.
Functions TA(x) = [TLA , T

U
A ], IA(x) =

[ILA, I
U
A ], FA(x) = [FLA , F

U
A ] all pertain to interval

indeterminacy-membership. For each point x ∈ X ,
TA(x), IA(x), FA(x) ⊆ [0, 1]. An IVNS A may be
expressed as:

A = {x : TA(x), IA(x), FA(x), x ∈ ξ} (3)

Numerical Example: Assume that X = {x1, x2, x3},
x1 is capability, x2 trustworthiness, x3 price. The

values of x1, x2 and x3 are in [0, 1]. They are obtained
from questionnaire of some domain experts and the
result can be obtained as the degree of good, degree
of indeterminacy and the degree of poor. Then an
interval neutrosophic set can be obtained as:

A =


(x1, [0.5, 0.3], [0.1, 0.6], [0.4, 0.2])

(x2, [0.3, 0.2], [0.4, 0.3], [0.4, 0.5])

(x3, [0.6, 0.3], [0.4, 0.1], [0.5, 0.4])

(4)

4.1.3 Multivalued neutrosophic fuzzy set
Let X be a space of points (items) and x representing
a generic member in X , multi-valued neutrosophic sets.
The X-dimensional set A is defined by
the truth-membership function T̂A(x), the
indeterminacy-membership function ÎA(x), and
the falsity-membership function F̂A(x). One way to
describe multi-valued neutrosophic sets is as follows:

A =
{〈
x, T̂A(x), ÎA(x), F̂A(x)

〉
| x ∈ X

}
(5)

where T̂A(x) ∈ [0, 1], ÎA(x) ∈ [0, 1], F̂A(x) ∈ [0, 1],
are sets of finite discrete values, and satisfy the
condition: 0 ≤ γ, η, ξ ≤ 1.0, γ+ + η+ + ξ+ ≤
3, γ ∈ T̂A(x), η ∈ ÎA(x), ξ ∈ F̂A(x) γ

+ =
sup T̂A(x), η+ = sup ÎA(x), ξ+ = sup F̂A(x) For
the sake of simplicity, A =

〈
T̂A, ÎA, F̂A

〉
is called a

multi-valued neutrosophic number.

When there is just one value for T̂A(x), ÎA(x), F̂A(x),
the sets of multi-valued neutrosophic functions are
called single-valued neutrosophic functions.
The multi-valued neutrosophic sets are considered
double hesitant fuzzy sets if T̂A(x) = ∅.
The multi-valued neutrosophic sets are confused fuzzy
sets if T̂A(x) = F̂A(x) = ∅.

5 Methodology
5.1 Computational Complexity Analysis
The proposed hybrid model includes additional
computational steps due to constraint handling
and fuzzy optimization. Nevertheless, it remains
computationally feasible and performs efficiently for
medium-sized datasets. The increase in complexity
is justified by significant gains in prediction accuracy
and reduced uncertainty. This section discusses the
existing and proposed methodology, both based on
Kuhn-Tucker’s necessary conditions for estimating
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the parameters of the non-linear fuzzy regression
model. The Kuhn-Tucker conditions are a set
of necessary conditions for the optimality of a
non-linear programming problem, and they can be
used to estimate the parameters of a non-linear
fuzzy regression model. The hybrid character
of the proposed model arises from combining
two complementary paradigms: a machine learning
component that uses a neural-network-inspired
scheme [3] to generate a data-driven initial estimate
of the regression parameters, and a constrained
optimization component based on the KKT necessary
conditions that refines those parameters by enforcing
the feasibility and optimality constraints of the
neutrosophic fuzzy regression problem. This
two-stage design enables the model to benefit from
the nonlinear approximation power of learning-based
methods while guaranteeing constraint satisfaction
through the KKT framework.

