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Abstract
Accurate state estimation for dynamic targets
is essential in fields such as target tracking,
navigation, and autonomous driving. However,
traditional estimation models struggle to handle
the nonlinear motion patterns and sensor noise
prevalent in real-world environments. To address
these challenges, this paper proposes a novel
end-to-end estimation model named Variational
Neural Network with Planar Flow (VNNPF). The
model integrates a Bayesian Gated Recurrent
Unit (BGRU) as the process model, a planar
flow-based variational autoencoder (PFVAE)
as the measurement model, and a Bayesian
hyperparameter optimization module inspired
by Kalman filtering. The BGRU captures nonlinear
temporal dependencies and enhances robustness
by modeling parameters as distributions. PFVAE
transforms simple latent distributions into more
complex posteriors, enabling more accurate
modeling of colored noise in sensor data. The
Kalman-inspired update module computes
a learnable gain to fuse prior and posterior
information effectively. Experiments on the
KITTI IMU–GPS benchmark demonstrate that
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VNNPF consistently achieves lower state-estimation
errors than several state-of-the-art neural network
baselines. These results indicate that VNNPF can
provide accurate and robust trajectory estimation
for nonlinear dynamic systems with complex sensor
noise.
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1 Introduction
In various intelligent system applications, accurately
acquiring the system state is critical for achieving
autonomous decision-making and control. State
estimation methods leverage measurement
information to infer physical quantities that cannot be
directly observed, forming a fundamental cornerstone
of modern control and perception systems. In
particular, in scenarios such as automatic control [1, 2],
wireless communication [3], and robot localization [4],
trajectory estimation of moving targets is not only a
key technology for real-time perception and control
but also a crucial component for ensuring system
safety, stability, and autonomy. For example, in
autonomous driving systems, sensors must perceive
the vehicle state and surrounding environment in real
time. Trajectory estimation assists in path planning
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and behavior prediction, thereby improving the
system’s responsiveness and safety. With the rapid
development of sensor technology, storage devices,
and wireless communication, massive trajectory
data of moving objects—characterized by high
dimensionality, multiple features, and strong temporal
dependencies—has become increasingly available,
enabling data-driven state estimation and trajectory
prediction. By analyzing the trajectory patterns of
moving targets over a historical time window, it is
possible to effectively predict their future states, thus
providing a basis for system control and risk warning.

However, in real-world applications, the uncertainty
of target motion, complexity of environmental noise,
and limitations in sensor stability collectively make
it difficult for traditional methods to construct
accurate and reliable physical models. During data
acquisition in practical systems, inevitable interference
and measurement errors often occur due to sensor
precision and stability issues. As a result, the
collected data typically exhibit strong nonlinearity
and high levels of noise, making it difficult for
these data to reflect the true noise distribution of
real-world environments. Moreover, in complex
systems, mechanism-based models tend to have a
low degree of matching with actual system dynamics,
leading to degraded estimation performance. These
challenges significantly complicate the modeling
of moving targets and consequently reduce state
estimation accuracy.

Traditional estimation methods are generally
grounded in probabilistic theory and rely on historical
observations combined with physical modeling
based on assumed motion patterns to estimate future
states. However, these methods suffer from poor
generalization capabilities and are often limited to
specific types of motion. In practical scenarios, target
motion is typically nonlinear and often accompanied
by colored noise, which traditional estimation
methods cannot handle effectively. As reported in
classical analyses of nonlinear estimation, EKF and
UKF may experience degraded performance when
faced with temporally correlated or non-Gaussian
noise characteristics [5]. Such methods are incapable
of modeling nonlinear dynamics or characterizing
non-white noise, resulting in estimation biases. For
maneuvering target modeling, existing Kalman
filter-based approaches such as the constant velocity
(CV) model [6] and constant acceleration (CA)
model [7] treat velocity and acceleration as constants.
Yet, in reality, targets frequently exhibit non-uniform

velocity and acceleration patterns, making it difficult
for thesemodels to accurately describe state transitions.
Even more advanced models, such as the Singer
model [8] or the current statistical (CS) model [9],
which incorporate assumptions of acceleration
variation, still struggle to adapt to the complex and
agile behaviors of real-world targets. Furthermore,
these models typically assume Gaussian noise,
whereas real-world noise distributions are often far
more complex and deviate significantly from the ideal
Gaussian assumption.
Therefore, developing a state estimationmodel capable
of handling nonlinear, non-Gaussian, and dynamically
varying behaviors—while reducing dependence on
predefined system model structures—constitutes
the central research problem of this paper. To
address this challenge, we propose an end-to-end
Variational Neural Network with Planar Flow
(VNNPF), which integrates a Bayesian GRU–based
process model, a PF-VAE–based measurement model,
and a Kalman-inspired learnable gain into a unified
trajectory estimation framework.
This combination is novel in that the BGRU provides
a data-driven representation of nonlinear temporal
dynamics, the PF-VAE models heavy-tailed and
non-Gaussian noise through flow-augmented
likelihoods, and the learnable gain enables adaptive
fusion between inertial predictions and measurement
updates. Together, these components form a coherent
probabilistic architecture that simultaneously learns
system dynamics, measurement distributions, and
data-dependent fusion behavior—an integration
not achieved by existing filtering or deep learning
approaches.

2 Related Work
2.1 Traditional Estimation Methods
Traditional state estimation methods are primarily
based on physical modeling of systems and
probabilistic filtering theory, and have been widely
applied in practical engineering contexts. The most
representative example is the Kalman Filter (KF),
which achieves optimal estimation through state-space
modeling under the assumption of Gaussian noise,
and is well-suited for linear systems operating in
white noise environments. However, real-world
systems often exhibit nonlinearity and non-Gaussian
disturbances, leading to significant limitations in the
performance of the KF in many applications [10].
To expand the applicability of filtering techniques,
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researchers have proposed a range of nonlinear filters,
including the Extended Kalman Filter (EKF) [11],
the Unscented Kalman Filter (UKF) [12], and
the Cubature Kalman Filter (CKF) [13]. These
methods utilize techniques such as Taylor series
expansion, sigma-point sampling, and high-order
cubature transformation to handle nonlinear systems.
Nevertheless, they still rely on Gaussian noise
assumptions, and their performance often degrades
in strongly non-Gaussian noise conditions due
to limited accuracy and stability [14–16]. In
contrast, the Particle Filter (PF) [17] uses importance
sampling to effectively handle both nonlinearity and
non-Gaussianity, demonstrating strong generalization
capabilities. However, its high computational cost and
susceptibility to sample degeneracy constrain its use
in high-dimensional or real-time applications.

