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Abstract
A safety-critical control scheme based on fully
actuated system approach (FASA) framework
is developed for spacecraft relative motion
tracking under external disturbances and multiple
forbidden regions. For tracking performance,
the nominal controller is designed by using the
FASA framework, such that the controller design
process can be simplified. For safety constraints,
a disturbance-tolerant control barrier function
incorporating low-pass filtered disturbance
compensation is introduced to mitigate interference
effects. Furthermore, a sequential correction
strategy is developed to resolve safety constraints
through offline-computed quadratic program (QP)
solutions, which can eliminate dependence on
real-time optimization of the QP solver. Theoretical
analysis confirms that the proposed control scheme
simultaneously guarantees collision avoidance and
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the spacecraft relative motion tracking. Numerical
simulations further validate the effectiveness of the
proposed approach.
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1 Introduction
In recent years, with the rapid development of space
missions such as on-orbit servicing, space station
maintenance, and constellation coordination [1–3],
precise tracking and control technology for close-range
relative motion between spacecraft has emerged as
a research frontier in aerospace engineering. The
primary control objective for such missions lies in
enabling the follower spacecraft to achieve highly
reliable relative position tracking with respect to the
leader spacecraft or a desired orbit. To achieve this
control goal, several control approaches, including
PID control [4–6], sliding mode control (SMC) [7–9]
and backstepping control (BSC) [10–12], have been
theoretically proposed.

While nonlinear control techniques including PID
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control, SMC, and BSC offer certain benefits,
the resulting closed-loop systems generally
maintain nonlinear characteristics. Recently,
fully-actuated system approach (FASA) [13–16]
has gained increasing attention due to its
demonstrated effectiveness and simplicity in
addressing nonlinearities in dynamical systems.
A distinctive advantage of FASA is its ability to
produce a linear time-invariant closed-loop system
through appropriate controller design. However, in
practical missions, spacecraft must operate in highly
constrained environments populated by substantial
space debris. The traditional FASAs [13–16] generally
lack active safety constraints on system state
trajectories, failing to guarantee continuous obstacle
avoidance throughout the entire control process.
Consequently, safety must be explicitly considered
in the design of spacecraft relative motion tracking
control.

To address the aforementioned safety challenges,
control barrier functions (CBFs) have been explored
for dynamical systems [17–19]. The core advantage of
CBFs lies in their ability to embed safety requirements
into controller design through mathematical
constraints, thereby providing provable safety
guarantees for systems. Typically, CBFs are
computationally efficient and can be readily integrated
with performance-oriented controllers. For example,
A safety-critical methodology integrates CBFs with
control Lyapunov functions through quadratic
programming (QP), aiming to balance safety with
performance objectives for control-affine systems [20].
Several CBF-QP variants have been proposed, such
as high-order CBFs to address high-order nonlinear
systems [21] and robust CBFs that account for
worst-case disturbances [22]. Recent efforts have also
focused on mitigating the conservatism of robust
approaches. For instance, disturbance rejection CBFs
leverage disturbance observers to handle mismatched
disturbances more effectively [23]. Despite these
advancements, a fundamental limitation persists
across most existing CBF-QP methods [17–23]: their
reliance on real-time QP solutions. This dependency
introduces significant practical challenges for
spacecraft applications: (i) Computational delays: As
environmental complexity increases with multiple
forbidden regions, the dimensionality of the QP
problem grows, potentially causing solvers to exceed
control periods and endangering real-time obstacle
avoidance. (ii) Resource burden: The computational
load of continuous QP solving competes with other

critical spacecraft functions like navigation and
communication, while effective disturbance rejection
necessitates short control periods, further straining
computational resources. Based on the comprehensive
review of the literature, few studies have addressed
safety-critical control problems with multiple safety
constraints via offline QP synthesis.

This paper develops a safety-critical control scheme
based on FASA framework for spacecraft relative
motion tracking under external disturbances and
multiple forbidden regions. The main contributions of
the paper are summarized as follows:

1) A safety-critical control framework integrating the
FASA with CBF-based safety design is developed
for spacecraft relative motion tracking, such that the
tracking performance and safety constraints can be
simultaneously achieved.

2) In contrast to conventional CBF-QP methods
that rely on real-time optimization [17–23], this
paper develops a safety-critical control scheme based
on a sequential correction mechanism, where a
series of QPs incorporating disturbance-tolerant CBF
(DTCBF) constraints are solved offline to eliminate
the computational delay and burden of real-time QP
solvers.