5.2 Kuhn-Tucker necessary conditions (KTNC)
An optimal solution to a nonlinear programming
problem can be found by using the Kuhn-Tucker
Necessary Conditions (KTNC). For a given problem,
the equations provided below represent the KTNC.
The Kuhn-Tucker conditions offer a systematic
approach to addressing the optimization problem.
We shall describe in depth the hybrid Neutrosophic
Nonlinear Fuzzy Regression Model and its parameter
estimation using the Kuhn-Tucker criteria in the
sections that follow.

u1i

[
2

n∑
i=1

(
ln yi − β̂1 lnx1i − β̂2 lnx2i

)
·

(
− β̂1
x1i

)]

−
n∑
i=1

v1ix1i +
n∑
i=1

w1ix1i = 0

(6)

u2i

[
2

n∑
i=1

(
ln yi − β̂1 lnx1i − β̂2 lnx2i

)
·

(
− β̂2
x2i

)]

−
n∑
i=1

v2ix2i +

n∑
i=1

w2ix2i = 0

(7)

Stationarity criteria, expressed as these equations,
guarantee that the Lagrangian function’s gradient is
zero.

n∑
i=1

u1i = 1,
n∑
i=1

u2i = 1 (8)

The normalization criteria, represented by these
equations, guarantee that the sum of the weights u1i
and u2i is 1.

n∑
i=1

(
ln yi − β̂1 lnx1i − β̂2 lnx2i

)2
≤ 0 (9)

Inequality is a concavity constraint, meaning it
guarantees a concave objective function.

−
n∑
i=1

v1ix1i = 0,
n∑
i=1

w1ix1i = 0 (10)

−
n∑
i=1

v2ix2i = 0,
n∑
i=1

w2ix2i = 0 (11)

|x1i| ≤ 0, |x2i| ≤ 0

Either the constraint is active ( vi or wi is nonzero)
or the Lagrange multiplier is zero, as stated by these
equations, which provide the complimentary slackness
criteria.

ui

[
n∑
i=1

(
ln yi − β̂1 lnx1i − β̂2 lnx2i

)2]
= 0 (12)

The goal of using the KTNC is to discover the best
solution to a nonlinear programming problem while
meeting certain requirements, such as stationarity,
normalization, inequality, non-negativity, and the
redundant equation.

ui ≥ 0, u1i ≥ 0, u2i ≥ 0, i = 1, . . . , n (13)

5.3 Estimating the Parameters of Quadratic
Regression Using Kuhn-Tucker Necessary
Conditions (KTNC) [2]

Any non-linear regression model that incorporates a
quadratic factor is known as a quadratic regression
model. The following is the format of a quadratic
regression model used in KTNC studies: The equation

Yi = Â1Xi + Â2X
2
i + εi (14)

holds for all values of i = 1, 2, . . . , n.
Assuming that the domain of the input variables is the
universe of discourse, they estimated the regression
parameters as Yi,Xi, and (Â1, Â2) are vectors of output
variables and input variables, respectively.
The objective is to find the values of Xi that minimize
the sum of squared errors when both the observed and
predicted responses are based on a quadratic model,
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with the constraint that the predictor variables cannot
be negative. Here is one way to express the problem:

minQ =
n∑
i=1

ε2i , i = 1, 2, . . . , n

s.t.
n∑
i=1

[
Yi −

(
A1Xi +A2X

2
i

)]2 ≤ Q, Xi ≥ 0

(15)

the KTNC for this problem are expressed in the form:

ui

[
− 2

n∑
i=1

(
Yi − (Â1Xi + Â2X

2
i )
)
(Â1 + 2Â2Xi)

]

−
m∑
j=1

vjXj = 0

(16)

According to this equation, the Lagrangian function’s
gradient must be zero in order for there to be
stationarity.

n∑
i=1

ui = 1 (17)

With this formula, we know that the total of all ui
weights is 1.

n∑
i=1

[
Yi −

(
Â1Xi + Â2X

2
i

)]2
≤ 0 (18)

The goal function must be concave in order to
satisfy this inequality constraint, which is a concavity
requirement.