In terms of motion modeling, traditional filtering
methods often rely on simplified assumptions about
target dynamics, such as constant velocity (CV),
constant acceleration (CA), the Singer model, or
the Current Statistical (CS) model. These models
assume that the evolution of the target state follows
a known prior form, enabling tracking through
filtering. However, actual target trajectories are often
non-stationary, subject to abrupt changes, and highly
uncertain, making it difficult for these models to adapt
to complex maneuvering behaviors. Furthermore, the
latency in responding to state changes in such models
limits the estimation accuracy.

In recent years, researchers have sought to mitigate
these limitations through adaptive modeling and
multi-model fusion strategies. For example, Lou
et al. [18] proposed an adaptive lattice CKF to
reduce computational overhead and improve stability
in SLAM systems; Dutta et al. [19] developed
an improved UKF for denoising ECG signals,
outperforming traditional methods; Nagui et al. [20]
cascaded the EKF with a linear KF for GPS/INS
integration, enhancing localization robustness; and
Li et al. [21] introduced the MFC-KF algorithm,
incorporating a maximum fuzzy entropy criterion to
improve tracking performance under non-Gaussian
noise conditions.

Notably, in the field of wireless sensor networks
(WSNs), a review by Nguyen et al. [22] highlights
that integrating unmanned aerial vehicles (UAVs)
into WSNs significantly improves system performance
in terms of location estimation, resource scheduling,
and channel state identification. This indicates that

the future development of traditional estimation
methods shouldmore explicitly address non-structural
priors, adaptability to dynamic environments, and
system-wide collaboration.

2.2 Neural Network-Based Estimation Methods
In recent years, with the widespread application of
deep learning in fields such as image recognition,
time series modeling, and target tracking, neural
networks have increasingly become vital tools for
state estimation in complex systems. These methods
construct multi-layer nonlinear mapping functions
that can extract key features from high-dimensional
observational data and learn intricate dynamic
relationships among variables. Numerous studies have
integrated neural networks with traditional estimation
techniques to propose various improvements. For
instance, Jouaber et al. [23] modeled the covariance
matrix within the Kalman filtering process using
neural networks, enabling adaptive filtering. Li
et al. [24] introduced a trajectory recognition
method that integrates LSTM networks to enhance
the performance of current statistical models in
long-sequence modeling. Cui et al. [25] combined
feedforward neural networks, recurrent neural
networks, and attention mechanisms to build an
end-to-end state tracking framework that better
captures complex temporal features. Zhang et al. [26]
proposed an LSTM-UKF hybrid model, leveraging
LSTM’s temporal memory to assist the Unscented
Kalman Filter in predicting nonlinear trajectories.
Ge et al. [27] designed an RNN-based filter gain
adjustment mechanism to eliminate estimation biases
caused by fixed gain settings. Wang et al. [28]
incorporated convolutional neural networks into
underwater target tracking to determine target
observability, and used LSTM to dynamically correct
estimation outputs, demonstrating strong stability in
practical tests.

The introduction of generative models has further
expanded the boundaries of neural network-based
estimation approaches. Peng et al. [29] combined
bidirectional LSTM with a VAE-GAN model to
predict the remaining useful life of aerospace
equipment, maintaining strong robustness under
complex interference. De Migue et al. [30] developed
a recurrent VAE model for UAV trajectory estimation,
effectively handling issues such as missing trajectory
data. Santhosh et al. [31] designed a VAE-CNNmodel
for traffic anomaly detection, achieving outstanding
results in multiple sudden event recognition tasks.
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Uckan et al. [32] further extended the application of
neural networks in robotic automation by building
a customized deep convolutional neural network
for indoor scene recognition. Trained on a dataset
containing seven typical indoor environments, their
model significantly improved robot recognition
performance under weak texture and heavy occlusion
conditions, achieving an F1-score of 89.79%. These
studies collectively demonstrate the effectiveness of
deep network architectures in complex perception
and modeling tasks, offering a promising path for
constructing multimodal state estimation frameworks
in the future.
Due to their powerful representational capacity
and structural flexibility, neural networks exhibit
substantial advantages when dealing with
non-Gaussian noise, dynamic changes, and
uncertainty modeling. Current research trends
are shifting from “neural network-assisted estimation”
toward “unified estimation frameworks based
on neural networks,” which, when combined
with mechanisms such as Bayesian inference and
normalizing flows, hold great potential for further
improving the generalization and practicality of state
estimation systems.

2.3 Normalizing Flow-Based Modeling Methods
In recent years, Normalizing Flows (NF) have
gained considerable attention in state estimation and
trajectory modeling due to their excellent capacity
for posterior distribution modeling. By applying a
sequence of invertible transformations to a simple
initial distribution, normalizing flows are capable
of modeling complex target distributions, thereby
improving the model’s ability to approximate real
posterior distributions. The method was first
introduced by Rezende et al. [33], providing a
theoretical foundation for integrating deep generative
models with Bayesian inference.
Within the family of normalizing flow models,
Nonlinear Independent Components Estimation
(NICE) was proposed by Dinh et al. [34], employing
piecewise linear transformations to model complex
distributions while maintaining a computationally
tractable Jacobian determinant. Subsequently,
Real-valued Non-Volume Preserving (RealNVP)
flows were developed, enhancing the NICE
model with multi-scale structures and learnable
affine transformations, thereby increasing both
expressiveness and training efficiency for complex
posteriors [35]. The Glow model further optimized