The paper is structured as follows. Section 2
formulates the problem formulation and preliminaries.
Section 3 presents the FASA-based safety-critical
control protocol for spacecraft relative motion tracking.
The simulations are detailed in Section 4. Finally,
conclusion is summarized in Section 5.

2 Problem Formulation and Preliminaries
As illustrated in Figure 1, the relative motion of the
spacecraft is defined with respect to two coordinate
systems: the Earth-centered inertial (ECI) frame
(OE − XY Z) and the local-vertical-local-horizontal
(LVLH) frame (o − xyz). In the presence of
external disturbances—such as those arising from
Earth’s non-spherical gravitational perturbations and
atmospheric drag—conventional safety-critical control
strategies may fail to prevent collisions, while typical
robust safety-critical controllers tend to produce overly
conservative trajectories.

The relativemotion dynamics of the follower spacecraft
in LVLH frame can be expressed as

M p̈ = C(θ̇)ṗ+
(
J(θ̇, θ̈)− µM

R3
I3

)
p

+ h+ u+ d, (1)
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where C(θ̇) = 2M [0, θ̇, 0;−θ̇, 0, 0; 0, 0, 0]T ∈ R3×3,
C(θ̇) = M [θ̇2, θ̈, 0;−θ̈, θ̇2, 0; 0, 0, 0]T ∈ R3×3, θ̇ =
nc(1 + ec cos(θ))2/(1 + e2

c)
3/2 is the evolution of the

true anomaly θ, nc = (µ/a3
c)

1/2, ac, and ec are
mean orbital angular velocity, semimajor axis and
eccentricity of leader spacecraft, respectively. p =
[p1, p2, p3]T ∈ R3 is the spacecraft relative position
vector. u = [u1, u2, u3]T ∈ R3 and d = [d1, d2, d3]T ∈
R3 are the input force and external disturbances,
respectively. h = µM [−Rc/R3 + 1/R2

c , 0, 0]T ∈
R3, R =

√
(Rc + p1)2 + p2

2 + p2
3. µ and Rc are

gravitational constant and the distance between the
leader spacecraft and center of Earth. M is the mass
of follower spacecraft.

By defining x = [pT , ṗT ]T , the dynamic system (1) is
given as

ẋ = f + g(u+ d+ ζ), (2)

where f = Āx, Ā =

[
03×3 I3

03×3 03×3

]
∈ R6×6, g =

[03×3, 1/MI3]T ∈ R6×3, and ζ = C(θ̇)ṗ + (J(θ̇, θ̈) −
(µM/R3)I3)p+ h.

To achieve relative motion tracking of spacecraft
systems, following assumption and lemmas are listed
blow:

Assumption 1 [24] The disturbance d and its derivative
ḋ are bounded, i.e., ‖d‖ ≤ D̆ and ‖ḋ‖ ≤ d̆ hold for D̆ ≥ 0
and d̆ ≥ 0.

Lemma 1 [25] Consider a matrix Φ ∈ R6×6 that satisfies
Reλj(Φ) ≤ − δ

2 , where j ∈ [1, . . . , 6], λj(Φ) is the jth
eigenvalue of the matrix Φ, and δ is a positive constant.
Then, the following inequality holds

QTΦ + ΦQ ≤ −δQ, (3)

whereQ is a positive-definite matrix.

Lemma 2 [26] Consider a differential inequality given as
ḃ ≥ −ξ(b) with b(0) ≥ 0 for t ∈ [0,+∞), where h ∈ R is
a continuously differentiable function, and ξ(b) is a class K
function. Then b ≥ 0 for t ∈ [0,+∞).

3 Main Results
This section presents the low-pass filters to design
disturbance compensation term. The control input
is structured as u = u0 +

∑N
i=1 usi, and the

set of unsafe regions is denoted by O{O1, . . . , ON},
where N represents the total number of such regions
encountered along the orbit. u0 acts as the FASA
nominal controller, designed to achieve trajectory

tracking, while each usi, (i = 1, . . . , N) serves as a
safety correction term, steering the spacecraft away
from the ith unsafe region.

3.1 Disturbance Compensation Design
Define x2 = ṗ, the subsystem of (2) can be rewritten
as

ẋ2 =
1

M
(d+ ζ̄), (4)

where ζ̄ = u+ ζ.

The low-pass filter transformation is applied to system
(4), one yields

ẋ2f =
1

M
(d̂+ F̄f ), (5)

where x2f , d̂, and F̄f are filtered variables of x2, d, F̄ .