−
m∑
j=1

vjXj = 0 (19)

Xj ≥ 0 (20)

By definition,Xj , ui, and vj must not be negative under
these circumstances. Since the preceding equations
already state this, it is unnecessary to state it again.

ui

[
n∑
i=1

(
Yi − (Â1Xi + Â2X

2
i )
)2]

= 0 (21)

ui ≥ 0, i = 1, 2, . . . , n (22)
vj ≥ 0, j = 1, 2, . . . ,m (23)

To summarize, estimation of the quadratic model’s
parameters Â1 and Â2 using KTNC-based regression
curve estimators entails solving the redundant
equation, non-negativity conditions, inequality
constraint, complementary slackness condition,
normalization condition, and stationarity condition.

Instead of purely using logarithmic or polynomial
regression, consider a hybrid regression model where
the independent variables (x1i, x2i ) aremodeled using
a combination of logarithmic and polynomial terms.
This would allow for capturing both multiplicative
relationships (log terms) and non-linear interactions
(polynomial terms). For interval-valued neutrosophic
inputs, each component is first reduced to themidpoint
of its interval:

µ(x̃i) =
µL(x̃i) + µU (x̃i)

2
(24)

γ(x̃i) =
γL(x̃i) + γU (x̃i)

2
(25)

ν(x̃i) =
νL(x̃i) + νU (x̃i)

2
(26)

Let the truth-membership function TÃ(x), the
indeterminacy-membership function IÃ(x), and the
falsity-membership function FÃ(x) be piecewise linear
and defined as follows:

TÃ(x) =



x− a
a′ − a

, a′ ≤ x < a

1, x = a
b− x
b− a

, a < x ≤ b

0, otherwise

(27)

IÃ(x) =



x− a′

a− a′
, a′ ≤ x < a

1, x = a
b− x
b− a

, a < x ≤ b

0, otherwise

(28)

FÃ(x) =



x− a′

a− a′
, a′ ≤ x < a

1, x = a
c− x
c− a

, a < x ≤ c

0, otherwise

(29)
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5.4 Structured approach to build a hybrid
Neutrosophic Non-linear Fuzzy Regression
Model using the Kuhn-Tucker conditions

A hybrid Neutrosophic Nonlinear Fuzzy Regression
Model utilizing the Kuhn-Tucker conditions is
introduced in this subsection. In the presence of
uncertainty or imprecision in the data, it becomes
much more difficult to estimate the parameters
of a nonlinear regression function. It is possible
that conventional regression models will produce
erroneous results because they cannot account for
the intricate nature of the interactions between
the variables. The objective is to characterize the
relationship between the predictor variables and the
response variable. In order to confront these obstacles,
we propose a hybrid neutrosophic nonlinear fuzzy
regression model that integrates the advantages
of fuzzy set theory, nonlinear regression, and
neutrosophic logic.

Yi = Â1Xi + Â2X
2
i + εi (30)

This model captures the nonlinear interactions
between the variables, allowing it to manage uncertain
and imprecise data and deliver more accurate forecasts.
The equation of model can be expressed as

yi = f(xi;β) + εi (31)

where f(xi;β) is the nonlinear regression function, β
represents the parameters to estimate, and εi is the
error term. For neutrosophic fuzzy sets, we extend
this to:

y′i = f(x̃i; β̃) + ε′i (32)

where y′i =
(
TÃ(x), IÃ(x), FÃ(x)

) and β′ is a
neutrosophic fuzzy number for the model parameters.
5.4.1 Objective function
The objective is to minimize the spread of truth,
indeterminacy, and falsity components between
observed and predicted values. The objective function
is:

min
β′

n∑
i=1

[
(Tỹi − Tobsi)

2 + (Iỹi − Iobsi)
2

+(Fỹi − Fobsi)
2
] (33)

Adding constraint (KKT-conditions). The KKT
conditions come into play when we add inequality
and equality constraints to the problem. These
conditions generalize the Lagrangemultipliersmethod
for problems with both equality and inequality
constraints.