this architecture by introducing invertible 1×1
convolutions, significantly improving latent
representation and generative performance [36].
Normalizing flow methods can be categorized into
two types: finite flows and infinite flows. Finite flows
utilize a fixed number of invertible transformations to
approximate the target distribution and are suitable
for most deep generative tasks. In contrast, infinite
flows model the evolution of latent variables using
differential equations, offering stronger modeling
capabilities at the cost of increased computational
complexity. Moreover, other variants such as radial
flows, hierarchical conditional flows, infinitesimal
flows, and inverse autoregressive flows continue to
expand the expressiveness of the NF framework.
In the domain of trajectory estimation and state
modeling, normalizing flows provide an effective
means to model complex observational distributions.
For example, the VINFNetmodel combines state-space
reasoning with invertible mapping networks to
accurately model the posterior distribution of target
trajectories [37]. Delecki et al. [38] enhanced nonlinear
system state representation using normalizing flows,
enabling deep networks to learn system dynamics
more effectively. Papamakarios et al. [39] introduced
Masked Autoregressive Flows (MAF) to improve
flexibility in generative modeling. In the field of signal
processing, Nugraha et al. [40] proposed an NF-VAE
model, integrating VAE with normalizing flows to
extract latent variables from observations and improve
the accuracy of speech spectrogram modeling.
In state estimation tasks, embedding normalizing
flows into Variational Autoencoder (VAE) structures
has proven to be an effective approach to improve
the modeling of observational noise distributions.
This enhancement significantly boosts the adaptability
of models to complex non-Gaussian environments,
making it a prominent trend in recent trajectory
estimation model designs.

2.4 Bayesian Neural Network Methods
Bayesian Neural Networks (BNNs), which integrate
the strengths of Bayesian inference and deep learning,
have demonstrated powerful capabilities in causal
modeling and handling complex uncertainties. In
recent years, they have been widely applied in
tasks such as target tracking and state estimation.
By constructing probabilistic relationships among
variables, BNNs provide effective modeling of
uncertainty in dynamic systems, making them
particularly suitable for state estimation scenarios
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involving incomplete information or complex
observational noise. Unlike traditional neural
networks, BNNs assume probabilistic distributions
over model parameters—such as weights and
biases—allowing them to not only learn feature
mappings during training but also quantify
uncertainty in predictions. Structurally, BNNs
maintain the classic architecture of input, hidden, and
output layers, but their parameters are updated from
prior to posterior distributions through variational
inference, enhancing both generalization and
robustness. During inference, BNNs sample multiple
times from the posterior distribution and average the
results, which effectively suppresses overfitting and
improves estimation accuracy under small-sample
conditions.

BNNs have found broad application in various tasks
including target tracking, traffic flow prediction,
natural language processing, and risk analysis. For
example, Sun et al. [41] proposedmodeling traffic data
using a Bayesian network based on Gaussian Mixture
Models and employed a minimum mean square error
criterion for accurate traffic flow estimation. Kong et
al. [42] designed a Bayesian network that integrates
Gated Recurrent Units (GRUs) with variational
inference, achieving notable performance in traffic
prediction tasks. Nghiem et al. [43] introduced a
hybrid C-LSTM model (CNN-Bayes LSTM), which
incorporates Bayesian reasoning into neural networks
to alleviate overfitting in low-data regimes and
improve uncertainty estimation in predictions.

In the domains of trajectory estimation and path
planning, Nayak et al. [44] utilized Bayesian
approximation methods to model uncertainty
in neural networks, supporting safer trajectory
prediction for autonomous driving systems. Li et
al. [45] combined Bayesian networks with graph
neural networks to construct a composite model
for mobile target trajectory estimation, improving
predictive robustness in dynamic environments. Posch
et al. [46] further introduced variational inference
mechanisms into deep networks to approximate
high-dimensional posterior distributions, addressing
challenges in uncertainty modeling within deep
learning. In risk assessment and system modeling, Li
et al. [47] applied maritime accident data to Bayesian
network structures, demonstrating the adaptability
and reasoning capability of Bayesian models in
maritime risk prediction.

Collectively, these studies highlight that by

incorporating uncertainty modeling, Bayesian
neural networks exhibit enhanced flexibility and
reliability in complex system state estimation and
trajectory prediction tasks. Overall, the integration of
Bayesian methods with neural networks has become a
key development direction in the design of trajectory
learning and estimation models.

2.5 Comparative Summary of Existing Methods
Compared with the aforementioned methods,
existing approaches each exhibit limitations when
confronted with strongly nonlinear dynamics
and complex, non-Gaussian measurement noise.
Classical Bayesian filters such as EKF, UKF, and
CKF rely on first- or second-order approximations
and assume Gaussian uncertainties, which restrict
their robustness under real-world disturbances and
colored sensor noise. Deep-learning-based estimators
relax the structural assumptions of Kalman filtering,
yet they often decouple process modeling from
measurement modeling, leading to inconsistency
in their probabilistic formulation. Recent learned
Kalman variants such as NNAKF and KalmaNet
partially address this issue through learnable fusion
mechanisms, but their process models remain
deterministic and their measurement likelihoods
typically follow unimodal Gaussian forms, making it
difficult to capture heavy-tailed or multimodal noise
distributions.
In contrast, the proposed VNNPF provides a unified
probabilistic framework that jointly incorporates
a Bayesian GRU for modeling nonlinear process
dynamics together with transition uncertainty, a
planar-flow-augmented VAE for learning expressive
non-Gaussian measurement likelihoods, and a
learnable fusion gain optimized through Bayesian
optimization to adaptively adjust state updates under
varying noise conditions. This combination enables
the model to handle nonlinear, non-Gaussian, and
trajectory-dependent uncertainties in an end-to-end
manner, achieving a level of modeling capacity that
is not simultaneously addressed by existing classical
filters, conventional deep models, or recent learned
Kalman filters.