Inspired by [27] the following low-pass filter
transformation is designed to estimate the disturbance{

γẋ2f + x2f = x2,

γ ˙̄ζf + ζ̄f = ζ̄.
(6)

For the spacecraft system (1), the estimation of d is
constructed as follows

d̂ =
M

γ
(x2 − x2f )− ζ̄f . (7)

Theorem 1 For the spacecraft system (1) subject to
disturbance d, the disturbance compensation term (7)
ensures that the estimation error d̃ = d − d̂ converges
to a bounded region

Ωd̃ =
{
d̃ | ‖d̃‖ ≤

(
2 exp(− t

γ
)‖d̃(0)‖2 + γ2d̆2

) 1
2
}
.

(8)

Proof 1 Define a Lyapunov function as

V0 =
1

2
d̃T d̃. (9)

From (6), the derivative of (9) is derived as

V̇0 = d̃T (ḋ− M

γ
(ẋ2 + ẋ2f )− ˙̄ζf )

= d̃T (ḋ− 1

γ
d̃)

≤ − 1

2γ
d̃T d̃+

γ

2
‖ḋ‖2. (10)
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Figure 1. The relative motion of spacecraft with disturbances and obstacles.

From (10), it yields V0 ≤ exp(− t
β )V0(0) + γ2d̆2

2 . Based on
Assumption 1 and the definition of V0, it further yields

‖d̃‖ ≤
(

2 exp(− t
γ

)V0(0) + γ2d̆2
) 1

2

≤
(

exp(− t
γ

)(D̆ + ‖d̂(0)‖)2 + γ2d̆2
) 1

2
, D(t),

(11)

where D(t) characterizes the convergence region of the
estimation error d̃, serves as a foundation for deriving the
DTCBF conditions in the subsequent control design.

3.2 FASA Nominal Controller Design
In the case of an ideal orbital environment with usi =
03×1, i = 1, . . . , N , the tracking error dynamics can be
directly obtained from (2) as

Ż = ĀZ + g
[
(u+ d+ ζ)−M p̈d

]
, (12)

where Z = [zT , żT ]T . z = p− pr is the tracking error
and pr is the desired relative motion trajectory.

To stabilize the tracking error dynamics (12), the FASA
nominal controller is designed as

u0 = −M
[
AZ − p̈d

]
− d̂− ζ, (13)

whereA = [a0I3, a1I3] ∈ R3×6 are a parameter matrix,
a0 and a1 are the positive constants, I3 ∈ R3×3 is the
identity matrix.

Define the Lyapunov function as

V = ZTQZ, (14)

whereQ ∈ R6×6 is a positive-definite matrix.

From (12), the derivative of (14) is obtained as

V̇ = ZTQŻ + ŻTQZ. (15)

Substituting (13) into (15), one has

V̇ ≤ ZT
[
ΦTQ+ ΦTQ

]
Z

+
[
ZTQgd̃+ d̃TgTQZ

]
, (16)
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where Φ = [03×3, I3;−a0I3,−a1I3] ∈ R6×6.

Based on Young’s inequality, it can be further yielded
as

2ZTQgd̃ ≤ λmax(Qg(Qg)T )

λmin(Q)
V + ‖d̃‖2. (17)

Invoking (17) into (16), one obtains

V̇ ≤ −kV +D2, (18)

where k = δ − λmax(Qg(Qg)T )
λmin(Q) > 0.

Theorem 2 For the spacecraft system described by (1) and
the nominal controller in (13), the relative motion tracking
error converges to a small region around the origin

Ωz =
{
Z | V (t) ≤ exp(−kt)V (0)

+
D2

k
(1− exp(−kt))

}
. (19)

Proof 2 Solve the differential equation (18), it follows that

V (t) ≤ exp(−kt)V (0) +
D2

k
(1− exp(−kt)). (20)

It can be concluded that the convergence region of Z is near
the origin, which can be denoted as

Ωz =
{
Z | V (t) ≤ exp(−kt)V (0)

+
D2

k
(1− exp(−kt))

}
. (21)

3.3 Safety-Critical Controller Design
In this subsection, the control input is defined as ui =

u0 +
∑N

i=1 usi where ui is designed to enforce safety
with respect to the unsafe regions Oi. The i-th unsafe
region in the spacecraft’s orbit ismodeled as a spherical
setOi centered at poi with radiusRoi. To encode safety,
a barrier function is introduced as: bi = ‖p−poi‖2−R2

oi

so that bi ≥ 0 ensures the spacecraft remains outside
the unsafe sphere. Given that the relative degree of hi
is 2, an auxiliary system is formulated as follows


%i,0 = bi,

%i,1 = %̇i,0 + ηi1%i,0,

%i,2 = %̇i,1 + ηi2%i,1,

(22)

where ηi1 and ηi2 are positive constants.