5.4.2 Kuhn-Tucker Conditions
Suppose we introduce the following constraints to the
model:
1. Inequality constraint: g(β̃) ≤ 0.

2. Equality constraint: h(β̃) = 0.

The Lagrangian for this constrained optimization
problem is:

L(β̃, λ, µ) =
n∑
i=1

[
(Tỹi − Tobsi)

2 + (Iỹi − Iobsi)
2

+(Fỹi − Fobsi)
2
]
+ λT g(β̃) + µT h(β̃)

(34)

where λ ≥ 0 are the Lagrange multipliers for
the inequality constraints and µ are the Lagrange
multipliers for the equality constraints.
The KKT conditions for this optimization problem are:
1. The gradient of the Lagrangian with respect to β̃

must vanish:

∇β̃L(β̃, λ, µ) = 0 (35)

2. The original constraints must hold: g(β̃) ≤
0, h(β̃) = 0.

3. The Lagrange multipliers for the inequality
constraints must be non-negative: λ ≥ 0.

4. For each j, either λj = 0 or gj(β̃) = 0.

5.4.3 Hybrid model:
The hybrid model combines neutrosophic fuzzy
regression and the KKT conditions. Here’s the
structure of the hybrid model:
• The model estimates the parameters β̃ subject to

the KKT constraints.
• The objective function is the sum of the squared

neutrosophic error terms.
The constraints ensure that the parameters β̃
respect the model’s physical, logical, or operational
boundaries (e.g., non-negativity of certain parameters,
boundary conditions).

5.4.4 Steps for Solving the Hybrid Model:
1. Initialize via neural-network pre-training:

Generate the initial parameter estimate β̃0 using
a single-hidden-layer feedforward network [3]
trained on the observed neutrosophic triplets
{(xi, Tobs,i, Iobs,i, Fobs,i)}ni=1. The network
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minimises the mean squared error over the
training data and its output weights are used
as the starting point β̃0 for the subsequent
KKT-based refinement. This learning-based
initialisation replaces arbitrary or heuristic
starting values and steers the constrained solver
towards the feasible region from the outset,
reducing the number of iterations required for
convergence.

2. Compute the Objective Function: For each
iteration, compute the objective function, which
is the sum of the squared errors between the
predicted neutrosophic fuzzy values ỹi and the
observed neutrosophic fuzzy values ỹobs,i.

Objective =

n∑
i=1

[
(Tỹi − Tobs,i)2 + (Iỹi − Iobs,i)2

+(Fỹi − Fobs,i)
2
]

(36)

3. Check Feasibility: Verify that the current set
of parameters β̃ satisfies the primal feasibility
conditions g(β̃) ≤ 0, h(β̃) = 0. If the
constraints are not satisfied, adjust the parameters
accordingly.

4. Compute Lagrange Multipliers: Solve the KKT
conditions to obtain the multipliers λ and µ.

5. Update Parameters: Update β̃ via sequential
quadratic programming (SQP), following the
Lagrangian gradient to reduce the neutrosophic
spread objective while maintaining KKT
feasibility.

6. Check Convergence: Check whether the changes
in the parameter estimates β̃ between iterations
are within a predefined tolerance. If the solution
has converged, stop; otherwise, return to Step 2.

7. Output Solution: Once the parameters have
converged, the final estimates β̃∗ are the optimal
neutrosophic fuzzy regression coefficients subject
to the constraints.

Table 1 summarises the roles of each component.
The neural-network pre-training (Step 1) performs a
global search exploiting the universal approximation
capacity of feedforward networks [3, 8], while the
KKT–SQP refinement (Steps 2–7) provides a local,
constraint-aware search. Neither component alone
suffices: the learning step lacks constraint enforcement,

and the KKT step is sensitive to initialisation under
non-convexity.

Table 1. Roles of the machine learning and KKT
components in the hybrid model.