3 Methodology
3.1 Bayesian Filtering and Hyperparameter

Optimization
Bayesian filtering is a probabilistic inference method
used to estimate the posterior distribution of a
system’s state based on prior knowledge and observed
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data. It operates as a recursive algorithm that
addresses the problem of state estimation under
uncertainty, particularly excelling in scenarios where
sensor measurements are corrupted by significant
colored noise.
In the context of target motion tracking, the movement
process can be regarded as a stochastic process. The
core idea of Bayesian filtering is to represent the
system state as a probability distribution rather than a
deterministic value. This probabilistic representation
reflects the uncertainty or confidence associated with
the system state. The algorithmutilizes Bayes’ theorem
to update the state estimates of the stochastic process,
continuously integrating the prior distribution with
incoming observations to incrementally refine the
posterior distribution. Bayes’ theorem expresses the
relationship for computing the posterior probability
given observational data. For a system state variable x
and an observation variable z, Bayes’ theorem is given
by the following formula:

p(x|z) = p(z|x) · p(x)
p(z)

(1)

where p(x|z) is the posterior probability of the state
variable x given the observation z, p(z|x) is the
likelihood (the probability of observing z given state
x), p(x) is the prior probability of the state variable x,
and p(z) is the evidence (the marginal probability of
observing z).
Bayesian filtering incrementally improves the
estimation of the system state in a stochastic process
by continuously updating the posterior probability
distribution. The general steps of the algorithm are as
follows:
1. Initialization: Initialize the prior probability of the

system state based on available prior knowledge.
2. Prediction: Using the system’s dynamic model,

predict the state distribution at the next time step
based on the previous state estimate and control
input (if applicable).

3. Update: Incorporate new observational data to
update the predicted state distribution into a
posterior distribution using Bayes’ theorem. This
step accounts for the reliability of the observations,
ensuring that more reliable measurements have a
greater influence on the updated estimate.

4. Resampling: To avoid filter degradation (such as
sample impoverishment), a resampling step may

be applied after the update to maintain diversity
in the state distribution.

5. Iteration: Repeat steps 2 through 4 recursively to
estimate the system state over time.

The structure of the Bayesian filtering algorithm is
illustrated in Figure 1.

Figure 1. Structure of the bayesian filtering algorithm.

In Figure 1, Xt and Zt represent the state and
observation at time t, respectively. The observation
Zt is incorporated with the state Xt to compute the
estimated state at the next time step.
The fundamental principle underlying both the
Kalman Filter and Particle Filter is Bayesian filtering.
The Kalman Filter is also a recursive estimation
algorithm that continuously refines the system state
by incorporating new observations. A key concept
in Kalman filtering is the introduction of the filter
gain, which serves to balance prior knowledge with
observational data. By applying the filter gain, the
algorithm optimally fuses two uncertain quantities to
produce an estimate that is closer to the true value.
Inspired by this mechanism, our variational neural
network-based estimation framework also adopts the
one-step update principle of Bayesian filtering and the
filter gain mechanism of the Kalman Filter. The neural
network is designed to learn this process and output a
state estimate with reduced error.
The Kalman gain is one of the most critical parameters
in Kalman filtering. It determines how measurement
data and predicted states are combined. The
magnitude of the gain adjusts the relative influence
of the measurement and the prediction, ultimately
resulting in a more accurate state estimate.
The classical Kalman filter gain is computed using the
following formula:

K(t) = Pt|t−1C
T
[
CTPt|t−1C +R

]−1 (2)

However, in this study, both the process function f(·)
and the measurement function h(·) are implemented
by neural networks, while the covariance terms P
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and R are implicitly learned from data. Hence the
matrices P and C in the classical gain formula are no
longer available, making the analytic computation of
K(t) infeasible. To retain the idea of balancing prior
predictions and new observations, we treat the fusion
gain as a learnable parameter that is optimized via
Bayesian hyperparameter optimization. This approach
allows the model to adaptively determine how much
weight should be given to the measurement update
relative to the state prediction, without relying on
explicit covariance matrices.
Before training the neural network, it is necessary to set
a set of hyperparameters to ensure optimal estimation
performance. Traditional approaches based onmanual
tuning or exhaustive search are time-consuming and
often fail to achieve the best results. Therefore,
optimizing the hyperparameters is essential. Bayesian
optimization leverages prior information to improve
search efficiency by iteratively predicting posterior
knowledge points based on current observations.
Formally, the hyperparameter optimization problem
can be defined as follows (Equation 3):

K∗ = argmin
k∈K

loss(k) (3)

Assume there exists a set of hyperparametersK. For
each hyperparameter configuration ki, the function to
be optimized loss() can be evaluated on the objective
function loss() to compute the minimum value, thus
obtaining the optimal hyperparameterK∗. The value
of this optimal hyperparameter corresponds to the
concept of the classical filter gain in Equation 2, which
is used to fuse measurement data and state estimates.
The objective function to be minimized is defined as
the root mean square error (RMSE):

f(kj) =

√∑n
i=1(ŷi(kj)− yi)2

n
(4)

where kj denotes the set of all hyperparameters
(including the fusion gain), yi represents the ground
truth, and ŷi(kj) is the model output under the
j-th hyperparameter configuration. In Bayesian
optimization terminology, f(kj) is called the ”objective
function”.
The optimization procedure maintains a dataset D =
{(k1, f(k1)), (k2, f(k2)), · · · , (ki, f(ki))} of previously
evaluated configurations. Based on D, a Gaussian
process (GP) surrogate model is built to approximate
the unknown function f(k). The GP provides
a posterior predictive distribution p(f |k,D) ∼

N (µ(k), σ2(k)), where µ(k) and σ(k) are the predictive
mean and standard deviation at point k.
An acquisition function u(k) is then used to decide
where to sample next. We employ the Expected
Improvement (EI) criterion:

u(k) = E[max(fmin − Y, 0)], Y ∼ N (µ(k), σ2(k))
(5)

where fmin = min{f(k1), f(k2), . . . } is the best
observed value so far. The next hyperparameter
configuration is selected bymaximizing the acquisition
function:

ki+1 = argmax
k∈K

u(k) (6)

In this study, the posterior model p(L|D) in the
Bayesian optimization framework is implemented
through a Gaussian process regression surrogate,
which provides the predictive mean and variance
required for evaluating the acquisition function. The
acquisition strategy adopts the Expected Improvement
(EI) criterion, so that each new hyperparameter
candidate k is selected based on its expected
improvement over the current best loss value. By
iteratively sampling k according to u(k), the Bayesian
optimization process efficiently explores the gain space
while avoiding unnecessary evaluations.
We employ Bayesian hyperparameter optimization to
optimize the filter gain K. Unlike the Kalman filter
gain, the filter gain in our method is optimized using
historical information from a preceding time period
to obtain a single gain valueK. It is not necessary to
optimize a new gain at every estimation step. Instead,
Bayesian hyperparameter optimization is re-applied
only when a change occurs in the motion state of
the target. This approach reduces the computational
burden on the network without compromising the
accuracy of the results.