From (22), %i,2(x,ui,d, t) can be calculated as

%i,2(x,ui,d, t)

≥ 2‖ṗ− ṗoi‖2 + 2(p− poi)T
[ 1

m
(ui + F + d̂)− p̈oi

]
+ 2(ηi1 + ηi2)(p− poi)T (ṗ− ṗoi) + ηi1ηi2(‖p− poi‖2

−R2
oi)− 2

‖p− poi‖
M

D(t)

= %i,2(x,ui, d̂, t)− 2
‖p− poi‖

M
D(t)

= %i,2(x,ui, d̂, t)− ‖LgLfbi‖
D(t)

M
. (23)

Based on the auxiliary system (22), the following set
Bi,j is defined as

Bi,j = {(x,d) ∈ R6 × D : %i,j−1 ≥ 0}, j ∈ {1, 2},
(24)

where D is the disturbance set.

Definition 1 Considering the spacecraft system (1), the
disturbance compensation term (7), and the sets (24), a
differentiable function bi(x) : R6 → R is a DTCBF, if the
following condition holds

sup
ui∈R3

{
%i,2(x,ui, d̂, t)

}
− ‖LgLfbi‖

D(t)

M
≥ 0 (25)

for all (x,d) ∈ Bi,1 ∩ Bi,2.

Theorem 3 Consider a DTCBF associated with the sets
Bi,j , j ∈ {1, 2} and the disturbance compensation term
(7). Provided that the initial states satisfy (x(0),d(0)) ∈
Bi,1 ∩ Bi,2, the set Bi,1 ∩ Bi,2 is forward invariant for
the spacecraft (1) under any continuous control input
ui(x, d̂) ∈ Ui belonging to the admissible set Ui , {ui ∈
R3 : %i,2(x,ui, d̂, t)− ‖LgLfbi‖D(t)

M ≥ 0}.

Proof 3 Given that ui(x, d̂) ∈ Ui, it follows that
%i,2(x,ui,d, t) ≥ %i,2(x,ui, d̂, t) − ‖LgLfbi‖D(t)

m ≥ 0,
and furthermore, %̇i,1 + ηi2%i,1 ≥ 0. With the initial
condition (x(0),d(0)) ∈ B2, Lemma 2 ensures that
%i,1(x, t) ≥ 0, ∀t > 0, which establishes the forward
invariance of Bi,2. Similarly, from (22) and the initial
condition (x(0),d(0)) ∈ Bi,1, the Lemma 2 yields
%i,0(x, t) ≥ 0,∀t > 0, guaranteeing that the set Bi,1
is forward invariant. Consequently, the intersection set
Bi,1 ∩ Bi,2 remains forward invariant.

To simultaneously ensure the stability and safety of
the spacecraft relative motion tracking system, a QP
problem that integrates the nominal controller ui−1
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with the DTCBF constraints as follows
u∗i = arg min

usi∈R3
‖ui − ui−1‖2,

s.t. −$i − LL̄Lfhi
1

m
usi ≤ 0,

(26)

where

$i = %i,2(x,ui−1, d̂, t)− ‖LgLfbi‖
D(t)

M
. (27)

Theorem 4 Under the DTCBF constraints (25) on the
nominal input ui−1 and the assumption that LgLfbi 6=
01×3 for all (x,d) ∈ Bi,1 ∩ Bi,2, the solution to the QP
problem (26) is given by

usi =

03×1, $i ≥ 0,

−M$i

(
(LgLfbi)

T
)+
, $i < 0,

(28)

where (•)+ is denoted as the Moore-Penrose pseudoinverse.

Proof 4 Define the Lagrangian function as

Li = ‖usi‖2 − λi,L($i + LgLfbi
1

M
usi), (29)

where λi,L is a positive constant.

From (29), the Karush-Kuhn-Tucker conditions can be
obtained as follows

∂Li
∂usi

= 2usi −
λi,L
m

(LgLfbi)
T = 03×1,

λi,L($i + LgLfbi
1

M
usi) = 0,

λi,L ≥ 0.