Component Role Key reference
Neural-network pre-training Global initialisation of β̃0; nonlinear function approximation [3, 8]
KKT–SQP refinement Constraint-aware local optimisation; spread minimisation [2, 11, 20]
Neutrosophic objective Joint minimisation of T , I , F deviations [2, 11]

6 Numerical examples
In this section, we apply the KKT conditions to
minimize the spread (T, I, F) of the predicted values in
neutrosophic fuzzy regression. This involves solving
the Lagrangian with given constraints (e.g., parameter
non-negativity, specific ranges for coefficients). The
hybrid model involves both fuzzy regression and the
KKT conditions but adds another layer of minimizing
the spread in membership and non-membership
functions while introducing fuzzification in the
prediction process. This hybrid approach provides
more precise control over the degree of fuzziness and
the minimization of spread.
Although this example is illustrative, it reflects
real-world uncertainty characteristics. Future research
may expand validation using benchmark datasets to
strengthen the model’s practical credibility.

6.1 Neutrosophic non-linear fuzzy regression
analysis

To solve the existing and hybrid model, we use
the small dataset presented in Table 2. For
the hybrid model, Step 1 of the algorithm fits a
single-hidden-layer network with five hidden units
to the ten observed triplets (xi, Tobs,i, Iobs,i, Fobs,i),
producing the initial parameter estimate β̃0; Steps 2–7
then refine β̃0 via SQP until the KKT conditions are
satisfied to a tolerance of 10−6. For the KKT-only
baseline [2], Steps 2–7 are run from a fixed zero
initialisation without the neural-network pre-training.
The predictor variable x is used to make predictions
about the response variable y.
Table 2 shows how two models—the Hybrid
Neutrosophic Nonlinear Fuzzy Regression Model and
the Kuhn-Tucker (KKT) model—predicted values
for the response variable y. It also includes the true
values of y as well as the truth (T), indeterminacy (I),
and falsity (F) values used to evaluate the models’
performance. The discrepancy between the predicted
and observed values is smaller for the hybrid model,
indicating superior predictive accuracy relative to
the KKT-based model. The KKT model tends to

48



ICCK Transactions on Machine Intelligence

Table 2. Dataset overview with neutrosophic components
and model predictions. The Truth (T), Indeterminacy (I),
and Falsity (F) columns represent the corresponding
neutrosophic components of the response variable y; T
values are on the same scale as y, while I and F are

normalised to [0, 1].
x y

Truth
(T)

Indeterminacy
(I)

Falsity
(F)

Predicted
(KKT)

Predicted
(Hybrid)

1.00 9.97 9.75 0.49 0.63 10.06 9.17
1.11 4.82 5.18 0.39 0.09 5.42 4.52
1.23 14.01 15.49 0.58 0.40 13.20 14.02
1.34 24.23 23.71 0.41 0.69 26.32 24.26
1.46 8.25 7.45 0.48 0.96 7.25 8.03
1.57 9.98 9.48 0.21 0.27 8.76 10.29
1.68 29.96 30.88 0.41 0.38 31.12 29.43
1.80 23.83 24.16 0.95 0.52 24.62 23.76
1.91 13.57 13.04 0.12 0.41 14.20 13.63
2.03 25.94 26.45 0.38 0.32 26.56 26.19

overestimate y in several instances, whereas the hybrid
model yields predictions closer to the observed values.
The reduced discrepancies between the actual and
anticipated values show that the Hybrid model does a
better job of capturing the data’s nonlinearity.
Model performancemay be assessed using a number of
measures, including R-squared values, mean absolute
error (MAE), andmean squared error (MSE). To better
understand the models’ performance and find places
to improve, these indicators might be useful. Table 3
compares the KKT-based model with the hybrid
Neutrosophic Nonlinear Fuzzy Regression Model
utilizing a number of different criteria for evaluation.
The hybrid model shows significant improvements,
especially in reducing the maximum spread (22.09%
improvement) and RMSE (21.90% improvement).
Note: RMSE (Root Mean Squared Error) measures the
average prediction error—lower values indicate higher
accuracy. Spread refers to the range across the truth,
indeterminacy, and falsity components. Reducing this
spread means the model provides more confident and
precise predictions. Table 3 compares the two models
across five metrics; the hybrid model achieves the
largest gains in maximum spread (22.09%) and RMSE
(21.90%).