3.2 Variational Neural Network Model Based on
Kalman Filter Structure

Assume a nonlinear system model is given as follows:

x(t) = f [x(t− 1), w(t− 1)] (7)

z(t) = h[x(t), v(t)] (8)
where x(t) is the system state to be estimated, w(t− 1)
is the process noise, z(t) is the system measurement,
and v(t) is the measurement noise.
Equation (7) represents the process model of the
system, describing how the estimated state evolves
over time. f(·) is the nonlinear process function,
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and w(t) denotes the process noise, which reflects
the uncertainty from x(t − 1) to x(t) in the process.
Equation (8) corresponds to the measurement model
of the system, where h(·) is the nonlinearmeasurement
function, and v(t) represents the measurement noise.

For state estimation, the stochastic process can be
regarded as a complex nonlinear system. Such systems
exhibit intricate physical evolution characteristics and
colored noise distributions, requiring consideration of
system diversity and nonlinear effects. In nonlinear
systems, the relationship between inputs and outputs
does not follow a simple proportional rule but instead
involves complex nonlinear dynamics. Moreover, these
systems typically involve a large number of parameters,
making parameter estimation particularly challenging,
especially in high-dimensional scenarios. Additionally,
the noise in nonlinear systems often deviates from
a Gaussian distribution, leading to more complex
statistical characteristics. To address these challenges,
we propose a variational neural network architecture
designed to model complex nonlinear systems. This
network not only captures the nonlinear dynamics but
also describes the non-Gaussian noise distributions
present in the system. The overall network structure is
illustrated in Figure 2:

The proposed model framework is referred to as the
Variational Neural Network Model Based on Kalman
Filter Structure, as shown in Figure 2. It is inspired by
the principles of Bayesian estimation and the structural
design of the Kalman filter. In this framework, a
Bayesian Gated Recurrent Unit (BGRU) is employed as
the state network within the estimator, while a Planar
Flow Variational Autoencoder (PFVAE) serves as the
measurement network. The filter gainK is determined
using Bayesian hyperparameter optimization.

First, the target’s positional information at time t
(denoted as Xt) is input into the state network based
on the Bayesian gated recurrent unit. In the variational
Bayesian GRU, the weights and biases are treated
as trainable parameter distributions. By sampling
these distributions multiple times, different sets of
weights and biases are obtained, leading to different
state estimates. The mean of these estimates is then
computed to produce the state estimationmean at time
t+1 (denoted as X̂t+1), which is output by the network.
Next, X̂t+1 is passed into the measurement network
based on a planar flow variational autoencoder. An
LSTM-based encoder extracts the hidden features
of the input data. Through a variational inference
layer, the encoder’s output is mapped to parameters

of a Gaussian distribution with zero mean and unit
variance. A simple distribution is then passed
through the planar flow layer to generate a more
complex posterior distribution over the latent variables.
Samples drawn from this complex distribution are
decoded by the decoder to reconstruct the input,
thereby producing an accurate measurement result
(denoted as Zt+1).
Within the Bayesian hyperparameter optimization
module, the gain parameter K is set. Following the
form of the Kalman filter equations, an optimization
problem is constructed, and the optimal gain K is
determined using Bayesian optimization, yielding the
predicted result at the next time step (denoted asXt+1)
according to the Kalman prediction step.
The model is trained on the training dataset in a
stepwise manner. First, the state network is trained
independently to learn the temporal evolution of the
latent state from historical trajectories. After the state
network has converged, its parameters are fixed, and
the measurement network is trained to reconstruct
the observations and to capture the statistical
characteristics of the measurement noise. Once both
subnetworks have been trained, the fusion gain K is
determined by Bayesian optimization on a separate
validation set, ensuring that the overall estimation
framework achieves a stable balance between process
prediction and measurement correction. During the
testing phase, the trained state network, the trained
measurement network, and the optimized gain are
combined to perform trajectory estimation on the test
data.

3.3 Process and Measurement Network
A Bayesian Gated Recurrent Unit (BGRU) is a variant
of the traditional GRU in which the weights and
biases are modeled as probability distributions and
optimized through variational inference, following
the ideas of Bayesian neural networks and variational
recurrent models proposed by Blundell et al. [48] and
Chung et al. [49].
The BGRU shares the same chain structure and gating
mechanisms as the standard GRU. The key difference
lies in that, within the BGRU, the weights and biases
of the update and reset gates are modeled as trainable
parameter distributions rather than fixed values.
During training, all weights and biases in the network
are initialized as standard normal distributions,
with independence assumed between weights and
biases. These distributions are then refined through
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Figure 2. Estimation model based on variational neural network.

backpropagation by continuously adjusting their
means and standard deviations, ultimately yielding
optimal values. In the prediction phase, multiple
samples are drawn from the learned distributions
of weights and biases. The mean of the resulting
predictions is computed to obtain the final output.
The network architecture of the BGRU is illustrated
in Figure 3.

Figure 3. Bayesian gated recurrent unit network
architecture.