(30)

Case 1: The condition λi,L = 0 yields usi = 03×1 with
η ≥ 0, implying the safety constraint is not triggered.
Consequently, the spacecraft remains safe under the sole
action of the nominal controller ui−1, and no additional
safety correction is needed.

Case 2: The condition λi,L > 0 leads to a non-zero safety
correction usi = −M$i((LgLfbi)

T )+, which activates
the safety constraint. Here, system safety is enforced solely
by the corrective action usi.

Remark 1 Unlike the methods reported in [17–23],
the proposed approach sequentially processes each unsafe
region’s CBF constraints by introducing a safety correction
term usi, thereby synthesizing a composite control input
that ensures safety across all forbidden zones. The detailed
implementation procedure is outlined in Algorithm 1.

Algorithm 1: Sequential Correction-Based Strategy
Input: The nominal controller u0 in (13) and the

unsafe region set O(1, . . . , N).
Output: The safety-critical controller u = uN .
initialization: Set un = u0, and assume⋂N

i=1 Ui 6= ∅;
while i = 1, . . . , N do

Define the DTCBF constraint (25)
corresponding to the ith unsafe region;
Determine the safety correction term ui−1 via
the QP formulation (26), with usi as the
nominal input;
Update the controller to ui = ui−1 + usi using
the solution from (28);

end

4 Simulations
Numerical simulations are conducted to validate the
effectiveness of the proposed control scheme for
spacecraft relative motion with obstacle avoidance.
The relevant system parameters are set as ec = 0.02,
ac = 7000km, and M = 20kg. The initial states of
the spacecraft system and the low-pass filters are set
as p(0) = [20,−20, 10]T , ṗ(0) = [0, 0, 0]T , x2f (0) =
[0, 0, 0]T , and F̄f (0) = [0, 0, 0]T . The reference
relative motion trajectory and external disturbance
are set as [−20 sin(0.02t), 0.5t,−20 cos(0.02t)]Tm and
d = 0.5[cos(0.05t),− sin(0.05t),− cos(0.05t)]TN. The
control parameters are set as a0 = 0.01, a1 = 0.2,
δ = 0.05, and ηi1 = ηi2 = 0.5. Two spherical obstacles
of radius 7m are introduced: one is stationary at po1 =
[−7.35, 7.32,−3.76]T , and the other is dynamic with
its trajectory governed by po2 = [−30.83 + 0.2t, 88 −
0.05t, 24.53− 0.02t]T .

The simulation results are presented in Figures 2–8.
Figure 2 depicts the spacecraft trajectory, with dark red
spheres denoting obstacles. Figures 3 and 4 illustrate
the relative position p and tracking error z, respectively,
demonstrating the spacecraft’s ability to track the
target while avoiding obstacles. The control input
in Figure 5 exhibits a noticeable increase when the
spacecraft approaches obstacles, reflecting the active
safety correction. Figure 6 shows the estimation error
of the unknown dynamic estimator, confirming its
effectiveness in approximating external disturbances.

The obstacle avoidance performance under different
control barrier functions is compared in Figures 7
and 8. Specifically, the standard CBF does not
account for system disturbances, leading to safety
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Figure 2. The motion trajectory of follower spacecraft.
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Figure 3. The relative motion tracking performance.

constraint violations under external disturbances.
The robust CBF, designed based on worst-case
disturbances, ensures safety but results in overly
conservative trajectories. In contrast, the proposed
disturbance rejection CBF strictly enforces obstacle
avoidance constraints without excessive conservatism,
demonstrating its superior robustness and practicality.
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Figure 4. The tracking error z.

5 Conclusion
This paper has developed a safety-critical control
scheme within the FASA framework to address the
dual challenges of precise relative motion tracking
and safety assurance for spacecraft operating under
external disturbances and multiple forbidden regions.
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Figure 5. The control force u.
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Figure 6. The estimation error d̃.
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Figure 7. The barrier function b1 under DTCBF,
conventional CBF, and robust CBF conditions.

The proposed methodology demonstrates that
through FASA-based nominal controller design,
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Figure 8. The barrier function b2 under DTCBF,
conventional CBF, and robust CBF conditions.

tracking performance can be achieved with simplified
control synthesis while maintaining theoretical
guarantees. For safety constraints, the introduced
DTCBF with integrated disturbance compensation
effectively mitigates interference effects, and the
novel sequential correction strategy enables constraint
enforcement through offline-computed solutions,
thereby eliminating dependency on real-time
optimization. Theoretical guarantees establish the
framework’s capability to ensure both collision
avoidance and tracking performance.
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