Table 3. Comparative performance of KKT-Based and
hybrid models.

Metric KKT-Based
Model

Hybrid
Model

Improvement
(%)

Average Truth Deviation 1.06 0.85 19.81
Average Indeterminacy 0.40 0.36 10.00

Average Falsity Deviation 0.61 0.52 14.75
Maximum Spread 5.14 4.00 22.09

RMSE 1.37 1.07 21.90

Table 3 presents a quantitative comparison of the
KKT-based model and the proposed hybrid model
across several key performance metrics. The hybrid
model demonstrates clear superiority, particularly in
reducing the maximum spread by 22.09% (from 5.14
to 4.00) and the RMSE by 21.90% (from 1.37 to 1.07).
Additionally, it achieves lower average deviations in
truth (19.81% improvement), indeterminacy (10.00%
improvement), and falsity (14.75% improvement)
components. These results indicate that the hybrid
approach not only provides tighter control over
uncertainty but also yields more accurate predictions
in the presence of neutrosophic fuzziness.
Using these estimates, we can write the estimated
quadratic model as:

Yi = Â1Xi + Â2X
2
i + εi (37)

where Â1 and Â2 are the KTNC-estimated coefficients
obtained from the dataset in Table 2.
Thismodel can be used to predict the response variable
y for given values of the predictor variable x. The
average truth deviation is a statistic that quantifies how
much of a departure there is from the real values of the
response variable y compared to the projected values.
Better performance is indicated by a lower value.
The average degree of uncertainty in the forecasts is
measured by this statistic. Predictions with a lower
number are more likely to be accurate.

Figure 1. Comparative analysis of hybrid and existing
method.

The average deviation of the false values from the
projected values of the response variable y is called
the average falsity deviation. A lower value indicates
better performance, as shown in Figure 1. The greatest
spread is a statistic that quantifies how much of a
deviation there is between the actual and projected
values of the response variable y. Better performance
is indicated by a lower value. By taking the square root
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of the average of the squared differences between the
predicted values and the real values of the response
variable y, we get the Root Mean Squared Error
(RMSE). Better performance is indicated by a lower
value. Both truth deviation and falsity are also reduced,
demonstrating the hybrid model’s ability to minimize
uncertainty better than the KKT-based model.

7 Conclusion
This study demonstrates the effectiveness of a
hybrid machine learning fuzzy nonlinear regression
model that integrates a neural-network-based
initialisation stage [3] with a KKT constrained
optimisation framework operating on neutrosophic
fuzzy sets. The machine learning component
provides a data-driven starting point that reduces
sensitivity to initialisation, while the KKT component
enforces the neutrosophic regression constraints and
minimises the spread of truth, indeterminacy, and
falsity deviations. The proposed hybrid method
demonstrably addresses the challenges of uncertainty
quantification—including truth deviation and
indeterminacy—thereby surpassing the original
KKT-based model. A comparative analysis between
the proposed hybrid model and the baseline
KKT-based model revealed a substantial decrease in
the maximum spread of uncertainty by 22.09%, and
a significant improvement in prediction accuracy as
manifested by a 21.90% reduction in RMSE. The results
demonstrate the ability of the hybrid model in dealing
with complex nonlinear system where uncertainty is
a vital aspect. These results open avenues for future
application in domains requiring high predictive
accuracy under uncertainty, including materials
processing, engineering system design, and machine
learning under imprecise data. The proposed hybrid
model is highly applicable in real-world scenarios
involving uncertainty, such as manufacturing process
optimization, financial forecasting under imprecise
data, and engineering system reliability assessment.
Its ability to simultaneously handle truth deviation,
indeterminacy, and falsity minimization makes it a
valuable tool in environments where conventional
regression models fail to provide reliable estimates.
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