In traditional models, biases and weights are treated
as fixed numerical values. In the BGRU, however,Wz

and bz are no longer specific values but rather samples
drawn from a Gaussian distribution with mean µz
and covariance σz . TakingWr and br as examples, let
w

(i)
n represent the sampled weight at the n-th instance

of the i-th layer, and b
(i)
n represent the bias. Both

are assumed to follow a Gaussian distribution. To
ensure the non-negativity of the variational parameters
and the differentiability of the standard deviation, a
reparameterization trick is applied:

Let W(i) ∈ Rdout×din and b(i) ∈ Rdout denote the
weight matrix and bias vector of the i-th layer. Their
variational posterior is assumed to be a factorized
Gaussian:

W(i) = µ
(i)
W + σ

(i)
W � εW , εW ∼ N (0, I)

b(i) = µ
(i)
b + σ

(i)
b � εb, εb ∼ N (0, I)

(9)

where µ
(i)
W ,σ

(i)
W and µ

(i)
b ,σ

(i)
b are trainable

variational parameters, and � denotes element-wise
multiplication. The same reparameterization is
applied to all weight and bias variables in the BGRU
gates.
Based on the derivation of variational inference, the
evidence lower bound (ELBO) loss function of the
network is defined as:
LELBO = Eq(w|θ)[log p(y|w, x)]−DKL(q(w|θ) ‖ p(w))

(10)
where p(w) is a user-defined prior distribution
(typically a standard Gaussian), and q(w|θ) is the
variational posterior parameterized by θ = {µ,σ}.
The first term in (10) is the expected log-likelihood.
For regression with a Gaussian observation model, it
reduces to a mean-squared-error (MSE) term up to
a constant factor. Therefore, in practice we use the
following weighted loss function that balances data
fitting and regularization:
LBNN = α ·MSE(ŷ, y) + β ·DKL(q(w|θ) ‖ p(w)) (11)

where ŷ is the network output, α and β are positive
scaling coefficients, and the KL divergence term
encourages the variational posterior to stay close to
the prior, thereby controlling model complexity.
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3.4 Measurement Network
3.4.1 Variational Autoencoder
The Variational Autoencoder (VAE) is an
unsupervised neural network designed to handle
complex nonlinear data. A VAE learns the latent
distribution of data by mapping the input to a latent
variable in a lower-dimensional latent space via an
encoder, and then reconstructing data samples similar
to the input by mapping the latent variable back to the
original data space through a decoder.
The basic components and workflow of a VAE are as
follows:
1. Encoder: The encoder maps the input data x

to parameters of a latent distribution. Typically
composed of neural networks, the encoder
outputs a mean vector µ and a log-variance vector
logσ2 for the latent variable z.

2. Reparameterization Trick: To enable
backpropagation through stochastic sampling,
we use:

z = µ+ σ � ε, ε ∼ N (0, I)

where � denotes element-wise multiplication.
3. Planar Flow Transformation (for PFVAE): To

enhance the expressiveness of the variational
posterior, we apply planar flow transformations:

z(k) = z(k−1) + uk · tanh(w>k z(k−1) + bk)

where uk,wk ∈ RD, bk ∈ R are learnable
parameters, and z(0) = z.

4. Decoder: The decoder maps the transformed
latent variable z(K) back to the data space to
reconstruct x̂.

5. Loss Function: The PFVAE loss consists of
reconstruction error and KL divergence:

LPFVAE = Eq(z|x)[log p(x|z)]−DKL(q(z|x) ‖ p(z))

where p(z) = N (0, I) is the prior. In practice, for
Gaussian decoder:

LPFVAE =
1

2σ2
‖x−x̂‖2− 1

2

J∑
j=1

(1+log σ2j−µ2j−σ2j )

3.4.2 Planar Flow
Although Variational Autoencoders (VAEs) have
many advantages, they typically adopt a Gaussian

prior distribution, which makes it difficult to model
complex distribution characteristics commonly found
in real-world data. The VAE’s ability to learn
true distributions is limited, which may result in
a significant deviation between the approximate
posterior obtained through variational inference and
the actual distribution. Normalizing flows offer
a flexible and learnable method for constructing
probability distributions, and planar flow is a widely
used variant within this framework. Combining VAE
with planar flow can effectively address the limitation
of Gaussian priors in modeling complex posteriors in
real data.
In normalizing flows, planar flow provides a
transformation with tractable Jacobian determinant.
Given an invertible transformation f : RD → RD, the
density after transformation is:

qK(zK) = q0(z0)

K∏
k=1

∣∣∣∣det ∂fk
∂zk−1

∣∣∣∣−1
where zk = fk(zk−1).
For planar flow defined as:

f(z) = z+ uh(w>z+ b) (12)

whereu,w ∈ RD, b ∈ R, andh(·) is a smooth activation
function (typically tanh). The Jacobian matrix of this
transformation is:

∂f

∂z
= I+ uψ(z)>, ψ(z) = h′(w>z+ b)w.

Applying the matrix determinant lemma, the
determinant can be computed efficiently as a scalar:

det
∂f

∂z
= 1 + u>ψ(z) (13)

which is valid because uψ(z)> is a rank-one matrix.
For a sequence ofK planar-flow transformations, the
final latent variable is zK = fK ◦ fK−1 ◦ · · · ◦ f1(z0).
Using the change-of-variables formula for normalizing
flows, the log-density of zK is:

ln qK(zK) = ln q0(z0)−
K∑
k=1

ln

∣∣∣∣det ∂fk
∂zk−1

∣∣∣∣ (14)

Substituting the determinant expression from (13)
yields:

ln qK(zK) = ln q0(z0)−
K∑
k=1

ln
∣∣∣1 + u>k ψk(zk−1)

∣∣∣ (15)
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This formulation allows for efficient computation
and optimization while providing flexible posterior
distributions.

Figure 4 illustrates how a planar flow transforms a
simple Gaussian distribution into a more complex
one. As shown, the first plot q0 represents a
standard Gaussian distribution. Through multiple
transformations by the planar flow, the distribution
evolves into a more complex form, as shown in q2,
enabling the model to fit and represent complex
distributions that more accurately reflect real-world
data.

Figure 4. Distribution transformation of planar flow.

3.4.3 Variational Autoencoder Based on Planar Flow
A Planar Flow Variational Autoencoder (PFVAE)
extends the standard VAE by incorporating planar
normalizing flow layers after the encoder so that a
simple Gaussian latent distribution can be transformed
into a more expressive non-Gaussian posterior,
following the normalizing flow framework introduced
by Rezende et al. [33].

By integrating planar flow into the variational
autoencoder, the PFVAE is constructed. The structure
of the PFVAE is shown in Figure 5:

In Fig. 5,w = [w1, w2, · · · , wi],u = [u1, u2, · · · , ui], and
b = [b1, b2, · · · , bi] represent the weight, scale, and bias
parameters of the planar flow, respectively, while z =
[z1, z2, · · · , zi] denotes the new latent variable obtained
through the planar flow transformation. When planar
flow is applied, the evidence lower bound (ELBO) for
the initial latent distribution q0(z|x) becomes:

ELBO = Eq0(z|x)[log p(x, z)− log q0(z|x)]
= Eq0(z0|x)[log p(x, zk)− log qk(zk|x)]
= Eq0(z0|x)[log p(x|zk)]−DKL(q0(z0|x) ‖ p(z0))

− Eq0(z0|x)

[
k∑
i=1

log

∣∣∣∣det ∂fi
∂zi−1

∣∣∣∣
]

(16)

For variational inference, we use deep neural networks
to construct a mapping from the observation x to the
parameters of the initial density q0 = N (µ,σ), as well
as the flow parameters λ.
The optimization objective can be written as:

ELBO(x) = Eq0(z0|x)[log p(x|zk)]
−DKL(q0(z0|x) ‖ p(z0))

− Eq0(z0|x)

[
k∑
i=1

log

∣∣∣∣det ∂fi
∂zi−1

∣∣∣∣
] (17)

This objective corresponds to a complete evidence
lower bound (ELBO): the reconstruction term
measures how well the observation can be recovered
from the latent variable, the KL divergence regularizes
the initial latent density toward the prior, and the
log-determinant Jacobian terms account for the
transformations introduced by planar flows. Together,
these terms form the loss function used to train the
PFVAE-based measurement network.
This optimization objective can be optimized using
the stochastic gradient descent method. Since q0 is a
standard normal distribution function, we can sample
from this distribution. The final latent variable zi will
be sampled from a complex posterior distribution for
reconstruction.
In the variational inference of VAE, planar flow is
used as a distribution transformer. By applying the
given planar flow to the latent posterior distribution
sampled from the encoder layer of the VAE, the
posterior is made more complex. This enables the VAE
prediction model to learn and process data with more
complex characteristics, thereby enhancing themodel’s
nonlinearity and dynamic adaptability.

4 IMU-GPS Fusion Localization Experiment
IMU (Inertial Measurement Unit) refers to a device
that includes a gyroscope, accelerometer, and
magnetometer. In this experiment, IMU data is
incorporated in addition to GPS data to achieve fused
localization. The network takes multi-feature inputs
composed of both IMU and GPS data and outputs
displacement estimates.
To illustrate the fusion mechanism, the IMU
data provide high-frequency inertial predictions
describing short-term vehicle motion, whereas the
GPS measurements supply low-frequency but globally
referenced position updates. In our framework, the
IMU signals are fed into the BGRU-based process
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Figure 5. Architecture of the planar flow-based variational autoencoder.

model, while the GPS observations are modeled
through the PF-VAE measurement module. During
data fusion, two practical challenges arise: (1) the IMU
and GPS sensors operate at different sampling rates,
leading to asynchronous observations, and (2) GPS
measurements occasionally exhibit large deviations
caused by multi-path interference or urban-canyon
effects. The proposed VNNPF framework mitigates
these issues by using the Bayesian GRU to stabilize
high-rate IMU predictions and the PF-VAE to learn
non-Gaussian GPS noise distributions, allowing
robust fusion under real-world sensing conditions.
The dataset used in this experiment is the KITTI
benchmark, jointly developed by the Karlsruhe
Institute of Technology in Germany and the Toyota
Technological Institute at Chicago. It is currently one of
the largest and most widely used benchmark datasets
for trajectory estimation algorithms in autonomous
driving scenarios. The selected dataset’s trajectory plot
is shown in Figure 6. The experiments were conducted
on 9 trajectories.
The proposed VNNPF model was compared with
several mainstream neural network baselines. Taking
the first trajectory as an example, the performance
metrics are shown in Table 1. Figures 7, 8, 9, 10 and
11 show a comparison of the RMSE, MAE, MAPE,
SMAPE, and R values for trajectories 1–9. Different
trajectory numbers are indicated by 1 – 9 in the figure.

In the experiment, for Trajectory No. 1, the VNNPF
model achieved the best performance, with an RMSE
of 3.384, MAE of 2.547, MAPE of 6.077, SMAPE of
4.651, and R of 0.998. Among the compared neural

Figure 6. Ground truth trajectories selected from the
dataset.

Table 1. Comparison of performance metrics between
VNNPF and different neural network models

(Trajectory No.1).
Model RMSE MAE MAPE SMAPE R

GRU 13.112 8.183 14.435 8.693 0.929
LSTM 27.773 17.294 20.361 11.654 0.867
BGRU 35.566 22.411 31.652 12.636 0.814
BLSTM 30.724 19.232 22.174 12.091 0.856
CNN-LSTM 12.311 8.856 11.566 10.293 0.891
Conv-LSTM 16.148 13.714 7.111 8.137 0.872
VAE 6.679 5.411 24.062 7.498 0.955
IAFVAE 6.922 5.542 15.548 7.725 0.959
VNNPF 3.384 2.547 6.077 4.651 0.998

network models, VAE achieved the best performance
apart from VNNPF. Notably, compared with the
BGRU model (the core process component), VNNPF
achieved substantially lower errors across all metrics
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Figure 7. Bar chart of RMSE for different neural network
models.

Figure 8. Bar chart of MAE for different neural network
models.

Figure 9. Bar chart of MAPE for different neural network
models.

(reductions exceeding 63% for RMSE, MAE, MAPE,
and SMAPE) and a significantly higher R value.
To provide a comprehensive visual comparison across
all evaluation metrics simultaneously, Figure 12

Figure 10. Bar chart of SMAPE for different neural network
models.

Figure 11. Bar chart of R-squared (R) for different neural
network models.

Figure 12. Radar charts of performance metrics for different
models for Trajectory No.1.

presents radar charts for Trajectory No.1. The
radar charts clearly illustrate the overall superiority
of VNNPF, as it exhibits the largest area coverage
across all five metrics. In particular, VNNPF
dominates in the directions of RMSE, MAE, MAPE,
and SMAPE (where smaller values indicate better
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performance), while also achieving the highest R
value. The balanced performance profile of VNNPF
is evident from its nearly symmetrical shape in
the radar chart, indicating consistent improvements
across all evaluation dimensions. In contrast, other
models show irregular shapes with clear weaknesses
in specific metrics; for instance, BGRU has poor
performance in MAPE, while VAE shows relatively
weaker performance in R value.

Figure 13. Trajectory results of different models.

From the above experiments, it is evident that
the proposed model demonstrates a significant
improvement in tracking accuracy compared to other
neural network models after incorporating IMU data.
The trajectory fitting results shown in Figure 13 clearly
illustrate the effectiveness of the proposed model.
Based on both the evaluationmetrics and the trajectory
tracking plots, the method proposed in this paper
is applicable to multi-feature trajectory datasets and
achieves optimal performance, thereby validating the
effectiveness of the approach.
Compared with traditional Kalman filtering methods
such as EKF and UKF, the superior performance
of the proposed VNNPF model can be attributed
to its ability to handle nonlinear dynamics and
non-Gaussian sensor noise. Classical filters rely
on predefined motion and measurement models
and typically assume Gaussian noise distributions.
As a result, their performance degrades when
the real-world IMU and GPS data contain strong
nonlinearities, time-varying noise, or occasional large
deviations. In contrast, the BGRU-based process
model learns complex temporal dependencies directly

from data, reducing the accumulation of inertial drift.
Meanwhile, the PF-VAE measurement model captures
heavy-tailed and asymmetric GPS noise by learning
flexible likelihood distributions through normalizing
flows. Furthermore, the Kalman-inspired learnable
fusion gain enables adaptive fusion between inertial
predictions and GPS observations, overcoming the
limitations of fixed analytic gains. These components
collectively allow the VNNPF to achieve more accurate
and robust state estimation in challenging real-world
sensing environments.
In addition to the above experimental evaluation, we
also provide a brief discussion of the computational
characteristics of the proposed method. The main
computational load comes from the Bayesian
GRU used for process modeling and the PF-VAE
used for measurement modeling. The BGRU
requires sequential recurrent updates, while the
PF-VAE involves an encoder–decoder pass together
with several planar-flow transformations. The
Kalman-inspired gain update introduces only
lightweight matrix operations and adds negligible
overhead. In practice, all components run efficiently
on a single GPU, and the overall inference speed on
the KITTI dataset satisfies real-time requirements,
indicating that the proposed framework is suitable for
large-scale or latency-sensitive trajectory estimation
tasks.
To ensure consistent comparison within a unified
modeling paradigm, the experiments in this study
focus on deep learning–based estimation methods.
The proposed VNNPF is designed as a fully
data-driven variational architecture without relying
on explicit analytical motion equations or predefined
noise models. Therefore, learning-based methods
that similarly operate in an end-to-end data-driven
manner provide the most appropriate and directly
comparable baselines. The selected models cover
recurrent structures, convolutional–recurrent hybrids,
variational formulations, and flow-enhanced variants,
forming a representative set for evaluating learning
capability, noise-modeling flexibility, and fusion
performance. Within this experimental scope,
the comparison adequately reflects the estimation
characteristics and advantages of the proposed
framework.

5 Conclusion
In recent years, with the rapid development of the
Fourth Industrial Revolution, computational hardware
has advanced significantly, and high-performance
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devices have become increasingly widespread. These
advancements have accelerated the growth of big data
technologies, artificial intelligence, sensor systems,
and deep learning techniques. Today, data has
emerged as a critical resource. Vast amounts of data are
stored, containing patterns that reflect the evolution of
complex systems. Extracting meaningful information
and modeling system behaviors through data-driven
methods is key to achieving efficient decision-making
and risk control. Therefore, research on data-driven
estimation methods holds substantial theoretical and
practical significance.

Modeling the nonlinear motion of dynamic targets is
inherently difficult, and the sensor-collected data is
often affected by device limitations and environmental
interference, resulting in substantial colored noise and
in data that exhibit high complexity and nonlinearity.
To address these challenges and enhance the model’s
ability to represent motion dynamics and manage
noisy observations, this paper presents the following
contributions:

1. To address the difficulty of modeling nonlinear
motion patterns, this paper adopts the Bayesian
Gated Recurrent Unit (BGRU) as the state
transition model. By representing weights and
biases as trainable normal distributions, the
BGRU enhances nonlinear modeling capacity and
improves robustness and estimation accuracy.

2. To address the presence of colored noise
in observational data and the limitations of
Gaussian assumptions, this paper introduces
the Planar Flow-based Variational Autoencoder
(PFVAE) into the measurement network. Planar
flow transforms simple Gaussian distributions
into more complex posterior distributions,
allowing for a more accurate representation
of real-world observation characteristics and
nonlinear measurement processes.

3. To effectively fuse prior knowledge with posterior
information, this paper draws inspiration from the
Kalman filter and introduces a filtering gain. The
gain is dynamically optimized through Bayesian
hyperparameter optimization, which refines the
estimation results.

4. By integrating the three components above, this
paper proposes a Variational Neural Network
Estimation Method based on the Kalman Filter
Structure, comprising a state network (BGRU), a
measurement network (PFVAE), and a Bayesian

optimization module. The model forms a unified
end-to-end estimation framework with strong
nonlinear modeling ability, dynamic adaptability,
and the capacity to handle colored noise.

5. The proposed model is validated through
experiments on the KITTI dataset. Results
demonstrate that the method outperforms
baseline models such as GRU, LSTM, CNN-LSTM,
and Conv-LSTM in terms of estimation accuracy
and stability, exhibiting strong generalization
ability. In scenarios involving IMU integration,
the model maintains reliable performance even
under GNSS signal loss, indicating improved
robustness and stability.
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